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Let I = [a,b] C R be a finite and closed interval non-degenerated in the point, to € ]a,b] and
Ito = [CL, b] \ {tO}a It; = [avtO[a Ith :]thb]

Consider the Cauchy problem for the linear system of generalized ordinary differential equations
(GODE) with singularities

dr = dA(t) - x + df (t) for t € I, (1)
Jim (@) a(1) =0 andlim (7(0)2(1)) = 0 )

where A = (a;1)",_, is an n x n-matrix valued function and f = (fy)}_; is an n-vector valued

function, both of them have a locally bounded variation on [a,b] \ {to}; H = diag(hi,...,hy) is a

continue diagonal matrix function, continuous and having an inverse H~1(t) for t € [a,b] \ {to}.
Along with system (1) consider the perturbed system

dy = dA(t) -y + df(t) for t € I, (3)

under condition (2), where g, fare, as above, a matrix- and vector-functions.

We are interested in the question whether the unique solvability of problem (1), (2) guarantees
the unique solvability of problem (3), (2) and nearness of its solutions in the definite sense if matrix-
functions A and A and vector-functions f and f are nearly among themselves.

The same and related problems for singular linear ordinary differential systems have been in-
vestigated in [3] (see also the references therein).

The singularity of system (1) consists in the fact that both A and f need not have bounded
variations on any interval containing the point #g.

The solvability of the singular problem (1), (2) is investigated in [2]. To our knowledge, the
well-posedness of (1), (2) has not been considered up to now.

The theory of GODE has been introduced by J. Kurzweil [4]. The interest to the theory has
also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1,2,4] and the references
therein).

We present sufficient conditions for the so called H-well-posedness of problem (1),(2). We
realize the presented results for systems of impulsive differential equations with fixed points of
impulses actions.

We use the following notation and definitions.



4 International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

N={1,2,...}, R=] - o0, +o0[, Ry = [0, +o0].

R™ ™ is the space of all real n x m matrices X = (z;1) 7, with the standard norm || X||.
X = (),

[X]+ = 2 (IX| £ X); r(X) is the spectral radius of X € R, R? = R**L,

Oy xm is the zero n x m-matrix, 0,, is the zero n-vector. I,, is the identity n X n-matrix.
b

V/(X) is the sum of variations on [a, b] of components of matrix-function X.

a

b— t

V(X) = tlirgl V(X); X(t—) and X (t+) are the left and the right limits of X at the point t.
ol

i X(t)=X(t) — X(t—), de X (t) = X (t+) — X ().

BV([a, b], R™*™) is the set of all bounded variation matrix-functions.

BVioe(Ity; R™™ ™) is the set of all X : I — R™™ for which the restriction to [a,b] belong to
BV ([a, b]; R™*™) for every closed interval [a, b] from I,.

¢

If X(t) = (mik(t))zgil, then V(X)(t) = (\/(xzk))?k”ll for (t —to)(aj —to) >0 (j = 1,2), where

o

a, = a, as = b. ’

[X(D]4 =5 (V(X)(t) £ X (1))

Lioe(I1y; R™ ™) is the set of all matrix-functions X : I;, — R™™ whose restrictions to every
closed interval [a, b] from I3, is integrable.

s1, 89 and s are the operators defined, respectively, by

s1(z)(a;) = s2(x)(a;) =0, sc(x)(ay) =x(a;) (j=1,2),
s1(2)(t) = s1(2)(s) + Y dix(r), sa(@)(t) = sa(x)(s) + > doa(7),
< ) s<t<t
se(w)(t) = se(@)(s) + x(t) — x(s) = Y _(s5()(t) — 55(x)(s))
j=1
for a1 <s<t<tyg or tg<s<t<as.
If X € BVpe(Iy,; R,
det (I, + (—1)d; X (t)) #0 for t € I, (j =1,2),
and Y € BV po(I3,; R™*™), then
AX,Y)(a) = Onxm (AX,Y)(D) = Opnxm )
AXY)(E) - AXY)(s) =Y () =Y (s)+ > diX(r) (In — di X (7)) ' diY (7)

s<t<t

= > dX(7) I+ da X (7)) oY (1) i s <t <ty (tg<s<t).
s<t<t

If g : [a,b] — R has bounded variation and z : [a,b] — R, then
t
[amdsr) = [amasio)n+ 3 alr)dgn)+ Y () dagr),
S s,¢] s<t<t s<T<t

where [ x(7)ds.(g9)(7) is the Lebesgue—Stieltjes integral over the open interval |s, ¢[ with respect
Js;t]

¢
to the measure corresponding to the function s.(g). So [z(7)dg(r) is the Kurzweil-Stieltjes
S

integral [4].
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Let
t+ t+o t t
[amrdor) = tim [ a(o)dgr), [ atr)dg(r) = tim [ (o)
s s s+ s£d
If G = (gzk)ﬁlf:l and X = (w;),’j~, are matrix-functions on [a, b, then
t n t I
m l,n
Jacnxo)= (X [auime) L 50 = ()i
J el ixj=1

A vector-function = : Iy, — R” is said to be a solution of system (1) if x € BV([¢,d],R") for
every closed interval [c,d] from I}, and

(t) = o(s) + /dA(r) 2+ f(8) — f(s) for c<s<t<d.

S

We assume that det(l, + (—=1)7d;A(t)) # 0 for t € Iy, (j = 1,2). The inequalities guarantee
the unique solvability of the Cauchy problem for the case when A € BV,,.(I,R"*") and f €
BViee(I,R™) (see, [4]).

Let Ao € BVjpe(Iy,, R™*™) is a matrix-function such that

det (I, + (—1)d;Ao(t)) #0 for te€ I, (j=1,2). (4)

Then a matrix-function Cy : Iy, x Iy, = R™™ is said to be the Cauchy matrix of the homogeneous
system dz = dAy(t) - x if, for every interval J C I and 7 € J, the restriction of Cy(-,7) to J is the
fundamental matrix of this system satisfying the condition Cy(7,7) = I,,.

Let

120 = [to— b0, TE(0) =Jtorto + 3], Ly(8) = I (6) ULE(8) (5> 0).
Definition 1. Problem (1), (2) is said to be H-well-posed with respect to the pair of the matrix-
functions (S1(Aop), S2(Ap)) if it has a unique solution x and for every € > 0 there exists n > 0 such
that problem (3), (2) has a unique solution y and the estimate

|H(t) (z(t) —y(t))|| <e for teT (5)
holds for every Ae BVioe(Ity, R™™™) and ]?6 BVioe(It,, R™) such that

det (I, + (—1)7d;A(t)) # 0 for t€ Iy (j = 1,2),

H /t H™'(s)dV(A(Ao, A= A))(s) - H{(s)
tot

<n for te Itjg, respectively,

<n for te Ifg, respectively.

H 4 H(8)dV(A(Ao, F— 1))(s)

We note that the matrix-functions Si(Ap) and S2(Ap) are including in the definition of the

operators V (A(Ag, A — A)) and V(A(Ao, f — f)).
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Theorem 1. Let there exist a matriz-function Ag € BVioe(ILty, R"*™) and constant matrices By. B €
RY*™ such that the conditions r(B) < 1,

‘T—t0| <1

|Co(t, )| < H(t) By H (1) fort € I, (8), (t—to)(T —to) >0, g =V

' / |Co(t,s)|dV(A(Ao, A — Ag))(s) H(s)| < H(t)B, respectively, on Itjg(é)

tot

hold for some 6 > 0. Let, moreover,

li = tively.
. ngi 0, respectively

/ H™Y(t) Co(t, 7) dA(Ag, £)(7)
tot

Then problem (1), (2) is H-well-posed with respect to (S1(Aop), S2(Ao)).

Theorem 2. Let there exist a constant matric B = (byy)?,_; € R such that the conditions
r(B) <1,

[(—1)jdjaii(t)]+ > —1 for t < ty, [(—1)jdja,-,-(t)]_ <1 for t>tg (j = 1,2),

hi(t
lt,1) S bl for £ € I®). (=) —t0) > 0. |7~ to] < Ie 1l

t
‘ / ci(t, T)hi(T) d[aii(T) sgn(1 — to)}i < bii hi(t), respectively, on Itio (6),
to+

t
/ci(t, T)hi (1) dV(A(apii, ai))(T)| < bir hi(t), respectively, on Itjg(é)
tot

(i #k;i,k=1,...,n) hold for some by >0 and § > 0. Let, moreover,

t
lim / ci(?’ ) dV(A(agi, fi))(T) =0, respectively (i =1,...,n),
ot

where
agi(t) = — [aii(t) sgn(t — to)]i sgn(t—tg) (i=1,...,n),
and ¢; is the Cauchy function of the equation dr = x dag;;(t) for i € {1,...,n}. Then problem
(1), (2) s H-well-posed with respect to the pair (S1(Ao), S2(Ap)), where
Ao(t) = diag(agn(t), c. ,ao,m(t)).

The Cauchy functions ¢;(t,7) (i = 1,...,n), mentioned in the theorem, have the well known

form (see, for example, [1]).
Now we apply the previous results for the Cauchy problem with weight for the singular impulsive
differential system

S = P+ alt), a(nt) - wn-) = G)e(n) +90) (1 € N); (©
lim (H Y (t)z(t)) = 0, (7)
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where 7, € [a,b] (I € N), llim 7 = b, are points of fixed impulses actions, P = (pix)]'t_; €
—+00 )

Lioc([a, b;R™™™), g = (qr)ji=y € Lioc([a,b;R"), and G = (gik);—1 € E(N;R™™), g = (gk)j—; €
E(N;R™).

We assume that 7' = {71, 72, ...}, ACic([a, b[\T;R™ ™) is the matrix-function whose restric-
tions to every [c,d] C [a,b[\T is absolutely continuous. FE(N;R™*™) is the set of all discrete
matrix-functions from N into R"*™. N, g3 ={le N:a <7 < }.

Let Go € E(N;R™ ™) be such that

det(I,, + Go(1)) £ 0 (1 € N).

Then for every X € Lj,.([a,b[; R™*™) and Y € E(N;R™ ™) we put

AL(GO;X,Y)(t)E/X(T)dT—i— S° (I + Go(1)) Y (m).

leNa,t

A vector-function z € ACj,.([a,b[\T;R™) is said to be a solution of system (6) if 2/(t) =
P(t)x(t) +q(t) for a.a. t € [a,b[\T and there exist one-sided limits z(7—) and z(n+) (I =1,2,...)
satisfying (8). In addition, z is a solution of system (6) if and only if it is a solution of (1), where

t t

A(t)E/P(T)dT+ > G(n), f(t)z/q(r)dr—i— > u(n).

a leNa,t a lENa,z

We assume that det(l, + G(1)) # 0 (I = 1,2,...). Due to the conditions imposed on P, G, ¢
and u, we have A € BV ,.([a, b[, R™*™) and f € BV,.([a, b, R™). So system (6) is a particular case
of system (1), and the impulsive problem (6), (7) to problem (1), (2) for ¢y = b.

Along with system (6) consider the perturbed singular system

% = P(t)z +q(t), a(n+)—z(n-)=GWa(n) +g() (€N). (8)

Definition 2. Problem (6), (7) is said to be H-well-posed with respect to the matrix-function Gy
if it has a unique solution = and for every ¢ > 0 there exists > 0 such that problem (8), (7) has a
unique solution y and estimate (5) holds for every matrix-functions P, G and vector-functions ¢, g
such that

det(I, + G(1)) # 0 (I € N),
b—
H [ aVAG P - 2.6 - @) - HE)

t

< n and

H [0V AT 05— 06| < for 1 ladl

Theorem 3. Let there exist a constant matriz B = (b)), _; € R™ such that the conditions

r(B) <1, [gu(D)]+>-1 (i=1,...,n; l€N),
hi(t)

for b—0<t<t<b (i=1,...,n),

~—
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b—
‘/Ci(t,T)hi(T)[pii(T)]_dT-i- Z Ci(tl,Tl)hi(Tl)[gii(l)]_‘ Sb” hz(t) and
t LEN
b—
‘/Ci(taT)hk(T>dV(-AL([gii]+§pik7gik))(7—)

t

< b, hz(t) f07' teb— (5,[)[

(i #k;i,k=1,...,n) hold for some by > 0 and § > 0. Let, moreover,

b—

i [T v (A si0,00) () =0 (1= L.

where ¢; is the Cauchy function of the impulsive equation

dx

5 = i+ 2, 2(nt) —2(n-) = lga()]+ z(n) (€N).

