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Consider the equation

' = p(t)z + g(t)a, 1)

where p,g : R — R are w-periodic locally Lebesgue integrable functions, w > 0. By a solution to
equation (1), as usual, we understand a function = : R — R which is locally absolutely continuous
together with its first derivative and satisfies (1) almost everywhere in R.

We first introduce the following definitions.

Definition 1. We say that the pair (p,g) belongs to the set V™ (w) (resp. V*(w)) if, for any
function w : [0,w] — R which is absolutely continuous together with its first derivative and satisfies

u"(t) > p(t)u(t) + g(t)u'(t) forae. te[0,w], u(0)=u(w), u(0)>u(w),
the inequality
u(t) <0 for t €[0,w] (resp. u(t)>0 for t € [0,w])
holds.

Remark 1. In the related literature, the fact that (p,g) € V™ (w) (resp. (p,g) € VT (w)) is often
called maximum (resp. anti-maximum) principle for the periodic problem

o’ =p(t)r +g(t)a"s  2(0) = z(w), 2'(0) = 2'(w). (2)

Moreover, the relationship of the classes V™ (w) and V1 (w) with a sign of the Green’s function of
(2) is known.

Definition 2. We say that the pair (p, g) belongs to the set Vy(w) if the homogeneous problem (2)
has a positive solution.

Definition 3. We say that the pair (p, g) belongs to the set D if any non-trivial solution to equation
(1) has at most one zero in R.

The aim of this note is not to provide conditions guaranteeing that the maximum (resp. anti-
maximum) principle holds for (2). Let us mention only that such effective conditions are derived,
e.g., in [1,3,5] (see, also [2,4] for the case of g(t) = 0).

Below we discuss the stability and asymptotic properties of solutions of equation (1), if the pair
(p, g) of the coefficients in (1) belongs to each of the above-defined classes.



International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia 195

Theorem 2. Let (p,g) € V™ (w). Then, there exist ui, 2 > 0 and positive linearly independent
solutions x1, xa to equation (1) such that

w

1
N2—,u1=/g(s)ds
w

0

and
z1(t) = et w1(t), wm(t) = eh2t wa(t)  for t € R,

where @1, p2 € AC(R) are w-periodic functions; equation (1) is unstable.

w
Proposition 3. Let [ g(s)ds > 0 and there exist a positive solution x to equation (1) satisfying
0

x(t) =e M o(t) for t €R,

1
loc

where p >0 and ¢ € AC,.(R) is an w-periodic function. Then (p,g) € V™ (w).

w
Proposition 4. Let [ g(s)ds <0 and there exist a positive solution y to equation (1) satisfying
0

y(t) ="t (t) for t €R,
where v > 0 and ) € AC},.(R) is an w-periodic function. Then (p,g) € V™ (w).
Following [4, Definition 13.1], we introduce the definition.

Definition 4. Equation (1) is said to be strongly exponential dichotomic, if there exist p,v > 0
and linearly independent solutions z, y to equation (1) such that the functions

tesefa(t), tee iyt
are positive and w-periodic on R.
Corollary 1. Equation (1) is strongly exponential dichotomic if and only if (p,g) € V™ (w).
Theorem 5. Let (p,g) € Vo(w). Then, the following conclusions hold:

w
(1) If [g(s)ds > 0, then equation (1) has linearly independent solutions x1, xa such that x; is
0

a positive w-periodic solution and xs is a positive solution satisfying

z(t) = et p(t) for t € R,

/wg(S) ds
0

and ¢ € AC},.(R) is an w-periodic function; equation (1) is unstable.

where

M:

€~

w
(2) If [g(s)ds = 0, then equation (1) has linearly independent solutions x1, T2 such that i is
0

a positive w-periodic solution and xo is a solution, with exactly one zero in R, satisfying

lim z5(t) = —oo, lm x5(t) = 4o0;
t——o0 t—+o0

equation (1) is unstable.
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w
(3) If [g(s)ds < 0, then equation (1) has linearly independent solutions x1, xo such that xy is
0
a positive w-periodic solution and xo is a positive solution satisfying

x(t) =e " p(t) for t €R,

/w g(s)ds
0

and ¢ € AC}, (R) is an w-periodic function; equation (1) is stable.

where

==

gl

Theorem 6. Let (p,g) € VT (w)ND = ItV (w) ND. Then, [g(s)ds # 0 and the following
0

conclusions hold:

w
(1) If [g(s)ds > 0, then equation (1) has a positive solution xq satisfying
0

lim zo(t) =0, lim x0(t) = +o0

t——o0 t—+00

and, moreover, every solution x to equation (1) has at most one zeros in R and satisfies

thm z(t) =0, tlgrnoo |z(t)] = 4005

——00

equation (1) is unstable.
w
(2) If [g(s)ds <0, then equation (1) has a positive solution xq satisfying
0

lim x0(t) =400, lim x0(t) =0

t——o0 t——+o0

and, moreover, every solution x to equation (1) has at most one zeros in R and satisfies

lim |z(t)| = 400, lim x(t) = 0;
t——o00 t—+o00

equation (1) is asymptotically stable.

Theorem 7. Let (p,g) € IntV*t(w) \ D. Then, every non-trivial solution to equation (1) is
oscillatory in the neighbourhood 400 as well as —oo and the following conclusions hold:

w
(1) If [g(s)ds > 0, then every non-trivial solution x to equation (1) satisfies
0

tll{lloo$(t) =0, lirllilsop z(t) = 400, lgglﬁrolofm(t) = —00;

equation (1) is unstable.

(2) If [g(s)ds =0, then every solution to equation (1) is bounded; equation (1) is stable.
0

w
(3) If [g(s)ds <0, then every non-trivial solution x to equation (1) satisfies
0
I}SI—I:E&p x(t) = 400, lgl_r)lj&fx(t) = —00, tl}inoom(t) =0;

equation (1) is asymptotically stable.
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