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In the rectangle Q = [0, a] x [0,b] consider the nonlinear hyperbolic system

ua:y:f(xayauxauyau)a (1)

u(0,y) = ¢(y), huz(z, ))(x) = ¢'(2), (2)

where f : Q x R3 — R" is a continuous vector function that is continuously differentiable with
respect to the first 2n phase variables, ¢ € C1([0,b]; R"™), v € C1([0,a]; R™), and h : C([0, b]; R") —
C([0,a]; R™) is a bounded linear operator.

Let v = (v1,...,vp), w = (w1,...,wy) and z = (21,...,2y,). For a function f(x,y,v,w,u) that
is continuously differentiable with respect to v, w and u, set:

9 0
F1($7y7v7w,2) — f(x7%;7w7z) , F2(.%'7 y,’U, 'LU’ Z) — f(x7 %71;)7 w7 Z) ,
a x? ,'U,’IU,Z
Fo(x7yavgw,2:) = f( yaz ) ,

PJ[U](xay) = Fj(:r,y,um(x,y),uy(x,y),u(:r,y)) (J = 07 172)'

CH1(Q;R™) is the Banach space of continuous vector functions u : 2 — R", having continuous
partial derivatives u;, uy, Uy, endowed with the norm

[ullerr = llulle + lluelle + lluylle + uzylle-

C1(£;R™) is the Banach space of continuous vector functions u : £ — R™, having continuous
partial derivatives u,, u,, endowed with the norm

[ullgrr = lulle + luelle + lluyllc-
If up € C(Q2: R™) and r > 0, then
B(ug;r) = {u € C(Q:R") : |u—ug| <1}
If ug € C1(Q: R") and 7 > 0, then
Bl (up;r) = {u e CYQ:R") : |lu—upllcr <7}

Definition 1. Let ugp be a solution of problem (1),(2), and r > 0. Problem (1), (2) is said to be
(ug, r)-well-posed if:

(i) wo(x,y) is the unique solution of the problem in the ball B (ug;r);
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(ii) There exists g > 0 such that for an arbitrary ¢ > 0 and M > 0 there exists § > 0 such

that for any f(z,y,v,w,z) that is continuously differentiable with respect to v and w, ¢ €

CL([0,b]; R™), o € C1([0,a]; R™), satisfying the inequalities

H@f(x,%,v,w,Z)H < e for (z,y,v,w,2) € Q x R
o ®

H@f(x,?gv,w,Z) H <M for (z,y,v,w,2) € Q x R,
w

1f(z,y, 0,0, 2)]| <6 for (z,y,0,w,2) € QX R, | Bllcrqoap + 1¥lorqoay <0 (4)

the problem

uiy:f($7y7u$7uy7u)+f(x7y7ul‘7uy7u)7 (1)
w(0,y) = o(y) + &(y),  h(us(z, ) (@) = ' (2) +¢'(2), (2)
has at least one solution in the ball B!(ug;r), and each such solution belongs to the ball

Bl(ugp;e).

Definition 2. Let ug be a solution of problem (1), (2), and » > 0. Problem (1), (2) is said to be
strongly (ug, r)-well-posed if:

(i) Problem (1), (2) is (ug, r)-well-posed;

(ii) There exist positive numbers My and dy such that for arbitrary ¢ € (0, dp), ﬂx, Y, v, w, z) that
is continuously differentiable with respect to v and w, € C1([0,b]; R™) and v € C*([0, a]; R"),
satisfying the inequalities (3) and (4), problem (1), (2) has at least one solution in the ball
B!(ug; ), and each such solution belongs to the ball B! (ug; My 6).

Definition 3. Problem (1), (2) is called well-posed (strongly well-posed) if it has a unique solution
ug and it is (ug, r)-well-posed (strongly (ug, r)-well-posed) for every r > 0.

Consider the boundary value problem for the system of nonlinear ordinary differential equations
7 = p(tv Z)v E(Z) =6 (5)
where p € C([0,b] x R";R™), ¢ € R™ and ¢ : C([0,b]; R™) — R™ is a bounded linear operator.

