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In the present report, we give necessary and sufficient conditions for the nonoscillation and
strong nonoscillation of second order singular linear homogeneous differential equations. These
results are new for differential equations with continuous coefficients as well and generalize the
classical results by Lyapunov [6], Hartman and Wintner [2], and Vallée Poussin [7]. They also
generalize the theorems on the nonoscillation of singular differential equations given in the papers
[1, 3, 5] and in our report [4].

On a finite open interval ]a, b[ , we consider the differential equation

u′′(t) = p1(t)u(t) + p2(t)u
′(t), (1)

where p1, p2 : ]a, b[→ R are measurable functions, satisfying one of the following three conditions:

b∫
a

(
(t− a)|p1(t)|+ |p2(t)|

)
dt < +∞, (21)

b∫
a

(
(b− t)|p1(t)|+ |p2(t)|

)
dt < +∞, (22)

b∫
a

(
(t− a)(b− t)|p1(t)|+ |p2(t)|

)
dt < +∞. (3)

We do not exclude the case, where
b∫

a

|p1(t)| dt = +∞,

i.e. the case when the function p1 has nonintegrable singularity at least at one of the boundary
points of the interval ]a, b[ . In such case equation (1) is said to be singular.

A continuously differentiable function u : ]a, b[→ R is said to be a solution to equation (1) if
its first derivative is absolutely continuous on every closed interval contained in ]a, b[ and equation
(1) is satisfied almost everywhere in ]a, b[ .
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We assume that the values of a solution to equation (1) and its derivative at the points a and
b are the corresponding one-sided limits of those functions if such limits exist.

It is well-known [5] that if condition (3) is satisfied, then any solution to equation (1) has finite
right and left limits at the points a and b, and if the right limit (the left limit) of this solution is
zero at the point a (at the point b), then its first derivative has a finite right (left) limit at the
point a (at the point b).

Definition 1. Equation (1) is said to be nonoscillatory on the interval [a, b] if its every solution
has no more than one zero on that interval.

Definition 2. Equation (1) is said to be strongly nonoscillatory from the right (strongly
nonoscillatory from the left) on the interval [a, b] if for any t0 ∈ [a, b[ (for any t0 ∈ ]a, b]), an
arbitrary nontrivial solution u to equation (1), satisfying the condition

u(t0) = 0,

satisfies also the inequality

u′(t) ̸= 0 for t0 < t ≤ b
(
u′(t) ̸= 0 for a ≤ t < t0

)
.

We use the following notation.

[x]+ =
|x|+ x

2
, [x]− =

|x| − x

2
for x ∈ R.

If w : ]a, b[→ R is a differentiable function, then

h1(p1, p2, w)(t) = [p1(t)]−w(t) + [p2(t)]−w
′(t),

h2(p1, p2, w)(t) = [p1(t)]−w(t)− [p2(t)]+w
′(t).

Theorem 11. Let condition (21) hold and let there exist a continuously differentiable function
w : [a, b] → [0,+∞[ such that

w(a) = 0, w′(t) > 0,

b∫
t

h1(p1, p2, w)(s) ds ≤ w′(t) for a ≤ t < b, (41)

lim sup
t→b

b∫
t

h1(p1, p2, w)(s)

w′(t)
ds < 1. (51)

Then the differential equation (1) is strongly nonoscillatory from the right on [a, b].
Theorem 12. Let condition (22) hold and let there exist a continuously differentiable function
w : [a, b] → [0,+∞[ such that

w(b) = 0, w′(t) < 0,

t∫
a

h2(p1, p2, w)(s) ds ≤ |w′(t)| for a < t ≤ b, (42)

lim sup
t→a

t∫
a

h2(p1, p2, w)(s)

|w′(t)|
ds < 1. (52)

Then the differential equation (1) is strongly nonoscillatory from the left on [a, b].
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Theorem 21. Let along with condition (21) the condition

p1(t) ≤ 0, p2(t) ≤ 0 for a < t < b (61)

hold. Then for the differential equation (1) to be strongly nonoscillatory from the right on [a, b],
necessary and sufficient is the existence of such a continuously differentiable function w : [a, b] →
[0,+∞[ , which satisfies conditions (41) and (51).
Theorem 22. Let along with condition (22) the condition

p1(t) ≤ 0, p2(t) ≥ 0 for a < t < b (62)

hold. Then for the differential equation (1) to be strongly nonoscillatory from the left on [a, b],
necessary and sufficient is the existence of such a continuously differentiable function w : [a, b] →
[0,+∞[ , which satisfies conditions (42) and (52).