Then problem (6), (7) is H-well-posed with respect to Go, where

Go(l) = diag ([gll(l)]Jr, e [gnn(l)]+).
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A Problem for a Family of Partial Integro-Differential Equations
with Weakly Singular Kernels

A. T. Assanova
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On the domain Q = [0,7] x [0,w], we consider the family of problems for the system of partial
integro-differential equations with weakly singular kernels

T
g;} = A(t,z)v + /K(t, s,x)v(s,x)ds + f(t,x), (1)
0
P(z)v(0,2) + S(@)v(T,z) = (), € [0,w], (2)
where v(t, ) = col(vi(t,x),va(t, z), ..., v,(t,x)) is an unknown vector function, the (n x n) matrix

A(t, x), and n vector function f(¢,x) are continuous on £, the (n xn) matrix K(¢, s, z) has the form
K(t, s, x) = ﬁ H(t,s,z), and the (n x n) matrix H(t, s, x) is continuous on [0, 7] x [0, T] x [0, w],
0 < a < 1, the (n x n) matrices P(x), S(x) and n vector function ¢(z) are continuous on [0, w].

A continuous function v :  — R™ that has a continuous derivative with respect to ¢t on € is
called a solution to the family problems for the system of integro-differential equations (1), (2) if
it satisfies system (1) and condition (2) for all (¢,z) € Q and x € [0, w], respectively.

Partial integro-differential equations and various problems for them are arisen as mathematical
models of various physical processes [2,3,25]. Boundary value problems for ordinary integro-
differential equations with continuous kernels and weakly singular or other nonsmooth kernels were
researched in [1,4-11,13,14,16-24] by the different methods. Some problems for partial integro-
differential equations with singular kernels were considered in [26-33].

Nevertheless, the establishment of conditions for the solvability of the family problems for partial
integro-differential equations with weakly singular kernels is an actual problem.

The aim of the present communication is to apply the Dzhumabaev parametrization method [12]
and the results of article [4] to the family of partial integro-differential equations with weakly
singular kernels.

For this we construct a homogeneous family of partial integral equations with weakly singular
kernels of the second kind and introduce an analog of regular partition for €2 by the initial data of
the partial integro-differential equation (1).

For fixed x € [0,w] problem (1),(2) is a linear problem for the system of integro-differential
equations with weakly kernels. Suppose a variable z is changed on [0, w]; then we obtain a family
of problems for partial integro-differential equations with weakly kernels.

Let us divide domain €2 equally into N parts and denote this partition by Ay:

Av={to=0<t;1 <---<ty=T, 0<z <w},

where t; = sT/N.
By v, (t, ) we denote the restriction of the function v(¢, x) to the r-th domain €, = [t,_1,,) X
[0,w], i.e. vp(t,z) =v(t,x), (t,x) € Q,r=1:N.
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Inputting the functional parameters A,(x)=v,(t,_1,x) and performing the substitution of fun-
ctions z,(t,x) = v, (t,z) — \r(z) in each of the r-th domain, we obtain the following problem with
parameters:

ZT:A(t,m)(zr+A —i—; /Ktsx (zj(s,x) + Nj(x))ds + f(t,z), (t,x) €, (3)
2p(tr—1,2) =0, z€[0,w], r=1:N, (4)

P(x)Ai(z) + S(x)An(z) + S(z) t_l)ijrp_o zn(t,z) = p(z), x € [0,w], (5)

Mp(z)+ lm zp(t,2) — A\pt1(x) =0, z€[0,w], p=1:(N—1), (6)

t—tp,—0

where (6) are the conditions of continuity for the solution at the inner lines of the partition Ay.
Introduction of additional parameters [4-11] lets us obtain the initial data (5). Thus, it is

possible to determine the system of functions z([t], z) from the family of special Cauchy problems

for the systems of integro-differential equations with weakly singular kernels (5), (6) for fixed values

of the parameters A(x) € C([0,w], R™Y). By using the fundamental matrix U (¢, z) of the differential

equation % = A(t,z)v, we reduce problem (5), (6) to the equivalent system of integral equations

t tj

N
zr(tja:):U(t,:E)/ (r1,z Z/K(Tl,s,x)(zj(s,x)—{—)\j(ac)) dsdm

tr—1 ] 1
t

+ U(t,x) / U_I(Tlal‘) [A(’T]_,.’E))\r(l') + f(’Tl,CU)] dTl) (t,J?) € Qra r=1:N. (7)
tr—1
Introduce the notations
N U
(AN, t,z,a) = Z / (t,s,x)zi(s,x)ds,

jfl
M(AN,t,x,T,a)—/K(t,Tl,:r)U(Tl,:r)dTlU_l(T,:r), (La)eQ, Teltinty), j=1:N,

T

M(An,t,z,T,a) = 0.

Consider the following family of integral equations of the second kind with weakly singular
kernel

T
O(An,t,x,a) = /M(AN, t,x, 7,a)P(An, T, x,a)dT + D(An,t,x, )N+ F(An,t,x,a), (8)
0
and the corresponding homogeneous family of integral equations

T
(AN, t,z,a) = /M An,t,x, 7,0)@(AN, T, z,a) dT, (t,2) € Q. 9)
0
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Definition. A partition Ay is called regular if the family of integral equations with weakly singular
kernel (9) has only a trivial solution.

The set of regular partitions Ay is denoted by o ([0, T], z, ). As it is known from the theory of
integral equations with singular kernels [15], if Ay € o([0, 7], x, ), then (8) has a unique solution
for any A(z) € C([0,w], R™Y), F(Ay,t,z,a) € C(Q,R"), and this solution can be presented in the
form

(AN, t,z,a) = D(An, t,z,a)N+ F(AN, t, x, )
T
+ /I‘(AN,t,x,s, 1)(D(An, s,z,0)\(z) + F(An,s,z,))ds, (t,z) € Q, (10)
0

where I'(Apn, t, z, s,1) is the resolvent of the family of integral equations with weakly singular kernel
(8). The n x nN matrix D(An,t,z,a) = (D, (An,t,2z,a)), r =1 : N, continuous on €2, and vector
F(An,t,x,«) are constructed by the integral representation (7):

D, (An,t,x,a) = /K(t,T,x)U(T,x) / U Y, x)A(my, ) dry dr

T

t
+Z/Kt7'x T&C)/U1(71,33)/K(Tl,s,a;)dsdﬁdr,

J=1 7 ti 1 b1
N 17 T

F(AN,t,:c,oz):Z/K(t,T,az)U(T,az) / U Y, x)f(r,x) dry dr.

jzltj,1 ti—1

N &

Substituting > [ K(t,s,2)zj(s,x)ds in (7) with the right-hand side of (10), we get the repre-
Jj= 1tj 1

sentation of the function z,(f, ) in terms of A(z) € C([0,w],R™Y), f(t,z) € C(Q R™). Then, using

x
this representation, we determine . h%n zn (t, x), hm zp(t x),p=1:(N—1). Substituting these

expressions in (5), (6) and multiplying both 81des of ( ) by h = £, we get the following linear
system of equations for the introduced parameters \.(z), r =1: N:

Q" (AN, x,a)\(z) = —F*(An,z,a), A(z) € C([O,w],R”N). (11)

Theorem 1. If the matriz Q*(An,z,a) : R™ — RN in the partition Ay € o([0,T],x,a) is
invertible for all x € [0,w], then the family of problems for the system of partial integro-differential
equations with weakly singular kernels (1), (2) has a unique solution.

Theorem 2. For the unique solvability of family of problems for the system of partial integro-
differential equations with weakly singular kernels (1), (2) it is necessary and sufficient that the
matriz Q*(An,z,a) : R™N — R™W be invertible for any Ay € o([0,T],z,a) and for all x € [0,w].

Acknowledgment

This research has been funded by the Science Committee of the Ministry of Education and Science
of the Republic of Kazakhstan (Grant # AP09258829).



12

International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

References

1]

E. A. Bakirova, N. B. Iskakova and A. T. Asanova, A numerical method for solving a lin-
ear boundary value problem for integrodifferential equations based on spline approximation.
(Russian) Ukrain. Mat. Zh. 71 (2019), no. 9, 1176-1191; translation in Ukrainian Math. J. 71
(2020), no. 9, 1341-1358.

A. A. Boichuk and A. M. Samoilenko, Generalized Inverse Operators and Fredholm Boundary-
Value Problems. (Russian) VSP, Utrecht, 2004.

Brunner, Hermann. Collocation methods for Volterra integral and related functional differ-
ential equations. Cambridge Monographs on Applied and Computational Mathematics, 15.
Cambridge University Press, Cambridge, 2004.

D. S. Dzhumabaev, On a method for solving a linear boundary value problem for an inte-
grodifferential equation. (Russian) Zh. Vychisl. Mat. Mat. Fiz. 50 (2010), no. 7, 1209-1221;
translation in Comput. Math. Math. Phys. 50 (2010), no. 7, 1150-1161.

D. S. Dzhumabaev, An algorithm for solving a linear two-point boundary value problem for an
integrodifferential equation. (Russian) Zh. Vychisl. Mat. Mat. Fiz. 53 (2013), no. 6, 914-937;
translation in Comput. Math. Math. Phys. 53 (2013), no. 6, 736-758.

D. S. Dzhumabaev, Necessary and sufficient conditions for the solvability of linear boundary-
value problems for the Fredholm integrodifferential equations. (Russian) Ukrain. Mat. Zh. 66
(2014), no. 8, 1074-1091; translation in Ukrainian Math. J. 66 (2015), no. 8, 1200-1219.

D. S. Dzhumabaev, Solvability of a linear boundary value problem for a Fredholm integro-
differential equation with impulsive inputs. (Russia) Differ. Uravn. 51 (2015), no. 9, 1189
1205; translation in Differ. Equ. 51 (2015), no. 9, 1180-1196.

D. S. Dzhumabaev, On one approach to solve the linear boundary value problems for Fredholm
integro-differential equations. J. Comput. Appl. Math. 294 (2016), 342-357.

D. S. Dzhumabaev and E. A. Bakirova, Criteria for the correct solvability of a linear two-point
boundary value problem for systems of integrodifferential equations. (Russian) Differ. Uravn.
46 (2010), no. 4, 550-564; translation in Differ. Equ. 46 (2010), no. 4, 553-567.

D. S. Dzhumabaev and E. A. Bakirova, Criteria for the unique solvability of a linear two-point
boundary value problem for systems of integro-differential equations. (Russian) Differ. Uravn.
49 (2013), no. 9, 1125-1140; translation in Differ. Fqu. 49 (2013), no. 9, 1087-1102.

D. S. Dzhumabaev and E. A. Bakirova, On the unique solvability of a boundary value problem
for systems of Fredholm integro-differential equations with a degenerate kernel. (Russian)
Nelinvint Kolw. 18 (2015), no. 4, 489-506; translation in J. Math. Sci. (N.Y.) 220 (2017),
no. 4, 440-460.

D. S. Dzhumabayev, Criteria for the unique solvability of a linear boundary-value problem
for an ordinary differential equation. USSR Computational Mathematics and Mathematical
Physics 29 (1989), no. 1, 34-46.

R. Kangro and E. Tamme, On fully discrete collocation methods for solving weakly singular
integro-differential equations. Math. Model. Anal. 15 (2010), no. 1, 69-82.

M. Kolk, A. Pedas and G. Vainikko, High-order methods for Volterra integral equations with
general weak singularities. Numer. Funct. Anal. Optim. 30 (2009), no. 9-10, 1002-1024.

N. I. Muskhelishvili, Singular Integral Equations. Boundary Value Problems in the Theory of
Function and Some Applications of them to Mathematical Physics. (Russian) Izdat. “Nauka”,
Moscow, 1968.



