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In the mathematical description of various phenomena and processes arising in mathematical
physics, electrical engineering, economics, have to deal with matrix differential equations. There-
fore, such equations are relevant as for mathematicians and specialists in other fields of natural
sciences. This article considers quasi-linear matrix differential equations with coefficients depicted
in the form of absolutely and uniformly convergent Fourier series with slow variable in a sense
coefficients and frequency (class F'). The differences of the diagonal elements of the matrices of the
linear part are pure imaginary, that is, we are dealing with a critical case. But between these diag-
onal elements assume certain relations that indicate the absence of resonance between the natural
frequencies of the system and frequency of external excitation force. The problem is considered
establishing signs of existence in such an equation of solutions class F'. By means of a number of
transformations the equation is reduced to the equation in noncritical case, and the solution of the
class F' of this equation is sought by the method of successive approximations using the principle
compression reflections. Then based on the properties of the solutions of the transformed equation,
conclusions are drawn about the properties of the initial equation.

1 Basic notation and definitions

Let
G(eo) = {t,e: te R, € (0,e0), 0 € R }.

Definition 1.1. We say that a function p(t, ) belongs to the class S(m;eg), m € N U {0}, if:
(1) p: G(eo) — C;
(2) p(t,e) € C™(G(e0)) at t;
d*p(t,e)
(3) —aE = efpr(t,e) (0 <k <m),

m
def
Iplls(mien) = 3 sup |pi(t,€)] < +o0.
k=0 G(c0)

Definition 1.2. We say that a function f(t, e, 6(¢, <)) belongs to the class F/(m;eg; 0) (m € NU{0}),
if

F(te,0(te)) = Y falt,e) exp(inb(t,c)),

n=—oo

and

(1) fult;e) € S(m,e0) (n € Z);
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(2)
def
Hf”F(m;so, E an”S (m;e0) < +00;

n=—oo

3)

t

O(t,e) = /go(T,e) dr, peRT, ¢ e (m,ep), G@gﬁ)gp(t,e) =@ > 0.
0
Definition 1.3. We say that a matrix A(t,¢) = (a;(t,€)), ;.7 Pelongs to the class Sz(m;eo)
(m e NU{0}), if ajr € S(m;eo) (j,k=1,N).
We define the norm

HA(t7€)HSQ(m i€0) — 1I<n3%X Z Hajk t €) HS (m;e0)

Definition 1.4. We say that a matrix B(t,,0) = (b;x(t,€,0)), ,_7 5 belongs to the class F5(m; eo; 0)
(m e NU{0}), if bjr(t,e,0) € F(m;ep;0) (j, k= ).
We define the norm

||B(t7€79)HFQ(m;80;9) = max Z ”b]k t g, e)HF (m;e0;0) -

2 Statement of the problem

Consider the matrix differential equation:

dX
dt

where X is an unknown square matrix of order N, belonging to some closed bounded domain
D c CVN*N where CN*¥ is the space of complex-valued matrices of dimension N x N, A(t,¢),
B(t,e) belongs to the class Sa(m;eq), P(t,e,0) belongs to the class Fy(m;eg;0). ®(t,¢,0,X) is a
matrix function belonging to the class o(m;eg; 6) with respect t, e, 0 and continuos with respect X
in D. u are real parameter.

We denote )\}(t,a), )\?(t,a) (j = 1,N) — eigenvalues, respectively, of matrices A(t,e), B(t,¢),
for which the following conditions are satisfied:

— A(t,e)X — XB(t,e) + P(t,,0) + ud(t,e,0, X), (2.1)

19,

Gl&f)) ‘)\Jl-(t,s) — Ap(t,e) — inp(t,e)| > by >0,

G}g) ])\?(t,a) — A(t,e) — inp(t,e)| >by>0VneZ jk=1,N, j#k.
20,

)\}(t,a) — ALt e) = iwjk(t,€), wjk(t,e) €R,
Gi%lf) ]wjk(t, g) — mp(t,s)| >by>0VneZ, j,k=1,N.
€0

We study the problem on the existence of particular solutions of classes Fy(mq;e1;0), mp < m,
g1 < g of equation (2.1). The condition 2° shows that in this case we are dealing with a critical
case.
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3 Auxiliary results

Lemma 3.1. Let
dx

dt

be a given scalar linear non-homogeneous first-order differential equation, where \(t,e) € S(m;e),

Gi%lf) [ReA(t,e)| =~ >0, and u(t,e,0) € F(m;ep;0). Then equation (3.1) has a unique particular
€0

= At,e)x + u(t,e,0(t,¢)) (3.1)

solution x(t,e,0) € F(m;eo;0). This solution is given by the formula:

t t

x(t,e,0(t,e)) /u7’€07’€ exp(/k(s,s)ds)dr,

T T

where

—o0 if ReA(t,e) < —y<0,
+oo if ReA(t,e) >~ >0.