Theorems 11 and 12 yield unimprovable effective conditions guaranteeing the strong nonoscil-
lation from the right and left of the differential equation (1) on the interval [a, b]. Namely, the
following statements are valid.
Corollary 11. Let along with condition (21) one of the following three conditions hold:

b∫
a

(
(t− a)[p1(t)]− + [p2(t)]−

)
dt ≤ 1, (71)

p1(t) ≥ − λ1(t− a)α

(α+ 3)(b− a)α+2 − (t− a)α+2
, p2(t) ≥ −λ2(t− a)α+1 for a < t < b, (81)

p1(t) ≥ −ℓ1, p2(t) ≥ −ℓ2 for a < t < b, (91)

where α > −2, while λi and ℓi (i = 1, 2) are nonnegative constants such that

λ1

α+ 3
+ (b− a)α+2λ2 < α+ 2, (10)

+∞∫
0

dx

ℓ1 + ℓ2x+ x2
> b− a. (11)

Then the differential equation (1) is strongly nonoscillatory from the right on [a, b].
Corollary 12. Let along with condition (22) one of the following three conditions hold:

b∫
a

(
(b− t)[p1(t)]− + [p2(t)]+

)
dt ≤ 1, (72)

p1(t) ≥ − λ1(b− t)α

(α+ 3)(b− a)α+2 − (b− t)α+2
, p2(t) ≤ λ2(b− t)α+2 for a < t < b, (82)

p1(t) ≥ −ℓ1, p2(t) ≤ ℓ2 for a < t < b, (92)

where α > −2, while λi and ℓi (i = 1, 2) are nonnegative constants satisfying inequalities (10) and
(11). Then the differential equation (1) is strongly nonoscillatory from the left on [a, b].

Remark 1. In the right-hand sides of inequalities (71) and (72), 1 cannot be replaced by 1 + ε
no matter how small ε > 0 is, and the strict inequalities (10) and (11) cannot be replaced by the
non-strict ones.
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Theorem 3. Let condition (3) hold and there exist a number t0 ∈ ]a, b[ and continuously differen-
tiable functions w1 : [a, t0] → [0,+∞[ , w2 : [t0, b] → [0,+∞[ such that

w1(a) = 0, w′
1(t) > 0,

t0∫
t

h1(p1, p2, w1)(s) ds ≤ w′
1(t) for a ≤ t < t0, (12)

w2(b) = 0, w′
2(t) < 0,

t∫
t0

h2(p1, p2, w2)(s) ds < |w′
2(t)| for t0 < t ≤ b, (13)

lim sup
t→t0

t0∫
t

h1(p1, p2, w1)(s)

w′
1(t)

ds+ lim sup
t→t0

t∫
t0

h2(p1, p2, w2)(s)

|w′
2(t)|

ds < 2. (14)

Then the differential equation (1) is nonoscillatory on [a, b].

Theorem 4. If

p1(t) ≤ 0, p2(t) = 0 for a < t < b,

b∫
a

(t− a)|p1(t)| dt < +∞,

then for the differential equation (1) to be nonoscillatory on [a, b], necessary and sufficient is the
existence of such a number t0 ∈ ]a, b[ and continuously differentiable functions w1 : [a, t0] → [0,+∞[ ,
w2 : [t0, b] → [0,+∞[ , which satisfy conditions (12)–(14).