International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia 13

[16] K. Orav-Puurand, A. Pedas and G. Vainikko, Nystrom type methods for Fredholm integral
equations with weak singularities. J. Comput. Appl. Math. 234 (2010), no. 9, 2848-2858.

[17] 1. Parts, A. Pedas and E. Tamme, Piecewise polynomial collocation for Fredholm integro-
differential equations with weakly singular kernels. SIAM J. Numer. Anal. 43 (2005), no. 5,
1897-1911.

[18] A. Pedas and E. Tamme, Spline collocation method for integro-differential equations with
weakly singular kernels. J. Comput. Appl. Math. 197 (2006), no. 1, 253-269.

[19] A. Pedas and E. Tamme, Discrete Galerkin method for Fredholm integro-differential equations
with weakly singular kernels. J. Comput. Appl. Math. 213 (2008), no. 1, 111-126.

[20] A. Pedas and E. Tamme, A discrete collocation method for Fredholm integro-differential equa-
tions with weakly singular kernels. Appl. Numer. Math. 61 (2011), no. 6, 738-751.

[21] A. Pedas and E. Tamme, Product integration for weakly singular integro-differential equations.
Math. Model. Anal. 16 (2011), no. 1, 153-172.

[22] A.Pedas and E. Tamme, On the convergence of spline collocation methods for solving fractional
differential equations. J. Comput. Appl. Math. 235 (2011), no. 12, 3502-3514.

[23] A. Pedas and E. Tamme, Piecewise polynomial collocation for linear boundary value problems
of fractional differential equations. J. Comput. Appl. Math. 236 (2012), no. 13, 3349-3359.

[24] A. Pedas and E. Tamme, Numerical solution of nonlinear fractional differential equations by
spline collocation methods. J. Comput. Appl. Math. 255 (2014), 216-230.

[25] A.-M. Wazwaz, Linear and Nonlinear Integral Equations. Methods and Applications. Higher
Education Press, Beijing; Springer, Heidelberg, 2011.

[26] X. Xu and D. Xu, A semi-discrete scheme for solving fourth-order partial integro-differential
equation with a weakly singular kernel using Legendre wavelets method. Comput. Appl. Math.
37 (2018), no. 4, 4145-4168.

[27] D. Xu, W. Qiu and J. Guo, A compact finite difference scheme for the fourth-order time-
fractional integro-differential equation with a weakly singular kernel. Numer. Methods Partial
Differential Equations 36 (2020), no. 2, 439-458.

[28] X. Yang, D. Xu and H. Zhang, Quasi-wavelet based numerical method for fourth-order partial
integro-differential equations with a weakly singular kernel. Int. J. Comput. Math. 88 (2011),
no. 15, 3236-3254.

[29] X. Yang, D. Xu and H. Zhang, Crank-Nicolson/quasi-wavelets method for solving fourth
order partial integro-differential equation with a weakly singular kernel. J. Comput. Phys. 234
(2013), 317-329.

[30] T. K. Yuldashev and S. K. Zarifzoda, New type super singular integro-differential equation
and its conjugate equation. Lobachevskii J. Math. 41 (2020), no. 6, 1123-1130.

[31] T. K. Yuldashev and S. K. Zarifzoda, Mellin transform and integro-differential equations with
logarithmic singularity in the kernel. Lobachevskii J. Math. 41 (2020), no. 9, 1910-1917.

[32] T. K. Yuldashev and S. K. Zarifzoda, On a new class of singular integro-differential equations.
Bulletin of the Karaganda University — Mathematics ser. 1 (2021), 138-148.

[33] H. Zhang, X. Han and X. Yang, Quintic B-spline collocation method for fourth order partial
integro-differential equations with a weakly singular kernel. Appl. Math. Comput. 219 (2013),
no. 12, 6565-6575.



14 International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

Remark on Continuous Dependence of Solutions
to the Riccati equation on its Righthand Side

l. V. Astashova!+?

L Lomonosov Moscow State University, Moscow, Russia
2 Plekhanov Russian University of Economics, Moscow, Russia
E-madl: ast.diffiety@gmail.com

Abstract. The Riccati equation is considered to show some special features of continuous depen-
dence on the right-hand side of the equation.

Consider the initial value problem for the Riccati equation
u' +u? = K(t), KecC0;T), (1)

with the initial condition u(0) = ug. Suppose that the problem has a solution on [0;7]. We are
interested whether the existence of solutions on [0; 77 still holds under small perturbation of the

right-hand side. The formulation is not strict enough and admits opposite answers for its different
treatments.

We have the following result detailing, for the case under consideration, the classical theorem on
continuous dependence of solutions on the right-hand side and initial conditions (see, for example, [1,
Chapter 7, Theorem 6]).

Theorem 1. Let u(t) defined on [0;T] be a solution to equation (1) with u(0) = ug. Then for each
function F(t) € C[0,T], satisfying on [0;T] the condition

- rn<c= (1 fo( =2 [atrar) - fom (2 fatryar) ar) "
0 0 0 0

the initial value problem
v+ 02 =F(t), v(0)=ug (2)

also has a solution defined on [0;T].

Proof. We are looking for the solution v having the form

v(t) = u(t) + 2(t) exp < —9 /t u(r) dT) (3)
0

with z(¢) to be determined. Immediate calculations show that

t t
v/:u’—l—zlexp(_2/“(7—)d7—> —2zuexp<—2/u(7)d7)
0 0
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t ¢
=K —u>+ 2 exp <2/u(7) d7'> — 2zuexp (2/u(7’) dT)
0 0
¢ t
=F —? :F—u2—2zuexp<—2/u(7')d7'> —z2exp<—4/u(7)d7>,
0 0

2 4 22 exp <—2/tu(7) dT> + (K — F)exp <2/tu(7) dT> = 0. (4)
0

whence

Hereafter we use the following notation:

So, equation (4) can be rewritten as
d+22ET 4 (F-K)E=0.

To find such z, we use a contracting operator ® acting on the space Z; of all continuous functions
z satisfying |z(t)| < 0 on [0; 7] with some § > 0. We define ® by

20 = [ (B - F@) - 2B ) dr
0

and have to check that

(i) ®(z) € Z5 whenever z € Z;
and

(ii) @ is contracting.

First we prove (ii).
|@(21)(t) — ®(22(t)| = / |E(m) 7|2 (r) — 21 (7)| dr
0
= /E(T)_l}zg(T) — 21(7){ ‘ZQ(T) + 21(7)} dr < 25/E(7‘)_1}ZQ(7') - zl(T){ dr
0 0
T7€[0,T

t t
325/1@(7)—1 sup ‘22(7)—z1(7)|d7—2(5/E(7)_1d7- 21 — 2.
0 0

t
The operator @ is contracting if § [ E(7)'dr < 1 on [0;T], i.e.
0

h -1
0 < % </E(7)_1 d7> .
0
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Now we take such ¢ and prove (i). Suppose |K(7) — E(7)| < € and ||2|| <. Then

T T T
)] S€/E(T)d7+52/E(T)_1dT<€/E(T)d7'—|-g’
0 0 0

which is less or equal to § if
T
<3(fror)
2
0
T

So, if we have a solution u to equation (1) with u(0) = ug, then we can obtain E and [ E(7)dr

Now we have to find ¢ such that

T 1
25/E d7'<5<</E > )
0

This is possible whenever

T 4, T _
e < i(/E(T)_1d7'> (/E(T) d7>
0 0

If the estimates are valid, then there exists z € Zs such that ®(z) = z, whence 2’ = E(K — F) —
22E~! and 2(0) = 0, i.e. the function v defined by (3) is a solution to the related Riccati equation
and v(0) = u(0). O

Note that the existence of a solution to (2) in the proof depends not only on the difference of
the functions K and F' but also on the solution u itself. This is not just a defect of the proof as
shown in the following result.

Theorem 2. If T = 7/2 and K(t) = —1 in (1), then for each € > 0 there exist an initial value
uo and a continuous function F on [0;T) such that |F — K|| < e, and equation (1) has a solution
u € CH[0; T] with u(0) = ug, while there is no solution to (2) on [0;T).

Proof. First we can solve the equation u/ + u? = —A? with arbitrary A # 0 to obtain the solution
u = Atan(Aty — At).

In the case A =1 we have a solution u(t) = tan(ty —t) to equation (1) defined in particular for
all ¢ satisfying —T < tg —t < T. If 0 < tg < T, then the solution u is defined, inter alia, on the
segment [0; 7.

Now consider A = 1+ ¢ and F(t) = —(1 +¢)?. The function

= (1+4e¢) tan ((1 + &)ty — (1 +€)t)
is a solution to (2) provided that
v(0) = u(0) = tanty = (1 +¢) tan((1 + €)t1).

Thus,

tan to)

arctan (
1+e¢

_ 1
C1+4e
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The solution is bounded on [0; T] if (1 4+ ¢)t1 — (1 + &)t € (=T';T) whenever ¢ € [0; 7.
For ¢t = 0 we have (1 +¢)t; € (=T T).
For t =T we need
T<(14e)ti1—(1+e)T <T,

whence

tant
e <(1+e)t = arctan( an 0),

1+4+¢
and therefore tanty > (14 ¢) taneT.

So, if the constant tg does not satisfy this condition, then v is not defined on the whole segment
[0;T]. For arbitrary small € > 0 there exists sufficiently small ¢y > 0 making the last inequality
false. O

So, no estimate based just on the difference K (t) — F(t) is possible to provide the existence of
a solution to problem (2) for all uy.
Note also that Theorem 1 becomes wrong if we replace [0; 7] with [0; 7).
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1 Introduction

For a given n € N, let Mvn denote the class of linear differential systems
t=Alt)x, x €eR", teR; =]0,+00), (1.1)

with piecewise continuous coefficients, which are matrix-valued functions A : Ry — R™*™, and by
M, its subclass that consists of systems with coefficients that are bounded on the semiaxis Ry. In
what follows, we identify system (1.1) with its defining function A(-) and therefore write A € M,,
and the like. The vector space of solutions of system (1.1) will be denoted by S(A) and the set of
its nonzero solutions by S.(A) (i.e. Si(A) =S(A)\ {0}).

The following definition is due to O. Perron [19].

The lower exponent of a vector-function z : Ry — R} = R"™ \ {0} is the quantity

7] = lim T Infla(0)]. (12)
t——+00
Note that a lower exponent may well be infinite and hence is generally a point of the extended real
line R = R U {—o00, +00}, which we equip with the standard order and the order topology.
Assigning to each solution z(-) € Si(A) of system (1.1) its lower exponent m[z|, we obtain
the functional 74 : S,(A) — R, which is called the lower exponent of system (1.1). Obviously, if
A € M, then the range of the functional 74 is contained in a bounded interval. Such defined
functionals 7 have different domains, which is not always convenient. In order to have a unified
view of these functionals and to make it possible to compare them with one another, they are put in
one-to-one correspondence with functions defined on R?”. Namely, there is a natural isomorphism
tg: R" — S(A) defined by & — z(-,&), where z(-,€) is the solution of the system A starting at
the initial moment ¢ = 0 from the vector ¢ € R™. Then the function 74 : R?” — R defined by
a4 = w0y is called the Perron exponent of system (1.1). As said above, 74 takes finite values
and is bounded wherever A € M,,.
The Perron exponent is one of a number of asymptotic characteristics, which are functionals
defined on solutions of differential systems and reflecting one or another of their qualitative or
asymptotic properties. Historically, the first in this series was the Lyapunov exponent A4 [18],
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which is of fundamental importance in the stability theory. As is well known, it is defined similarly
to the Perron exponent with the replacement in (1.2) of the lower limit by the upper one. Several
different asymptotic characteristics are proposed by I. N. Sergeev (see, e.g., [20,21]).

Lower exponents are introduced by O. Perron [19] by analogy with Lyapunov characteristic
exponents, and he was the first to observe that some of their properties differ from those of Lyapunov
exponents. At the same time no serious research of qualitative properties of solutions that Perron
exponents represent has been carried out until recently. Situation has changed since the publication
of works [22,23], in which Perron stability was defined and some properties of this notion were
treated.

