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In the rectangular box = [0, w1] X [0, ws] X [0,ws] for the linear hyperbolic system
u® = 37 Paxul® + g(x)
a<l
consider the initial-periodic conditions

w(0, 9, x3) = @1 (22, 23), ul x1,0,23) = Wél’o)(xhxfs)

w(x, x2, 23 + w3) = u(z1, 2, 23)

1,0,0)(

and
U(O, Z2, :E3) = QO(IEQ, :E3)7

u(w1, v3 + wo, 73) = u(w1,v2,73), u(T1,72, 73 +W3) = u(T1, 72, T3)
Here x = (21, 22,23), 1 = (1,1,1) and & = (a1, ag, a3) are multi-indices,

6a1+a2+a3u(x)

(o) it See?
u () O 0xy? 0™’

Py € C(R™M) (a0 < 1), g € C(QRY), o1 € CHYH(Qa3), g2 € CH(Q13), Q23 = [0,ws] X [0, ws]

and ng = [0,&)1] X [0,(,«.)3].
Throughout the paper the following g notations will be used:

0=(0,0,0), 1= (1,1,1).

a=(aj,a9,a3) < B=(081,02,03) < a; < B; (i=1,2,3) and a # 3.
a=(aj,az,a3) < B=(041,02,03) < a< B, ora=0.

el = fou| + [aa| + |es].

Let m = (my,ma,m3) be a multi-index. By C™(;R") denote the Banach space of vector
functions u : Q@ — R”, having continuous partial derivatives u(®) (a < m), endowed with the norm

ullem (@) = Z 4% | oe-

a<m

By a solution of problem (1), (2) (problem (1),(3)) we understand a classical solution, i.e., a
vector-function u € C1(Q; R") satisfying system (1) and boundary conditions (2) (system (1) and

boundary conditions (3)) everywhere in €.
Along with system (1) consider its corresponding homogeneous system

W = 3 Pa(ul,

a<l

(1o)
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and the following boundary value problems

U(O,O,l) = P110(1‘17£L‘27333)’U,
v(w1, 2, 13 + wy) = v(21, 22, 73),
U(07170) = P101($1,x27x3)v’

v(x1, T2 + wo, x3) = v(x1, T2, X3),

and
pOLY) = Prio(z1, 22, 963)1)(0’1’0) + Pio1(x1, x2, 963)0(0’0’1) + Pioov,

v(z1, 02 + w2, 73) = v(T1,22,73),  V(T1, T2, T3 + w3) = v(T1, T2, T3).
Problem (4) is called an o-associated problem of problem (1), (2).
Problems (4), (5) and (6) are called o-associated problems of problem (1), (3).
Notice that:

Problem (4) is a one-dimensional periodic problem with respect to x3 variable, depending on
two parameters x1 and xo;

Problem (5) is a one-dimensional periodic problem with respect to xo variable, depending on
two parameters x; and z3;

Problem (6) is a two-dimensional periodic problem with respect to zo and x3 variables,
depending the parameter x;.

Theorem 1. Let problem (4) have only the trivial solution for every (x1,z2) € [0,w1] x [0,w2].
Then problem (1), (2) has a unique solution u admitting the estimate

luller@) < M (lletllor oz + leslloniau + lalle ). (7)
where M is a positive number independent of p1, w2 and q.

Definition 1. Problem (1),(2) is called well-posed, if for every o1 € C%1(Qa3;R™), o €
ClH(Q3;R?) and ¢ € C(;R™), it is uniquely solvable and its solution admits estimate (7), where
M is a positive number independent of 1, 9 and q.

Theorem 2. Let problem (1), (2) be well-posed. Then problem (4) has only the trivial solution for
every (z1,22) € [0,w1] X [0,ws].

Corollary 1. Let Piio(x1,x2,23) = Pr1g(z1,22). Then problem (1), (2) is well-posed if and only if
det (I - exp(wang(:leg))) #0 for (x1,x2) € Q2.

Corollary 2. Let

—_

Prio(z1, 22, 73) = (Prio(21, 22, 23) + Pho(a1, 22, 73)),

2
and let there exist o € {—1,1} (i = 1,2) such that
ws
0/13110(371,:52, s)ds is positive definite for (x1,xz2) € Q2.
0

Then problem (1), (2) is well-posed.
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Consider the system
uM = P(x)u + q(x). (8)

By Theorem 2, problem (8), (2) is ill-posed, since its o-associated problem
vO@OD =0, (w1, 79,73 + ws) = v(w1, T2, T3)

has a nontrivial solution v(z3) = 1 for every (x1,z2) € [0,w1] x [0,ws]|. Being ill-posed, problem
(8),(2) still can be uniquely solvable.

Theorem 3. Let P € Cl’l’O(Q;Rnxn), q < Cl’l’O(Q;Rn), p1 € C2’1(923), Y2 € 02’1(913), and let
w3
det </P(m1,:c2,s) ds) #0 for (x1,22) € [0,wi] x [0,ws].
0

Then problem (8), (2) has a unique solution w admitting the estimate

ullcr o) < M(H%OlHC?J(ng) + [lo2llczr(us) + HQHCLLO(Q)),

where M is a positive number independent of w1, wo and q, if and only if

w3

/ (P(0, 22, s)p1(z2,8) + q(0,22,8)) ds =0 for zy € [0, ws)]

o

and

w3
/ (P(21,0, s)pa(z1,8) + q(21,0,5)) ds =0 for z1 € [0,w1].
0

Theorem 4. Let the following conditions hold:
(F1) Problem (4) has only the trivial solution for every (z1,x2) € Qi2;
(F») Problem (5) has only the trivial solution for every (xi,z3) € u3;
(F3) Problem (6) has only the trivial solution for every z1 € [0,w1].
Then problem (1), (3) has a unique solution u admitting the estimate
lullcrgy < M([lellerin,) + lallew)) 9)
where M is a positive number independent of ¢ and q.
Definition 2. Problem (1), (3) is called well-posed, if for every ¢ € C11(Qa3;R") and ¢ € C(2;R™),
it is uniquely solvable and its solution admits estimate (9), where M is a positive number indepen-

dent of ¢ and gq.

Theorem 5. Let problem (1), (3) be well-posed. Then conditions (F1), (F2) and (F3) hold.
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Corollary 3. Let

[y
~—

Prio(z1, 22, 23) = Prio(x
Pioi(z1, 22, 23) = Pioi(x1),
Pioo(x1, 2, 23) = Proo(x

[y
~—

and let

det (I — exp(wsPrio(x1))) #0 for x1 € [0,w1],
det (I— exp(wgPlol(xl))) #0 for x1 € [0, w1].

Then problem (1), (3) is well-posed if and only if

2 2
det (Ploo(arl) +iw—7rmP110(m1) +z‘w—”kplol(x1) —i—mkI) £0 for z € [0,w1], mk € L.
3 2

Consider the equation
u) = Z pa(z1, 22)u'® + ¢(x). (10)

a<l

Corollary 4. Let

P1oo(z1, 22) prio(z1, 22) proi(z1, 22) <0 for (z1,22) € Qo.

Then problem (10), (2) is well-posed.
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