Corollary 2. Let along with inequality (3), for some t0 ∈ ]a, b[ one of the following three conditions
hold:

t0∫
a

(
(t− a)[p1(t)]− + [p2(t)]−

)
dt ≤ 1,

b∫
t0

(
(b− t)[p1(t)]− + [p2(t)]+

)
dt ≤ 1, (15)

p1(t) ≥ − λ11

(2t0 − a− t)(t− a)
, p2(t) ≥ −λ12 for a < t < t0,

p1(t) ≥ − λ21

(b+ t− 2t0)(b− t)
, p2(t) ≤ λ22 for t0 < t < b,

(16)

p1(t) ≥ −ℓ11, p2(t) ≥ −ℓ12 for a < t < t0, p1(t) ≥ −ℓ21, p2(t) ≤ ℓ22 for t0 < t < b, (17)

where λik and ℓik (i, k = 1, 2) are nonnegative constants such that

λ11 + 2(t0 − a)λ12 < 2, λ21 + 2(b− t0)λ22 < 2, (18)
+∞∫
0

dx

ℓ11 + ℓ12x+ x2
> t0 − a,

+∞∫
0

dx

ℓ21 + ℓ22x+ x2
> b− t0. (19)

Then the differential equation (1) is nonoscillatory on [a, b].

Remark 2. In the right-hand sides of inequalities (15), 1 cannot be replaced by 1 + ε no matter
how small ε > 0 is, and the strict inequalities (18) and (19) cannot be replaced by the non-strict
ones.
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If
b∫

a

(
(t− a)(b− t)

b− a
[p1(t)]− + |p2(t)|

)
dt ≤ 1, (20)

then there exists t0 ∈ ]a, b[ such that inequalities (15) are satisfied.
On the other hand, it is obvious that if for some nonnegative constants ℓ1 and ℓ2 the inequalities

p1(t) ≥ −ℓ1, |p2(t)| ≤ ℓ2 for a < t < b, (21)
+∞∫
0

dx

ℓ1 + ℓ2x+ x2
> (b− a)/2 (22)

are satisfied, then inequalities (17) and (19) hold as well, where ℓ11 = ℓ21 = ℓ1, ℓ12 = ℓ22 = ℓ2,
t0 = (a+ b)/2. Therefore, the following statements are valid.
Corollary 3. If

b∫
a

(t− a)(b− t)|p1(t)| dt < +∞ (23)

and inequality (20) holds, then the differential equation (1) is nonoscillatory on [a, b].
Corollary 4. Let there exist nonnegative constants ℓ1 and ℓ2 such that along with (23) conditions
(21) and (22) are satisfied. Then the differential equation (1) is nonoscillatory on [a, b].

In the case, where p1 and p2 are continuous on [a, b] functions, Corollary 3 implies the theorems
by Lyapunov [6] and Hartman–Wintner [2], while Corollary 4 yields the Vallée Poussin theorem [7].

References
[1] N. V. Gogiberidze and I. T. Kiguradze, Concerning nonoscillatory singular linear second order

differential equations. (Russian) Differ. Uravneniya 10 (1974), no. 11, 2064–2067; translation
in Differ. Equ. 10 (1974), 1598–1601.

[2] P. Hartman and A. Wintner, On an oscillation criterion of Liapounoff. Amer. J. Math. 73
(1951), 885–890.

[3] I. Kiguradze, Some optimal conditions for the solvability of two-point singular boundary value
problems. Funct. Differ. Equ. 10 (2003), no. 1-2, 259–281.

[4] I. Kiguradze and N. Partsvania, On a number of zeros of nontrivial solutions to second order
singular linear differential equations. Abstracts of the International Workshop on the Qualitative
Theory of Differential Equations – QUALITDE-2020, Tbilisi, Georgia, December 19-21, 2020,
pp. 113–116; http://rmi.tsu.ge/eng/QUALITDE-2020/workshop−2020.htm.

[5] I. T. Kiguradze and B. L. Shekhter, Singular boundary value problems for second-order ordi-
nary differential equations. (Russian) Translated in J. Soviet Math. 43 (1988), no. 2, 2340–
2417. Itogi Nauki i Tekhniki, Current problems in mathematics. Newest results, Vol. 30 (Rus-
sian), 105–201, 204, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow,
1987.

[6] A. M. Liapounoff, Sur one sárie relative à la théorie des équations differéntielles linéaires à
coefficient pèriodiques. C. R. Acad. Sci. Paris 123 (1896), 1248–1252.

[7] C. de la Vallée Poussin, Sur l’équation différentielle linéaire du second ordre. Détermination
d’une intégrale par deux valeurs assignées. Extension aux équations d’ordre n. J. Math. Pures
et Appl. 8 (1929), no. 2, 125–144.