The first problem that arises when studying an asymptotic characteristic is to completely de-
scribe it as a function of an initial vector for linear differential systems, that is, for example, for the
Perron exponent it is required to obtain a complete description of the following function classes:

P = {7‘(‘,4 A€ /\/ln} and P, = {7TA A€ Mvn} (1.3)

To date solutions to these problems are only known for the Lyapunov exponent [18], [7, p. 25-26]
and the lower and upper Bohl exponents [5,6] (definition of the two latter ones see in [8, p. 171—
172], [24]). It is worth remarking that whereas a description of the Lyapunov exponent involves
linear algebra concepts, that of the Bohl exponents requires the language of descriptive function
theory, and so is the case for classes (1.3). A description of the second of these is given in the
report, while a description of the first one is unknown so far.

Let us provide a number of properties of the Perron exponent that demonstrate its fundamental
difference from the Lyapunov exponent, which seems outwardly similar.

A. M. Lyapunov [18], [7, p. 30] established that the number of different values that the Lyapunov
exponent of a system A € M,, takes does not exceed its dimension n. O. Perron discovered [19]
that for his eponymous exponent this is not the case. He gave an example of a two-dimensional
diagonal system with bounded coefficients whose Perron exponent takes exactly three different
values. N. A. Izobov showed [15] that the Perron exponent of a diagonal system (1.1) takes no
more than 2" —1 values, and in the work [1] for every integer m € [1,2" —1] a diagonal system (1.1)
is constructed such that its Perron exponent takes exactly m different values.

For non-diagonal systems the structure of the range of the Perron exponent may be much more
complicated: in the work [16] a system is constructed such that the lower exponents of its solutions
fill an entire interval, and in [2] it is proved that a set P is the range of the Perron exponent of a
system A € M,, if and only if P is a bounded Suslin set containing its sup.

Despite these differences in structure of the ranges of the Lyapunov and Perron exponents
of system (1.1), Lebesgue sets of restrictions of these functionals to affine subspaces have some
similarity. So, N. A. Izobov established [15,17] that for any A € M,, and affine subspace II;, C R™
of dimension k (1 < k < n) the set

P(I) = {§ €\ {0} : () < sup w(0)f
Cellx\{0}

has zero k-dimensional Lebesgue measure, i.e.
mes P(II;) = 0. (1.4)

In other words, the set of lower exponents of solutions with the initial vectors from an affine plane
IIj; contains its sup, and for almost all (with respect to Lebesgue measure) initial vectors from
I, the corresponding solutions starting from them have lower exponents equal to this sup. For
one-dimensional affine subspaces the specified property can be strengthened [3]: for any affine line
I1;, the set P(II;) has zero Hausdorf In” | In( - )|-measure for all v < —1.
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It is easy to verify [4] that P(II;) is a Gs,-set and 74 is Baire 2. These statements and the above-
cited statements from [3] are unimprovable [4]: for each n > 2 there exists a system A € M,, such
that for a certain line IT; the set P(II;) is exactly G, with infinite Hausdorf In™! | In( - )|-measure
and the function 74 is exactly Baire 2. -

A. G. Gargyants [10] discovered that for systems in M, \ M,, for n > 2 property (1.4) is
generally not valid: he constructed a system A € M such that for any k-dimensional (1 <k < n)
affine subspace II; C R", different from a line containing the origin, the set II; \ P(Ilj) has zero
k-dimensional Lebesgue measure and is of the first Baire category with respect to IIz. He also
proved [12] that property (1.4) holds for all systems A € M" satisfying

lim ¢ 'In||A(t)] <o0.
t—4o00

A natural question arises: is the set P(Ilj) of the first Baire category with respect to Il for
any n > 2, k = 1,...,n, and system in M,? The answer (in the negative) was obtained by
A. G. Gargyants [14]: for each n > 2 there exists a system A € M,, such that the set R" \ P(R")
is of the first Baire category.

2 The main result

The problem is to obtain for each n > 2 a set-theoretic description of Perron exponents of systems
in M,,, i.e. of the function class 7571 defined in (1.3). Note that a description of the classes P; and
Py is trivial: they consist of all constant functions Rl — R and R. — R, respectively.

A. G. Gargyants obtained [11,13] progress in this problem: he proved that for any n > 2 the
class P,contains all continuous functions f :R? — R satisfying the condition

f(c€) = (&), £€RY, ceR,. (2.1)

In [9], this result was extended to upper semicontinuous ~functions..
For every n > 2, a complete description of the class P, is provided by the following

Theorem. A function f : R? — R belongs to the class P, if and only if it satisfies (2.1) and for
all 7 € R, the inverse image f~1([—o0,r]) of the closed ray [—oo,r] is a Gs-set in RT.
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Consider the super-linear generalized Emden—Fowler differential equation for ¢ € I = [1, 00)
(J2'| sgna:’)/ +b(t)g(x)|z|Psgnz =0, 0 << B, (1)

and its special case
2" +b(t) |z/Psgnz =0, tel, B>1, (2)

where b is a positive absolute continuous function on I and g is a positive continuous function on R.

A solution x of (1) is said to be proper if it is defined for all large ¢t and sup |z(t)| > 0 for

te|r,00)
any large 7. A proper solution x of (1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise, it is said to be nonoscillatory.

It is well known, see, e.g., [8], that the coexistence of nontrivial oscillatory and nonoscillatory
solutions is possible for (1). Further, in [10] the question as to whether oscillatory solutions of (2)
may coexist with nonoscillatory ones having at least one zero has been posed and Kiguradze in [8]
has negatively answered to this question.

Concerning the existence of nonoscillatory solutions, it is well known that the class P of all even-
tually positive solutions z of (1) can be divided into three subclasses, according to the asymptotic
behavior of x as t — oo, namely
M7 = {3: eP: lim z(t) = oo, tlirélox'(t) =Ly, 0< ;< oo},

o0 t—o00

MT 0= {:13 eP: lim z(t) =00, lim x’(t) = 0},

e t—o00 t—o00

My ={reP: Jima(t) =L, Jima/(t)=0,0<b <o),

t—o00

see, e.g., [4]. Solutions in M; o I\\/JI;FQO, MZO are called also dominant solutions, intermediate
solutions and subdominant solutions, respectively. Such a terminology has been introduced by the
Japanese mathematical school and it is due to the fact that, if x € M; »YE M;O, z € MZO, then
we have x(t) > y(t) > z(t) for large t.

Necessary and sufficient conditions for the existence of subdominant and dominant solutions are
easily available in the literature, see, e.g., [4] and the references therein. However, as far we know,
until now no general necessary and sufficient conditions for existence of intermediate solutions of
(2) are known; this fact mainly is due to the lack of sharp upper and lower bounds for intermediate
solutions, see, e.g., [7, page 3], [9, page 2.

Another interesting problem which arises, is whether all three types of nonoscillatory solutions
can simultaneously exist. This problem has a long history. For equation (2), it started sixty years
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ago by Moore-Nehari [10] in case 5 > 1 and Belohorec [3] in case § < 1. This study was continued
in some papers by Kamo, Kusano, Naito, Tanigawa, Usami for the more general equation

(a(t)|z’|* sgn :L'/)I +b(t)|z]® sgnz = 0, (3)

where a is a positive continuous function, in both cases o = 8 and «a # . In particular, under
additional assumptions, it is proved that this triple coexistence is impossible, see [6] for more
details. Finally, in [4] the study has been completed with a negative answer.

A much more subtle question concerns the possible coexistence between oscillatory solutions
and nonoscillatory solutions. For the special case of (2) with b(¢t) = 1/4, that is for the equation

1
x”+Zt_(5+3)/2|xlﬂsgnx:0, tel, f>1, (4)

it has been proved in [10] that (4) has both oscillatory solutions and nonoscillatory ones. These
nonoscillatory solutions are either subdominant solutions or intermediate solutions and both types
exist. Moreover, intermediate solutions of (4) intersect the intermediate solution /¢ infinitely many
times.

Observe that, in view of [8, Theorem 8.5], equation (4) can be considered, roughly speaking, as
the border equation between oscillation of at least one solution and nonoscillation of all solutions.

Our aim here is to present some results concerning the existence of oscillatory solutions and
intermediate solutions for (1) and its special case (2). Moreover, we show also how the results
in [10] for (4) concerning the coexistence between oscillatory solutions and intermediate solutions
can be extended to the perturbed equation (2). These results are taken from [1,2] and we refer
these papers for more details.

Theorem 1. Assume that t7b(t) is nonincreasing on I, where v = (aff + 2a + 1)(a+ 1)"! and

g(u) sgnu is nonincreasing on (—o0,0) and (0,00); lim g(u) = M > 0,
uU—00

lim g(u) = M > 0. 5)

U—00
If
/sﬁb(s) ds = o0,
1

then equation (1) has infinitely many intermediate solutions.

A necessary condition for the existence of intermediate solutions follows from the following
oscillation result.

Theorem 2. Assume (5). Then any solution of (1) is oscillatory if and only if

oo o0

/ < / b(s) ds) Y = oo,

1 t

For equation (2) we have the coexistence of oscillatory solutions and intermediate solutions, as
the following result shows.

Theorem 3. Consider equation (2) with

b(t) =t~ B+3/2¢(1),
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where ¢ is a positive absolute continuous function on I. If

t—o00

lim ¢(t) = ¢y >0 and /]c’(t) dt < oo, (6)
1

then we have:

(i1) Equation (2) has infinitely many oscillatory solutions. In addition, if ¢/(t) > 0, then every
solution with zero is oscillatory.

(i) Equation (2) has infinitely many intermediate solutions x defined on I such that
Cot'/? < z(t) < C1t? for large t, (7)

where Cy and C are suitable positive constants which does not depend on the choice of x.
Moreover, intermediate solutions intersect the function

(4e(t)) 7V
infinitely many times.

If

(e o]

/a_l/o‘(s) ds = o0,
1

Theorem 1 and Theorem 2 can be extended to the more general equation (3) using the change of
the independent variable

s=Alt)+1—¢, X(s)=uz(t), te[l,c0), se€l,0),

see [1, Section 6] for more details. Moreover, Theorem 1 extends recent results in [4,5] and The-
orem 2 shows that the oscillation property reads in the same way for (1) and the Emden—Fowler
equation (1) with g(t) = 1, see, e.g., [8, Chapter V].

For equation (2), Theorem 3(i3) extends analogues results in [5, Theorem 2.1] and [1, Theo-
rem 3.1], where b is required to be nonincreasing for ¢ > 1.

The proof of Theorem 1 is mainly based on certain asymptotic property of a suitable associated
energy function, see [1, Lemma 3.3 and Lemma 3.4]. The proof of Theorem 3 uses some auxiliary
results, which concerns with the equation

i = 4+ ele)lu(s) T sgnuls) = 0, s € [0,00), (8)
where “-” denotes the derivative with respect to the variable s.

Lemma 1. The change of variable
z(t) = tY%u(s), s=1logt, te[l,00), (9)

transforms equation (2) into equation (8). Moreover, equation (8) has two types of nonoscillatory
solutions. Namely:

Type (1): solution u satisfies for large s

0 < |u(s)| < De™*/? (10)
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where |u| is decreasing and D > 0 is a suitable constant.
Type (2): solution u intersects the function
1

Z(s) = (4c(e”))1=7 (11)

infinitely many times, i.e., there exists a sequence {s,}5° 1, lim s, = oo such that
n

|u(sn)| = Z(sn).

Observe that solutions u of Type (1) in Lemma 1 correspond, via the transformation (9), to
subdominant solutions of equation (2) because

z(t) = t%u(s) < /2 Kye ¥/ = Ky,

while solutions u of Type (2) correspond to intermediate solutions of (2).

Concluding remark. Consider equation (2) with

—1
b(t) =t~ B2 0 < X< BT .
Then Theorem 3 is not applicable. However, it is possible to construct equation for which interme-
diate solutions exist. Observe that for A = (5 — 1)/2 all solutions of such equation are oscillatory.