Definition 4. Let zy be a solution of problem (5), and » > 0. Problem (5) is said to be (zq,7)-
well-posed if:

(i) 20(t) is the unique solution of the problem in the ball B(zg;r);

(ii) For an arbitrary € > 0 there exists 6 > 0 such that for any ¢, and p € C([0, b] x R") satisfying
the inequalities

le=cl <6 lp—7llo <6 (6)

the problem B
2 =plt,2), U(z)=c¢, (5)

has at least one solution in the ball B(zp;7), and each such solution belongs to the ball

B(zo;¢).

Definition 4 is a slight modification of Definition 3.2 from [1]. Definition 1 is an adaptation of
the idea of Definition 4 to problem (1), (2).
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Definition 5. Let ug be a solution of problem (5), and » > 0. Problem (5) is said to be strongly
(20, 7)-well-posed if:

(i) zo(t) is the unique solution of the problem in the ball B(zy;7);

(ii) There exist positive numbers M and dy such that for arbitrary 0 € (0,d0), ¢k, and p €
C(]0,b] x R™) satisfying inequalities (6), problem (5) has at least one solution in the ball
B(zo;7), and each such solution belongs to the ball B(zy; M 9).

Remark 1. It is obvious that strong well-posedness implies well-posedness. The converse, however,
is not true. As an example, consider the problem

2 =23 2(0) = z2(w), (7)
which is well-posed and has the unique solution zy(¢) = 0. The perturbed problem
Z=23-6 2(0)=z(b)
has the unique solution zs(t) = §3. Tt is clear that there exists no positive number M such that
53 < M6 as 6 — 0. Consequently, problem (7) is not strongly well-posed.

Definition 6. A solution zj of problem (5) is said to be strongly isolated, if problem (5) is strongly
(20, 7)-well-posed for some 7 > 0.

Remark 2. The concept of a strongly isolated solution of a nonlinear boundary value problem
was introduced in [1]. However, our definition of a strongly isolated solution is a modification of
Definition 3.1 from [1]. Also, Corollary 3.6 from [1] implies that if the vector function p(¢, z) is
continuously differentiable with respect to the phase variables, then strong isolation of a solution
zp is equivalent to the fact that the linear homogeneous problem

7 =P(t)z, ((z)=0, (8)
has only the trivial solution, where P(t) = %(t, 20(t)).

Theorem 1. Let f be a continuously differentiable function with respect to the phase variables v, w
and z, and let ug be a solution of problem (1), (2). Then, problem (1), (2) is strongly (ug,r)-well-
posed for some r > 0, if and only if the linear homogeneous problem

Uzy = Po(x,y)u + Pi(z,y)us + Pa(x, y)uy, (1p)
U(Oa y) =0, h(um(x7 ))(x) =0, (20)

where Pj(z,y) = Pjluo)(z,y) (j =0,1,2), is well-posed.

Theorem 2. Problem (1y), (20) is well-posed if and only if the linear homogeneous problem

d
4y = Pile)e, he)) =0
has only the trivial solution for every x € [0, al.

Remark 3. The sufficiency part of Theorem 2 was proved in [2] (see Theorems 4.1 and 4.1).
Similar theorem for higher order linear hyperbolic equations for proved in [4] (see Theorem 1.1).

Theorem 3. Let f be a continuously differentiable with respect to the phase variables v, w and z,
and let there exist matriz functions Q; € C(Q;R™ ™) (i = 1,2) and a positive constant p such that:
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(A1) Fo(z,y, v, w, 2)|| + | Bz, y,v,w,2)[| < p for (z,y,v,w,2) € Q x RY;
(AQ) Ql(may) < Fl(mayavawaz) < QQ(xvy) fOT (l‘,y,’U,U),Z) €N x R?)n;

(As) for every x € [0,a] and arbitrary measurable matriz function P : [0,b] — R™™ satisfying the
inequalities

Ql(l‘ay) < P(y) < Q2(:‘Cay) fO’/’ Y€ [O,b],

problem (8) has only the trivial solution. Then problem (1), (2) is strongly well-posed.