Moreover, there exists Ky € (0,+00) such that

[t &, O)l F(mizoi0) < Kollults &, )l pimieo0)-

Lemma 3.2. Let equation (2.1) satisfy the next conditions:
1) there exist matrices Ly(t,e), La(t,€) € Sa(m;eg) such that

(a) |det Li(t,e)] > ap >0 (k=1,2);
(b) L7Y(t,e)A(t,e)Li(t,e) = Di(t,e) = (A3 (t,€)); ket v

(C) LQ(t75)B<t7€)LQ_1(t7€) = Dg(t,&“) = (d?k<t7€))j,k:ﬁ7

where D1, Ds are lower triangular matrices, belonging to the class Sa(m;ep),
dj;(t,e) = Aj(t,e), diglt,e) = Mi(te).
Then by using the transformation
X = Ll(t, €)YL2 (t, 6)

equation (2.1) leads to the form:

dY
o Di(t,e)Y =Y Dsy(t,e) —eHi(t,e)Y —eY Ha(t,e) + Fi(t,e,0) + u®i(t,e,0,Y), (3.2)
where
1 dLq(t 1 dLo(t
H(t.e) = ~ Ly (t,e) AL g1, e) = Qd(tE)LQI(t,s),

Fi(t,e,0) = L7 (t,e)F(t,e,0) Ly (t,¢),
Dy(t,6,0,Y) = Ly (t,e)®(t,¢,0, Li(t,e)Y La(t, €))Ly  (t,€).

Lemma 3.3. Let a linear matriz equation be given

d;( <D1t6 ZButh@ )X X<D2t5 ZBmteO )’ (3:3)
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Di(t,€), Da(t, ) — the same as in Lemma 3.2, By(t,e,0), Bo(t,e,0) (I =1,q) belong to the class
Fy(m;ep;0), p € (0,1) is a small real parameter. Then for sufficiently small values p there exists
transformation

X = (E + i Qu(t,e, H)NI>Y(E + i Qu(t e, 9)ul),
=1 =1

where Q1;(t,e,0), Qa(t,e,0) (I =1,q) belong to the class Fa(m;eg; ), which leads equation (3.2)
to the form

dy ! ! < ! q+1
E = (-Dl (t7 5) + Z Ull(ta 6)“ +e Z ‘/ll(ta &, 9)# + 41 (t7 &, 6’ :U’))Yi

=1 =1
q q
- Y(Dz(t, )+ Z Usi(t, )l + ¢ Z Var(t,e,0) ' + T Wa(t, e, 0, ,u)),
=1 =1

where Uy (t,e), Uy (t,e) (I = 1,q) are diagonal matrices which belong to the class Sa2(m;eo), Vi,
Vor, Wi, Wy (I =1,q) are square matrices which belong to the class F(m — 1;£¢;0).

Lemma 3.4. Let a matriz-function ®1(t,e,0,Y") in equation (3.2) have in D* continuous derivatives
with respect to'Y in the sense of Frechet up to order 2q + 1 inclusive, and if Y € Fa(m;eo;0), then
these derivatives are also from the class Fa(m;eo;0). Then there exists po € (0,1) such that for all
w1 € (0, o) there exists the transformation

Y = \Ill(tagvea M) + \DZ(ta57 97”)2\113(t7579a :u)7 (34)

where Z € D** C CNXN’ ‘1’1(75,5,0,,[1/),\1’2(75, 879)/1’)7\1’3@78’9’”) € F2(m;50;9)f which leads equa-
tion (3.2) to the form:

Z—f = (D1(t, e)+ Z Unl(t, E)MZ>Z - Z(DZ(tv )+ Z Ual(t, 5)“l>
=1 =1

+eK(t,e,0, 1) + p*C(t,e,0,n) +eVi(t,e,0, u)Z — eZVa(t,e,0, 1)
+ Nlﬁ_l (Rl(tv & 9) N)Z - ZR?(tv & 0? M)) + ,U(I)Q(t: €, 97 Z, M)a (35)

where K € Fy(m — 1;e0;0), Uy, Uy € Sa(m;eg), Ry, Ra, C € Fa(m;eo;0), Vi, Vo € F(m — 1;e0;0),
matriz-function ®o belong to class Fa(m;eo;6) with respect t, €, 0, continuously differentiable in
the sense of Frechet with respect Z and contains terms of at least second order with respect to Z.

4 Basic results

Theorem 4.1. Let equation (3.5) be such that there exists o € N (1 < qo < N) such that

inf
G(eo)

Re (s (t:2))is — Uz (t2)e) | = b0 > 0 (o =TV,

and for alll =1,q0 — 1 (if qo > 1):
Re ((Uu(t,€))j; — (Ua(t,€))er) =0 (j,k=1,N).

Then there exists us € (0,1), e1(pn) € (0,e0) such that for all p € (0,pus), € € (0,e1(n)) there exist
a particular solution of equation (3.5) which belongs to the class Fo(m — 1;e1(n); ).
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Theorem 4.2. Let equation (2.1) be such that the following conditions are met:

1) conditions 1°, 20;

3

(1)

(2) conditions of Lemma 3.2;

(3) equation (3.2) satisfies the conditions of Lemma 3.4;
)

(4) equation (3.5) satisfies the conditions of Theorem 4.1.

Then there exist pa € (0,1), ea(p) € (0,e0) such that for all pn € (0, pa) and for all € € (0,e4(p))
there exist a particular solution of equation (2.1) which belongs to the class Fo(m — 1;e4(p);0).