How to relax conditions (6) in order to exist intermediate solutions?
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The first difference schemes with sixth order accuracy for approximation of elliptic equations
were offered by S. Mikeladze [6,7], and further were being studied by a number of authors. Con-
vergence of these schemes with rate O(h%) were stated under condition that the solution of the
differential problem belongs to the class C(€2).

One of the most frequently encountering equations of numerical weather prediction, and fluid
dynamics generally, is the Helmholtz-type diagnostic equation [5]. Below, we propose and investi-
gate difference schemes approximating the following problem

Au— A u= f(z), €Q, u(z)=0, zeT, (1)

where A > 0 is a constant and Q@ = {z = (z1,22) : 0 < x4 <[, a = 1,2} is the square with
boundary I
In Q = QUT we introduce a grid w = w1 X we, where

l
wa:{za:iah: in=0,1,...,N, h:N}, =7\ w.

Besides

Wa =wWa N (0;1), wl =waN(0;]], w=w1 Xwy, wh=w xwy,

_ ot _ + _ =
W) =W XWw2, We)=wr Xwy, Y=0\w.

Let
(y,v)s = > Py@p(@), |yl = (y,y)s for ©Cw.
TEW
Let’s denote by H the set of grid functions given on @ and vanishing on -, with the scalar production

and norm (y,v) = (y,v)w, [[y]l = [lyllo-
Also, in space H, we introduce the norms

HyH%a) = (yvy)w(a)v a=12,
91T = 9l () = Nz 1) + lymally)

913 = 1911200y = 1¥m100 17 + ymams I + 2llym,z. 15+
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It is supposed that
I9llwge = ol
For functions with continuous argument we will use the following averaging operators

1
Tou = / (1= [thu(z1 + (2 — a)th,za + (o — 1)th) dt, a=1,2.
-1

We will approximate problem (1) with the help of family of difference schemes dependent on a
parameter e:

Ay =o(z), vew, ylx)=0, zen, (2)
where
AZpd AR2 A2
A= (1- -2 (122 ) )4, 4+ 4
( 360 ~ (179 12< 12>>< 1+ 4z)
h2 M2 AR2
—E(1—5(7—55))A1A2+A(1+55)E,
AR2 h2
Ay = —Yzuze, =12, Ey=y, ¢= (1+ﬁ€)T1T2f+m(A1A2f+)\(A1+A2)f)-

It can be proved that operator A is self-conjugate and positively defined in H; the following
estimations

4
Az 3(AL+ A2) + 5 A, Syl < (Ay,y), Slyllz < [|Ayll,

where )
2 Ah
— (142 )
=5 (1 T5e)
are valid for it.
Positive definiteness of operator A ensures unique solvability of the difference scheme (2).
Substituting y = z + u in (2), we get the problem

Az=1¢, zcw, z(x)=0, ey (3)

for error z, where ¢ = ¢ — Au is an approximation error.
2
Using equation (1) and the identity T, gm—”; = Uz, We represent ¢ in the form

\h?2
b = (1 4+ 5) (A + Aan + Aznz) + Ana,

12
where
h2 hr o 9%
—a=Tau — 7Aa _7140177 :1727
s Ut et T o e ez @
T Tyt T (A 4 A — L Rt A — T (a4 An)A
N3 = Li1l2u — U 12 2)U 720 142U 540 M 2) AU,
- (A AsAu + AA; + As)Au+ 2 24,4 u) h”
N4 = 142 1 2 3 142 19240
For the solution of problem (3) the following estimations are true:
3 A2
< =z -
21 < 5 (lmll + linell + T (sl + lmal) ).
3 Al
2l < 5 (Il + Inzzsll ) + 5 (lnsll + lnal) ).
3
I2ll2 < 5 (Imae: Ny + In2zses @) + Al + limal)))-
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It can be checked that expansions of linear (with respect to u(x)) functionals 11, 12, 13, 74 in the
class of sufficiently smooth functions start from sixth order derivatives.

With the help of technique of investigation [1,4,8], based on using of approximating lemma of
Bramble-Hilbert [2, 3], we become convinced in validness of the following

Theorem 1. Let the solution of problem (1) belong to the space W3*(2), m > 3. Then the
convergence of the difference scheme (2) at € > 0 is characterized by the estimation

ly = wllwg@w) < MB™[luflwy (), s=0,1,2, m € (3,6 +s].

References

[1] G. Berikelashvili, Construction and analysis of difference schemes for some elliptic problems,
and consistent estimates of the rate of convergence. Mem. Differential Equations Math. Phys.
38 (2006), 1-131.

[2] J. H. Bramble and S. R. Hilbert, Bounds for a class of linear functionals with applications to
Hermite interpolation. Numer. Math. 16 (1970/71), 362-369.

[3] T. Dupont and R. Scott, Polynomial approximation of functions in Sobolev spaces. Math.
Comp. 34 (1980), no. 150, 441-463.

[4] B. S. Jovanovié, The Finite Difference Method for Boundary-Value Problems with Weak So-
lutions. Posebna Izdanja [Special Editions], 16. Matematicki Institut u Beogradu, Belgrade,
1993.

[5] J. A. Leslie, An inverse problem in super geometry. Analysis on infinite-dimensional Lie groups
and algebras (Marseille, 1997), 235-243, World Sci. Publ., River Edge, NJ, 1998.

[6] S. Mikeladze, Uber die numerische Losung der Differentialgleichung %—1—%4—% = p(x,y, 2).
(German) C. R. (Dokl.) Acad. Sci. URSS, n. Ser. 14 (1937), 177-179.

[7] S. E. Mikeladze, Uber die numerische Losung der Differentialgleichungen von Laplace und
Poisson. (Russian) Bull. Acad. Sci. URSS, Ser. Math. 1938, No. 2, 271-292.

[8] A. A. Samarskii, R. D. Lazarov and V. L. Makarov. Difference Schemes for Differential Equa-
tions with Generalized Solutions. Vysshaya Shkola, Moscow (1987).



International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia 31

Existence of a Complete Unstable Differential System with
Perron and Upper-Limit Partial Stability

A. A. Bondarev

Lomonosov Moscow State University, Moscow, Russia
E-majil: albondarev1998@yandex.ru

The present report deals with a recently introduced [7] concept of the Qualitative Theory
of Differential Equations, namely the Perron stability. It continues the series of papers by the
author [1] and [2], reinforcing their results. The first of these works corrected the defect stated
in Remark 4 to Theorem 1 [8], but the differential system constructed there possessed a non-zero
(though limited on the whole semi-axis of time) linear approximation at zero. In the second paper
the system with the same properties, but already with a zero linear approximation at zero, was
constructed.

The following reinforcement of the above results consists in constructing a system with both
Perron and upper-limit complete instability (and thus also Lyapunov global instability) and at
the same time not just partial (as in all the examples discussed above) but even massive partial
instability.

For a number n € N and for a region G 3 0 of the Euclidean space R", consider the system

JI:f(t,JI), tER+E[0,00), r €@, (1)
with the right hand side f : Ry x G — R" satisfying the conditions
faf;; GC(RJr XG)’ f(t70)207 t€R+, (2)

and therefore admitting the zero solution. Let us denote by S.(f) the set of all non-continuable
non-zero solutions to system (1) and by Ss(f) — the subset in Si(f) consisting of those and only
those solutions x which satisfy the initial condition |x(0)| < 0 (here | - | is the Euclidean norm in
the space R™).

Definition 1. Let us say that for system (1) (more exactly, for its zero solution, which we will not
mention further for brevity) the following Perron property takes place:

1) Perron stability if for any £ > 0 there exists such 0 > 0 that any solution x € Ss(f) satisfies
the condition

lim |z(t)| < & (3)

t—4o00

2) Perron instability if there is no Perron stability, namely, if there exists such ¢ > 0 that for
any ¢ > 0 some solution z € Ss(f) does not satisfy condition (3);

3) complete Perron instability if for some e, > 0 no solution = € Ss5(f) satisfies condition (3);

4) particular Perron stability if there is no complete Perron instability, namely, if for any €, > 0
some solution = € S5(f) satisfies condition (3);
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5) asymptotic Perron stability if for some 6 > 0 any solution x € S5(f) satisfies condition

lim [x(t)] = 0; (4)

t—-+o0

6) asymptotic Perron instability if there is no asymptotic Perron stability, namely, if for any
0 > 0 some solution = € S5(f) does not satisfy condition (4).

The definition of the Perron properties essentially relies on the transition to the lower limit
when ¢ — 400 (see conditions (3) and (4) in Definition 1). Therefore they could also be called
lower-limit ones and it would be appropriate to consider also their natural analogues using the
upper limit instead of the lower limit. To do this, let us formulate

Definition 2. Let us compare to each Perron property from Definition 1 its upper-limit analogue,
namely: stability, instability, complete instability, particular stability, asymptotic stability, asymp-
totic instability are obtained by repeating respectively the descriptions from steps 1-6 of Definition
1 with replacement in them conditions (3) and (4) by conditions

T [x(0)] < (5)
and, respectively,
i [a(t) =0. (6)

Let us emphasize that in Definition 1 of the Perron properties conditions (3) and (4), as well as
in Definition 2 of the upper-limit properties, conditions (5) and (6) are considered as not fulfilled, in
particular already in the case when the solution « is simply not defined on the whole semi-axis R,
which takes place if and only if its corresponding phase curve reaches the limit of the phase region
G in finite time (according to the solution continuity theorem; see, for example, Theorem 23 [9]).
Each Perron and upper-limit property 2-5 of Definitions 1 and 2 according to Theorem 3 from [10] is

(a) local in its initial value, i.e. to establish it is sufficient for an arbitrary fixed value of r > 0 to
consider those and only those solutions x which satisfy the condition |z(0)| < r;

(b) local in the phase variable, i.e. to establishit is sufficient for an arbitrary fixed value of r > 0
to know the values of each solution z at those and only those moments t € R for which it
satisfies the condition |z(t)| < 7.

Therefore to complete the picture it seems appropriate also to consider the properties charac-
terizing the behaviour not only of near-zero solutions but of all solutions in general, i.e. having, so
to speak, a global character. For this purpose let us formulate

Definition 3. Let us consider that the following property for system (1) takes place:

1) Perron or upper-limit global stability if any of its solutions z € S,.(f) satisfies conditions (4)
or (6), respectively;

2) Perron or upper-limit partial instability if it does not possess Perron or upper-limit global
stability, namely, there is at least one its solution x € S,(f) that does not satisfy conditions
(4) or (6), respectively;

3) Perron or upper-limit partial stability if for any € > 0 at least one of its solution x € S.(f)
satisfies, conditions (3) or (5), respectively;
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4) Perron or upper-limit global instability if it does not possess Perron or upper-limit partial
stability, namely, for some £ > 0 none of its solutions = € S,(f) satisfies conditions (3) or (5),
respectively.

The main result of this paper is to prove the existence of the differential system, all the near-
zero solutions of which tend to infinity at ¢ — +oo (hence the system is completely unstable both
Perron and upper-limit) and all other solutions tend to zero. This means that such system is not
globally unstable (neither Perron nor upper-limit) but it does possess both types of partial stability
and not just partial one, but even massive partial stability (i.e. the condition of satisfying one of
conditions (3) or (5) is imposed on the set of solutions of system (1)).

Theorem. Whenn = 2, there exists system (1) satisfying conditions (2) and posessing the following
three properties:

1) the right hand side of systen (1) is infinitely differentiable and

f;(ta 0) = 07 te ]R-i-;

2) for each solution = to system (1), satisfying initial conditions 0 < |z(0)| <1 or z(0) = (1,0)T
and also |z(0)| =1 and x2(0) < 0, there exists the equality
lim |z(t)| = 4o0;

t——+o0

3) for all other solutions x to system (1), satisfying initial conditions |z(0)| > 1 or x(0) = (—1,0)7
and also |z(0)] =1 or x2(0) > 0, there exists the equality
lim |z(t)| = 0.

t——+o0
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We consider a boundary value problem
#(t) = (T"2)(t) — (T~ 2)(t) + f(t), t€[0,1], (1)
z(0) + z(1) = 2z(c), (2)

where ¢ € (0,1) is a given point, T and T~ are linear positive operators, acting from the space
of real continuous functions CJ0, 1] into the space of real integrable functions L[0,1] with the
standard norms, f € L[0, 1] (here positive operators map continuous non-negative functions into
non-negative integrable functions). An absolutely continuous function z : [0,1] — R is called a
solution of problem (1), (2) if it satisfies equation (1) for almost all ¢ € [0,1] and satisfies three
point boundary value condition (2).