Theorem 4. Let [ be a continuously differentiable function with respect to the phase variables v,
w and z, and let vg be a strongly isolated solution of the problem

v =p(y,v), h(v)(0) =1v'(0), (9)

where
p(y,v) = f(0,5,0,¢' (1), 0(y)).

Then there exists a € (0,a] such that in the rectangle Qo = [0,a] x [0,b] problem (1),(2) has a
unique solution u satisfying the condition

uz(0,y) = vo(y) for y € [0,b].

Remark 4. Conditions of Theorem 4 do not guarantee unique solvability of problem (1), (2).
Indeed, consider the problem

Uy = H (ux_k)‘{'xf[)(xvyvumuy’u)’ (1())
k
u(0,y) =0, u(l,O)(%()) _ u(l’o)(x,b), (11)

where fo: Q x R? — R is a continuously differentiable function. For this case problem (9) has the
form

o =JJw=k), v(0)=u().
k=1

The latter problem has exactly m strongly isolated solutions vy, = kw (k = 1,...,m). By Theorem 4,
for every integer k € {1,...,m} there exists aj > 0 such that in Q,, = [0, ] % [0,b], problem
(10), (11) has a unique solution uy satisfying the condition

u,(cl’o)(O,y) =k for y €0,b)].

Consider the family of problems
7 = p/\(ta 2)7 e)\(z) = Cx, (12)\)
where A € A, py € C([0,b] x R™;R™), ¢\ : C([0,b]) — R™ are bounded linear functionals, and
c) € R™.
Let for A € A and r > 0, z) be a solution of problem (12y). The family of problems (12))
(A € A) is said to be uniformly strongly (zx,r)-well-posed, if:

(i) zy is unique in the ball B(zy;7);
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(ii) There exist positive numbers M and g independent of A such that for arbitrary § € (0, dp),
c € R™ and py € C([0,b] x R™;R™) satisfying the inequalities

le—=¢cll <6, |lpx—Dpalle <6,

the problem
4 :ﬁ)\(ta Z)> E/\(Z) :E)\v (1~2)\)

has at least one solution in the ball B(zy;r), and each such solution belongs to the ball
B(zy; M9).

A family of solutions {z) } e is said to be uniformly strongly isolated if the family of problems
(12)) (A € A) is uniformly strongly (zx,r)-well-posed for some r > 0.

Let J =[0,a), a € (0,a], (J =10,a], a € (0,a)), and u be a solution of problem (1), (2) in the
rectangle J x [0,b]. u is called continuable, if there exists a1 € [a,a] (a1 € (@, a]) and a solution
uy of problem (1), (2) in [0, ;] x [0, ] such that

ui(z,y) = u(z,y) for (z,y) € [0,a) x [0,b].
Otherwise w is called non-continuable.

Theorem 5. Let u be a a non-continuable solution of problem (1), (2) defined on J x [0,b], and let
for every xg € J, v(y) = ug(xo,y) be a solution of the problem

v = plul(zo, y,v),  h(v)(zo) = P(x0). (13)

If the family of solutions v(y) = uz(xo,y) (xo € J) is uniformly strongly isolated, then either
J =10,a], or J=[0,) and

lim (Hux(:c, MNeqop + llu(, e + gz, ')HC([O,b])) = 400. (14)

T—Q

Definition 7. Let u be a non-continuable solution of problem (1), (2) in J x [0, b] and let o = sup J.
We say that a measurable matrix function P : [0,b] — R™ " belongs to the set S%[u], if there exists
an increasing sequence xj T « as k — oo such that

lim P1 [u](a:k, t) dt = / P(t) dt
0

k—o00
0

uniformly on [0, ].

Corollary. Let u be a non-continuable solution of problem (1), (2) in J x [0,b], and let o = sup J.
If for an arbitrary P € S]‘?‘ [u] the homogeneous problem

has only the trivial solution, then either J =[0,al, or J = [0,a) and (14) holds.
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