If we put ¢ = 0 or ¢ = 1, then condition (2) coincides with the periodic boundary value condition.

Integral necessary and sufficient conditions for the unique solvability of the periodic boundary value
1

1
problem for equation (1) in terms of two quantities [(TF1)(s)ds and [(T~1)(s)ds are known [1]
0 0
(here 1 :[0,1] — R is the unit function). We formulate these conditions in the following form.
Theorem 1 ( [1]). Let two nonnegative numbers T+ and T~ be given. The periodic boundary
value problem for equation (1) is uniquely solvable for all linear positive operators T, T~ satisfying
equalities
1 1
/(T+1)(5) ds =TT, /(Tl)(s) ds=T",
0 0
if and only if the inequalities

. X<Y<2(1+\/1—X), X <1,

are fulfilled, where
X=min{7T", 7}, Y=max{T,7T }.

Various three-point boundary value problems are also considered for functional differential
equations (see, for example, [2]). Similar integral necessary and sufficient conditions for three point
problems, in particular, problem (1), (2), as far as we know, have not yet been obtained. It is natu-
ral to consider the conditions for the unique solvability of this problem in terms of four parameters,
namely, the integrals of 771 and 71 over intervals [0, ¢] and [c, 1]:

c 1
/(T+1)(S) ds = Py, /(T+1)(S) ds = Pg, (3)
0 c

c 1

/(T‘l)(s) ds = My, /(T‘l)(s) ds = MRg. (4)

0 c
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We are interested in the structure of the uniquely solvable set € R?* that is, the set of
all points (P, Pr, My, Mg) for which any problem (1), (2) with positive linear operators T+, T~
satisfying equalities (3), (4) is uniquely solvable. These conditions of solvability (necessary and

sufficient) turn out to be rather complicated.
Define

A=P,+Mr—Pr— My, P=P,+Pr, M=DMp+ Mg.

Theorem 2. Let four non-negative numbers Pr,, Pr, My, Mg be given, A > 0. Then the boundary
value problem (1), (2) is uniquely solvable for all linear positive operators T, T~ satisfying equalities
(3), (4) if and only if the following conditions are fulfilled:

A > MpPr,+ MrpPr+2MpMg; A > My P+ MrPr + 2P, Pr;

Pr + Mp)?
Pr+ My, < 1; A > Prt Mg)® L+4 r) :

A+SI2)—SP(P+MR)>O)
A+ s — sp(P + 2Mpg) + 2MpPr + MMy > 0,
A+ 2 — sp(P+2Mg)+2MPgr >0 for all s, € [Pg,PJ;
A+572n—sm(PL+M)>O7
A+ 52 — 5,,(2Pp + M) + 2P, My, 4+ PrPp, > 0,
A+ 82, — 55(2P, + M) + 2P My, > 0 for all s, € [My, M.

Some conditions of the previous theorem can be simplified. Define several values

(PL+ Pp— Mg)%
4 )

M + Mp — Pr)?

7’2E(ML+MR)PL+( L 4R L)+7

(P + Pr — 2MR)%

r1 = (Pr + Pp)Mp +

rg = 2P, Mg + 1 — My, min{MR, 2PR},
My + Mg — 2P;)?
ry = 2P, Mp + (My + f 2k Prmin{ Py, 2M},

rs = M7, Pr, + MrPRr + QmaX{MLMR, PLPR},
where (a); = max{0,a} for every a € R. The numbers r can be obtained from the numbers r;,

respectively, when replacing Pr, with Mg, Pr with My, M with Pr, Mg with Pp; A’ = —A.

Theorem 3. Let four non-negative numbers Pr, Pr, My, Mg be given. Then the boundary value
problem (1), (2) is uniquely solvable for all linear positive operators T, T~ satisfying equalities
(3), (4) if and only if

A>0, A>max {7"1,7“2,7“3,7“4,7"5},
or

A'>0 A > max{r'l,ré,rg,rﬁl,rg}.

Corollary 1. If the conditions of Theorem 3 are satisfied, then

PR+ML<17 PL+MR<2<1+ 1—PR—ML).

or
PL+MR<1, PR—I—ML<2(1—|— 1—PL—MR>.
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Corollary 2. The uniquely solvable set 2 is non-empty and consists of two path-connected com-
ponents, 1y, for whose points A > 0, and Q_, for whose points A < 0. For each point of each
component of the uniquely solvable set, the intersection of this component with each straight line
that is parallel to one of the axes and passes through this point is an open interval or a half-open
interval of the form [0,d).

Thus, Corollary 2 gives a good idea of the structure of the uniquely solvable set. It remains
only to study the boundaries of the set in more detail.

If P, =0 or Mp =0, then the conditions for the solvability turn out to be simple (and close to
the conditions for the solvability of the periodic boundary value problem).

Theorem 4. Let Mg = 0 and non-negative numbers Pr,, Pr, My be given. Suppose
P; > Pr+ My,

Then problem (1), (2) is uniquely solvable for all linear positive operators T+, T~ satisfying equalities
(3), (4) if and only if

Pr + My,
_— < P 2—P 2v/1—-2Pp — M 2P M 1.
1—2PR—ML< L < R+ 2v R L, R+ My <

Let Pr, = 0 and non-negative numbers Mp, Pr, My be given. Suppose
Mpgr > Pr+ M.

Then problem (1), (2) is uniquely solvable for all linear positive operators T+, T~ satisfying equalities

(3), (4) if and only if

Pr + Mj,
—_— < M 2— P 2/1— Pr —2M P 2M 1.
1_PR_2ML< R < R+ R L R+ L <

It is also easy to construct the set of unique solvability for two zero parameters My = 0 and
Pr = 0. This section plays an important role in the construction of the entire solvability set (one
should pay attention to Corollary 3 below).

Theorem 5. Let My =0 and Pr = 0. Let non-negative numbers Pr, Mg be given. The boundary
value problem (1), (2) is uniquely solvable for all linear positive operators T™, T~ satisfying the
equalities (3), (4) if and only if

Pr e (0,4), Mp=0, (5)
2(1—MR+M), Mp € (0,2),
0< P < m£ﬁ4’ AME[%S) (6)

1 — Mp+ 20Mn + 1 3
R+2 e MRG[EA)‘

Let Q%9 = {(t,s): (Pr,0,0, Mg) € Q.} be the set of all points (Pr, Mg) satisfying (5), (6). It
is the section of the solvability set Q2 for Prp = 0, M = 0. Constructing a section of the solvability
set when only one of the numbers Pr and M7y, is zero is not such an easy task.

The components €2, and €)_ of the solvability set are symmetric. We investigate the set Q,

that is, the case when
A =P+ Mgr— Pr— M, > 0.
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It turns out that the relations defining the boundaries of the solvability set in this case are
easily resolved with respect to “small” parameters Pg = t, M = s, and have the form

(Pp +t— Mg)2

4 )
(Pp+t—2Mg)% (7)
4 9

s < P+ Mg — PLMgr —t(1+ Mg) —

(1 —min{MR,2t})s < P+ Mgp—t—2PLMpr —
(14 Pr)s < P+ Mp —t(1+ Mg+ 2Pr1),

and 2

(Mp — P + S)+
4 )

(MR — 2P, + 5)3_ (8)
4 M

t <P+ Mpr—P,Mp—s(1+Pr)—

(1 —min{PL,Qs})t < P;,+Mp— 2P, Mgi — s —

(1+ Mp)t < P+ Mpr —s(14+2Mgr + Pr).

Let (Pp,Pr = t,My = s, Mg) € Q. Therefore, inequalities (7), (8) are fulfilled. Then it is
easy to show that (Pr,0,0, Mg) € Q4.
Let sections of {24 be defined by

QPLJV[R = {(t, 8) : (PL,t,S,MR) S Q+}.
Corollary 3. The set Qp, nry, is not empty if and only if (Pr, Mg) € Q%0.
Corollary 4. Let (PR,ML) S QPL7MR‘ Then (t, S) € QPL,MR forallt € [O,PR], S € [O,ML].

For some pairs of P, and Mg, the border of Qp, a7, is relatively simple. Due to symmetry, it
is sufficient to consider the case P;, < Mpg.

Theorem 6. Let My € [0,1], P, < max{Mpg,1/2}. Then

PL+MR*S(1+PL) Py,
Q = t7 2 [7 )7 |:7—i|7
Pr,Mg {( s):te|o 1+ Mg+ 2Py, <9 1+ Mg+ Py,
tG[O PL+MR—S(1+2MR+PL)> [ Py, PL-i—MR}}
’ 1+ Mp ’ l—l-MR—i-PL’ 1+ Py,

Theorem 7. Let Mg € [1,1++/2), Py € [0,(1 42 — Mg)?/4). Then

Pr,+Mp — 2P Mg — s Pr Mg
Orpnin = {50 1€ o ). ve o DM ).
Pr.Mp {( S) < 1+ Mg 2Mp + Py,
t€|:0 PL+MR—S(1—|—2MR—|—PL)) [ PLMR PL—I—MR }
’ 1—|—MR ’ 2MR+PL’1—|—2MR—|—PL '

Theorem 8. Let (My, Pr) € Q%0 My € [8/11,4), 2(4 — MR)/9 < P, < Mp. Then

Pr,+Mp —2P Mg — s — (MR—QPL+8)2/4
1—2s ’

QPL7MR = {(t,s) 1 0<t<

s € [0,2\/(1 “Pr) (L +2Mpg) — Mg — 2+ 2PL)}.

Theorem 9. Let My, € [3,4), P, < (1 — Mpr+ v2Mpr+1)/4. Then

Py + Mg — 2P Mp — s — (Mp — Pp, + 5)2/4>
1 — min{Pp, 2s} ’

s € [0,2\/(1 " PL)(1+ 2Mp) — M — 2+ 2PL)}.

QPLyMR = {(t, 8) 1t e [O,
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We consider the following differential equation

y" = aop(t)po(y)e1(y)- (1)

In this equation ag € {—1; 1}, functions p : [a,w[—]0,400[ (00 < a < w < 400) and @; : Ay, —
10, +oo[ (i € {0,1}) are continuous, Y; € {0, +oc}, Ay, is either the interval [y, Y;[ or the interval
Vi, 9], I Y; = 400 (Y; = —o0), we put 39 >0 (9 < 0).

We also suppose that function ¢ is a regularly varying as y — Y3 function of index o1 [7, p. 10-
15], function ¢y is twice continuously differentiable on Ay, and satisfies the next conditions

1
eo(y) #0 as y € Ay,,  lim ¢o(y) € {0,400},  lim ‘pO@%(Qy) -1 2)
Yo y=Yo  (¢p(y))
yGAYO yGAYO

It follows from the above conditions (2) that the function ¢g and its derivative of the first order
are rapidly varying functions as the argument tends to Yp [1]. Thus, the investigated differential
equation contains the product of a regularly varying function of unknown function and a rapidly
varying function of its first derivative in its right-hand side.

Previously we obtained results for this kind of equation containing a rapidly varying function
of unknown function and a regularly varying function of its first derivative [2].

The main aim of the article is the investigation of conditions of the existence of following class
of solutions of equation (1).

Definition 1. The solution y of equation (1), defined on the interval [to,w[C [a,w], is called
P, (Yo, Y1, Ag)-solution (—oo < \g < 400), if the following conditions take place

@ [to,w[— A limy @ (t) =Y; (i=0,1) 1imM:/\
v o ' U ey (ny()

This class of solutions was defined in the work by V. M. Evtukhov [3] for the n-th order diffe-
rential equations of Emden—Fowler type and was concretized for the second-order equation. Due to
the asymptotic properties of functions in the class of P, (Yp, Y1, \g)-solutions [4], every such solution
belongs to one of four non-intersecting sets according to the value of Ao : A\g € R\ {0,1}, A\g = 0,
A =1, \g = 0.
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Now we consider the case Ao € R\ {0, 1} of such solutions, every P, (Y, Y1, Ag)-solution and its
derivative satisfy the following limit relations
/ /!
y'(t) Ao y'(t) 1
= 1+ o0(1)], = 1+4+0(1)] as t 1 w, 3
v® ~ Oo—vmm Wy T o pm Y )
From conditions (3) it follows that such P, (Yp, Y1, Ao)-solutions are regularly varying functions
of index %, and their derivatives are regularly varying functions of index ﬁ as t T w [7].
0 0
To formulate the main result, we introduce the following definitions.

Definition 2. Let Y € {0,000}, Ay is some one-sided neighborhood of Y. Continuous-differentiable
function L : Ay —]0;4o0[ is called ( [6], p.2-3) a normalized slowly varying function as z — Y
(z € Ay) if the next statement is valid

Definition 3. We say that a slowly varying as z — Y (z € Ay) function 6 : Ay — ]0; +o0] satisfies
the condition S as z — Y, if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0; +00] the next relation is valid

0(zL(z)) =0(2)(1+0(1)) as z =Y, z€ Ay.

Definition 4. We say that a slowly varying as 2z — Y (2 € Ay) function Ly : Ay —]0;4o00|
satisfies the condition S; as z — Y if for any finite segment [a;b] C]0;+o00] the next inequality is
true

L(\
limsup |In|z]| - ( (\2) _ 1)‘ < 400 for all A € [a;].
z=Y L(Z)
zEAY
Conditions S and S; are satisfied by functions In|y|, |In|y||* (x € R), In|In|y|| and many
others.
Introduce the necessary notations.

t as w = +o00, Y
Tw(t) = { 01(y) = w1(y)lyl ™",
t—w as w < 400,
( v
d
y? as /s = +00,
z 81710 (s)
By () /ds A v
0 pr— , pr—
J Bsmeo(s) s
w Y, —— __ — const
b / [sl7go(s)
vy

Z*)Yl Z*)Yl

Zy = lim ®p(z), @1(2):/4)0(3) ds, 71 = lim ®(z),
ZEAYl Ay ZEAyl

and in the case
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we have
16) = oo | 22" [ )10 () 0548
BO
boif / 70 (1) (7)1 (1 ()01 40) i = 400,
-l
w it /yww(f)yalp(7)91(|m(7)|AQ(’lyg) dr < +oo,
\ b
N (oL {co)
[ (1) (I ’ f/(A(J—1)7nJ(T)d_jE ’
I (t) = Md Bl _ b
n X — D) (7) w w 1
00 o (IO,
/ (Mo — D)my(7) ’

where b € [a;w][ is chosen so that
01 2
Yo ltle|7rw(7')|N1*1 € Ay, as t € [bw].
w

Note 1. From conditions (3) of the function ¢y it follows that Zy, Z; € {0, 4+00} and

05(2) - Po(2) PY(2) - 21(2)

lim —0° O 1 Qim b L (4)
% d/ 2 ’ % @’ 2
@) 2 @0)

Note 2. The following statements are true:

)

BN S )
Dy(z) = (01 1)7) [140(1)] as z = Y1, y € Ay,.
Hence we have

sign(¢f(2)®o(2)) = sign(oy — 1) as z € Ay,.

_ 23(2)
y®4(2)

D (2) [14+0(1)] as z = Y1, z € Ay,.

Hence we have

sign(®1(2)) = y) as z € Ay,.

3) The functions ®; Land <I>1_1 exist and are slowly varying functions as inverse to rapidly varying
functions as the arguments tend to Y7 functions.

4) The function ®}(®') is a regularly varying function of the index 1 as the argument tends
to Y.
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Indeed, from (4) we have

P’ @—1 / o @—1
ML) 2 (L OV
=2 (0 (2) A (B(P(2)))

i @@ 0) () Pi()
=Y (@R (D1())? ven (91(y))?
Let Y € {0,000}, Ay be some one-sided neighborhood of Y. A continuous-differentiable function

L : Ay —]0;+00] is called [6, p. 2-3] a normalized slowly varying function as z — Y (z € Ay) if
the next statement is valid

=1.

= 0. (5)

We say that a slowly varying as z — Y (z € Ay) function 0 : Ay —]0;4o0[ satisfies the
condition S as z — Y, if for any normalized slowly varying as z — Y (z € Ay) function L : Ay, —
10; +o00[ the following equality takes place as z — Y (z € Ay),

0(2L(2)) = 0(2)(1 + o(1)).

We will consider that a slowly varying as z — Y (z € Ay) function Lo : Ay — ]0; +oo] satisfies
the condition S; as z — Y if for any finite segment [a; b] C |0; +o0o[ the next inequality is true

) L(\z)

limsup | In|z] - -1 ‘<+oo for all A\ € [a;b].
nup A (T Y a;)
z€Ay

Conditions S and S; are satisfied by functions In|y|, |In|y||* (@ € R), In|Iln|y|| and many
others.
The following theorem takes place.

Theorem. Let 01 € R\ {1}, the function 6, satisfy the condition S, and the functions 61 and
ot %(@1_1) satisfy the condition Sy. Then for the existence of P,,(Yy, Y1, Ao)-solutions of equation
(1), in case A\g € R\ {0,1}, it is necessary, and if the following condition takes place

I(t)[l(t)O'l()\o — 1) <0 Zf t E]b,w[,

and there is a finite or infinite limit
|7rw(t)1{ (t) |
Il(t)
In|L(t)] 7

it is sufficient that the next conditions

Ty ro(No — 1) > 0, ag(Ao — D)7u(t) >0 as t € [a;w],
A

0 lim |7, ()T = Yo, lim L1 (t) = Zi,
tTw ttw

I'(h(t) O(@N(L() . _ 1
e b 1I(t) =1 lmP() =3

are fulfilled. Moreover, for each such solution the next asymptotic representations as t T w take
place
(Mo — D@7 (1(t))mu(t)

Y (1) = o7 L)L + o1, y(t) = Ao

[1+ o(1)].
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For the equation under the investigation the question of the active existence of P, (Yp, Y1, \o)-

solutions, in case \g € R\ {0, 1}, that have the received asymptotic representations, has been
reduced to the question of the existence of infinitely small as arguments tend to w solutions of the
corresponding, equivalent to the investigated equation, systems of non-autonomous quasi-linear dif-
ferential equations that admit applications of the known results from the works by V. M. Evtukhov
and A. M. Samoilenko [5].
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We investigate the problem of finding solutions [1]
y(t) € D*[a;b], o/ (t) € L[a;b]

of linear Noetherian (n # v) boundary value problem for a system of linear integral-differential
equations of Fredholm type with degenerate kernel

b
A)y'(t) = B(t)y(t) + ©(t) /F(y(S),y’(S), s)ds+ f(t), ty(-) =, a €RP. (1)

a

We seek a solution of the Noetherian boundary value problem (1) in a small neighborhood of the
solution
yo(t) € D[asb], wo(t) € L?[a; 0]

of the generating problem

At)yo(t) = B(t)yo(t) + f(t), Lyo(+) = . (2)

Here
A(t), B(t) € L2

2 olob] = L2a; ] @ R, 0(1) € L2, [aib], £() € L2a;)].

We assume that the matrix A(t) is, generally speaking, rectangular: m # n. It can be square,
but singular. Assume that the function F(y(t),y'(t),t) is linear with respect to unknown y(t) in a
small neighborhood of the generating solutions and with respect to the derivative y/(¢) in a small
neighborhood of the function y;(¢). In addition, we assume that the function F(y(t),y'(t),t) is

continuous in the independent variable ¢ on the segment [a, b];
Oy(-) : D?[a; b] — RP

is a linear bounded vector functional defined on a space D?[a;b]. The problem of finding solu-
tions of the boundary value problem (1) in case A(t) = I, was solved by A. M. Samoilenko and
A. A. Boichuk [12]. Thus, the boundary value problem (1) is a generalization of the problem solved
by A. M. Samoilenko and A. A. Boichuk.

Provided that the differential-algebraic system (2) with the constant-rank matrix A(t) satisfies
the conditions of the theorem from the paper [13, p. 15] in the case of p-order degeneration. Then,
in the case of the p-order degeneration, the differential-algebraic system (2) has a solution which
can be written the form

volt. ¢p 1) = Xp(D)cp, . + KLF().vp()] (D), 5, € RO,
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The solvability of the differential-algebraic boundary-value problem (2) substantially depends on
the choice of the continuous vector function 1,(t). If and only if condition

Po-{a—LK[f(s),vp(s)](-)} =0 (3)
is satisfied, the solution of the differential-algebraic boundary-value problem (2), namely,
Yo(t,cr) = Xp(t)er + G[f(s);0](t), cr €RT

determines the generalized Green operator of the differential-algebraic boundary-value problem (2)

Glf(s);al(t) == Xp(t) Q" {ov = LK [f(5), vp(s)](-) } + K[f(5), p(s)](1),

where K[f(s),vp(s)](t) is the generalized Green operator of the Cauchy problem z(a) = 0 for the
differential-algebraic system (2). Here X, (t) := X,(t)Pg,, Xp(t) is fundamental matrix of the
differential-algebraic system (2),

Py :RY = N(Q¥), Pg:R*' - N(Q), Q:=(X,(-)e RVt
are matrix-orthoprojectors [1,2,13], Py, € R"*" is an (pp,—1 X r)-matrix composed of r linearly
independent columns of the orthoprojector Pg. Thus, the following lemma is proved [13].

Lemma 1. Provided that the differential-algebraic system (2) with the constant-rank matriz A(t)
satisfies the conditions of the theorem from the paper [13, p. 15] in the case of p-order degeneration.
Then, in the case of the p-order degeneration, the differential-algebraic system (2) has a solution
which can be written in the form

Yo(t, cpp_r) = Xp(t)cp,_, + K[f(s), vp(s)](t), cp,_, € RPPL

In the critical case Pg« # 0 the singular differential-algebraic boundary value problem (2) is solvable
iff (3) holds. In the critical case the singular differential-algebraic boundary value problem (2) has
a solution of the form

vo(tser) = Xe()er + G[f(5);0] (1), Xi(t) := X (D) Pg,, ¢ € R,

which depends on the arbitrary vector-function v,(t) € L*[a;b]. Here, Py, is an (p x r)-matriz
composed of v linearly independent columns of the (p X p)-matriz-orthoprojector: Pg : RP — N(Q);

Glf(s);0](t) = X(1)Q{a — LK[f(s)](-)} + K[f(s))(t)

is the generalized Green operator of the linear integral-differential problem (1);

K[f(s)](t) := X(t)/X_l(S)So(S,Vo(S))dS

is the generalized Green operator of the Cauchy problem for the integral-differential system (2).

The results of the proved Lemma 1 were obtained making no use of the central canonical form,
perfect pairs, and matrix triplets [1,2].
Denote the matrix
U(t) := K[®(s)](t) € D?

nxgq

[a; b]

and Pgr_, € RPP~1*“ matrix composed of w linearly independent columns of the matrix-orthopro-
jector
Pr:R7— N(R), R:=0T(-).

Thus, the following theorem has been proved [10].



International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia 47

Theorem 1. Provided that the differential-algebraic system (2) with the constant-rank matriz A(t)
satisfies the conditions of the theorem from the paper [13, c. 15]. In the critical case (Pg« # 0)
under condition (3) singular (Pa-(t)) # 0 integral-differential boundary value problem (2) has a
solution of the form

yo(t,cr) = Xo(t)er + GIf(s):a(t), X, (t):=X(t)Py,, ¢ € R,

which depends on the arbitrary vector-function vy(t) € L2[a;b]. The singular integral-differential
boundary value problem (1) has a solution of the form

y(t) = yolt,cr) + 2(t), x(t) = Xp(t)v + ¥ (t)u,
Cr

’LL(CT) = PQrC’I'a U(Cw) = PRwa, ¢ = cr |,
1

where
b

v(¢) :==ulco) — /F(yo(t,cr) + z(t, u(er), v(cw)), yo(t, ) + @' (2, u(cT),v(cw)),t> dt=0. (4)

a

Suppose that for equation (4) the following conditions are satisfied:

1. A non-linear vector-function ¢(¢), twice continuously differentiable with respect to ¢ in some
region Q@ C R in a neighborhood of the point ¢y has a root ¢.

2. In the neighborhood of the zeroth approxzimation ¢g there are inequalities

1751 < o1(k), (d2p(Ers & — )l < o2(k) - [[é = &l

3. The following constant exists
{Ul(k)@(k)}

0 := sup 5

keN

Then, under conditions
Pre =0, Ji=¢/(¢) e R™EH) g le— o) < 1 (5)
to find the solution ¢ of equation (4) the iteration scheme (6)
e =& — S p(E), k€N, (6)
is applicable, and the rate of convergence of the sequence ¢ of equation (4) is quadratic.

Here Py : R™ — N(J}) is an orthogonal projector of the matrix J; and J,j is the pseudoinverse
Moore-Penrose matrix [1]. Note that condition (5) is equivalent [5,7,8] to the requirement of
completeness of the rank matrix J; and is possible only in case m < n.

The results of the proved Theorem 1 were obtained making no use of the central canonical form,
perfect pairs, and matrix triplets [1,2].

The proposed scheme of studies of the nonsingular integral-differential boundary value prob-
lem (1) can be transferred analogously to [1,4,6,11] onto nonlinear singular integral-differential
boundary value problem. On the other hand, in the case of nonsolvability, the nonsingular integral-
differential boundary value problems can be regularized analogously [3,14].

Conditions for the solvability of the linear boundary-value problem for systems of differential-
algebraic equations with the variable rank of the leading-coefficient matrix and the corresponding
solution construction procedure have been found in the paper [9].
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The study of differential-algebraic boundary value problems was initiated in the works of
K. Weierstrass, N. N. Luzin and F. R. Gantmacher. Systematic study of differential-algebraic
boundary value problems is devoted to the works of S. Campbell, Yu. E. Boyarintsev, V. F. Chis-
tyakov, A. M. Samoilenko, M. O. Perestyuk, V. P. Yakovets, O. A. Boichuk, A. Ilchmann and
T. Reis [3]. The study of the differential-algebraic boundary value problems is associated with
numerous applications of such problems in the theory of nonlinear oscillations, in mechanics, bi-
ology, radio engineering, theory of control, theory of motion stability. At the same time, the
study of differential algebraic boundary value problems is closely related to the study of pulse
boundary value problems for differential equations, initiated by M. O. Bogolybov, A. D. Myshkis,
A. M. Samoilenko, M. O. Perestyk and O. A. Boichuk. Consequently, the actual problem is the
transfer of the results obtained in the articles by S. Campbell, A. M. Samoilenko, M. O. Perestyuk
and O. A. Boichuk on pulse linear boundary value problems for differential-algebraic equations, in
particular finding the necessary and sufficient conditions for the existence of the desired solutions,
and also the construction of the Green operator of the Cauchy problem and the generalized Green
operator of a pulse linear boundary value problem for a differential-algebraic equation [2,3,5].

In this article we found the conditions of the existence and constructive scheme for finding the
solutions

z(t) € (Cl{[a, b] \ {7‘1-}1}

of the linear Noetherian differential-algebraic boundary value problem for a differential-algebraic
equation with the singular impulse action [2-5,11]

A)Y(t) = B(t)z(t) + (1), t# (1)
Az(r) = Siz(1i —0)+a;, i=1,2,....p, £z(-)=a R (2)

where A(t), B(t) € Cpuxnla, b, f(t) € Cla,b], £z(-) is a linear bounded functional:
0z(-) : CH[a,b) \ {m:}1} — RY.

We assume that the matrix A(k) is, generally speaking, rectangular: m = n. It can be square, but
singular. The proposed scheme of the research of the linear differential-algebraic boundary value
problem for a differential-algebraic equation with impulse action in the critical case in this article can
be transferred to the linear differential-algebraic boundary value problem for a differential-algebraic
equation with a singular impulse action. The above scheme of the analysis of the seminonlinear
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differential-algebraic boundary value problems with an impulse action generalizes the results of
S. Campbell, A. M. Samoilenko, M. O. Perestyuk and O. A. Boichuk and can be used for proving
the solvability and constructing solutions of weakly nonlinear boundary value problems with a
singular impulse action in the critical and noncritical cases [2-6,8,11]. For the case in which all

Aty=1,, I,+S;, i=1,2,...,p
are non-degenerate matrices, we obtain the problem investigated in [2,3]; in particular, if
Alt)=1,, S;=0, i=1,2,...,p,
then we have the problem considered in [12]. If
Si=0, a; =0, lz(-):=M;(r; —0)+ Niz(7; +0), i =1,2,...,p,

then we obtain the problem analyzed in [10]. If A(t) = I,, and I, + S; are degenerate matrices for
some ¢, then we have a degenerate impulse action [5, 6].

The analysis of differential-algebraic equations with the help of the central canonical form,
perfect pairs, and matrix triplets was made in the monographs [3,4]. Sufficient conditions for the
reducibility of a differential-algebraic linear system to the central canonical form were obtained by
A. M. Samoilenko and V. P. Yakovets. In papers [8,11], sufficient solvability conditions, as well
as the procedure of constructing the generalized Green operator for the linear differential-algebraic
boundary-value problem (1) without making use of the central canonical form, perfect pairs, and
matrix triplets, were proposed.

Provided that the differential-algebraic system (1) with the constant-rank matrix A(t) satisfies
the condition

PA* (t) =0. (3)

Then, in the case (3), the differential-algebraic system (1) has a solution, which can be written in
the form [8,11]

z(t,c) = Xo(t)e+ Ko [f(s), 1/0(8)] (t), ceR",

where

Ko[f(s),v0(s)](t) == Xo(t) /Xo_l(s) So(s,vo(s))ds, a<t<m

is the generalized Green operator of the Cauchy problem z(a) = 0 for the differential-algebraic
system (1), Xo(¢) is normal fundamental matrix:

Xo(t) = AT(t)B(t)Xo(t), Xo(a)=1I,

and
So(t,wo(t)) == AT (t) f(t) + Pa,, (t)ro(t),

AT (t) is a pseudoinverse matrix, P4+ (p) is matrix-orthoprojectors [3]:
Py«(t) : R™ — N(A*()),

P, (t) is an (n x pp)-matrix composed of pg linearly independent columns of the (n x n)-matrix-
orthoprojector [3]:
Pa(t) : R™ — N(A(t)).
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The solvability of the differential-algebraic boundary-value problem (1), (2) substantially depends
on the choice of the continuous vector function vy(t). In the case (3) the differential-algebraic
system (1) has a solution which can be written in the form [5,6,9]

2(t,¢) = X1(t)e+ K1 [f(s),vo(s)](t), ceR",

where
X1(t) = Xo(t) X H(m) (In + S1) Xo(m1), 71 <t <,

and

K1 [f(5),10(5)] (t) := Xo(t)Xg ' (1) (In + S1) Ko[£(s), v (s)] (1)

t
—|—X0( )X 1(7‘1 CL1+X0 /X 1 go S, 1/0( ))ds, 71 <t < To.

Denote the matrix
Xp(t) = Xo()Xg (1) (In + Sp) Xp-1(7p), 7p St <D,
and
Kp[f(5),m0(5)] () == Xo(t) Xg ' (7) (I + Sp)Kp—1[£(5), 10(5)] (7)
+ Xo(t)Xg ' (7p) ap + Xo(?) /th_l(S) So(s,vo(s))ds, 7 <t <b

is the generalized Green operator of the Cauchy problem for the differential-algebraic system (1)
with the singular impulse action (2). Thus, the following lemma is proved.

Lemma 1. In the case (3) the differential-algebraic system (1) with the singular impulse action
(2) with the constant-rank matriz A(t) has a solution which can be written in the form

z(t,e) = X(t) e+ K[f(s), 1/0(5)} (t), ceR",

where
and

is the generalized Green operator of the Cauchy problem for the differential-algebraic system (1)
with the singular impulse action (2).

If and only if the condition

Pos{o— LK [f(s),m0(s)] ()} =0 (4)
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is satisfied, the solution of the differential-algebraic boundary-value problem (1), (2) which can be
written in the form

2(t,cr) = Xo(t)er + X(O)Q {a — LK [f(s),v0(s)] ()} + K[f(s),v0(s)](t), ¢ €R".
Here X, (t) := X(t)Pg, is a fundamental matrix of the boundary-value problem (1), (2)
Py 1R = N(Q*), Po:R" = N(Q), Q:=(X(-)e R

are matrices-orthoprojectors [3], P, € R?*" is an (n xr)-matrix composed of 7 linearly independent
columns of the orthoprojector Pg. Thus, the following lemma is proved.

Lemma 2. In the case (3) the differential-algebraic system (1) with the singular impulse action
(2) with the constant-rank matriz A(t) has a solution which can be written in the form

2(t,c) = X(t)e+ K[f(s),0(s)](t), c€R®

is the generalized Green operator of the Cauchy problem for the system (1) with the singular impulse
action (2). If and only if condition (4) holds, the solution of the differential-algebraic system (1)
with the singular impulse action (2)

2(t,er) = X (t)er + G[f(5)§ vo(s); a] (t), ¢ €R",

determines the generalized Green operator of the differential-algebraic system (1) with the singular
impulse action (2)

G[f(s)ivo(s);a](t) = X ()Q {a — LK [f(s),v0(s)] ()} + K [f(s),n0(s)] (t).

The above scheme of the analysis of the boundary value problems with the impulse action
(1), (2) generalizes the results of [2-6,9] and can be used for proving the solvability and constructing
solutions of weakly nonlinear boundary value problems with singular impulse action in the critical
and noncritical cases [1,3,7]. The results of the proved Lemmas 1 and 2 were obtained making no
use of the central canonical form, perfect pairs, and matrix triplets [3,4].
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We investigate the problem of finding bounded solutions [2,3, 6]
z(k) e R", ke Q:=1{0,,2,...,w}

of the linear Noetherian (n # v) boundary value problem for a system of linear difference-algebraic
equations |2, 6]
A(R)z(k+1) = B(k)z(k) + f(k), (2(-) =a, aeRY; (1)

here A(k), B(k) € R™*"™ are bounded matrices and f(k) are real bounded column vectors,
Lz(+):R" - RY

is a linear bounded vector functional defined on a space of bounded functions. We assume that
the matrix A(k) is, generally speaking, rectangular: m = n. It can be square, but singular. The
problem of finding bounded solutions z(k) of a boundary value problem for a linear non-degenerate
(det B(k) # 0, k € Q) system of first-order difference equations

z2(k+1) = B(k)z(k) + f(k), lz(-) =a €R"

was solved by A. A. Boichuk [2]. We investigate the problem of finding bounded solutions of the
linear Noetherian boundary value problem for a system of linear difference-algebraic equations (1)
in case

1 <rank A(k) = 09, k € Q.

As is known [1,14], any (m X n)-matrix A(k) can be represented in a definite basis in the form

AR = Rall) -y So(8), = (3 0)

here, Ry(k) and Sp(k) are nonsingular matrices. The nonsingular change of the variable
y(k+1) = So(k)z(k+ 1)
reduces system (1) to the form [12]
Ar(F)p(k +1) = Bi(k)p(k) + f1(k); (2)

Under the condition [14], when
Py+(k) #0, Pay(k) =0, (3)

we arrive at the problem of construction of solutions of the linear difference-algebraic system

o(k+1) = AT (k)B1(k)p(k) + F1(k, v1(K)), (k) € R (4)
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here,

F1(k, vi(k)) := AT (k) f1(k) + Pa,, (k)vi(k),

vi(k) € R is an arbitrary bounded vector function, A] (k) is a pseudoinverse (by Moore-Penrose)
matrix [3]. In addition, Py« is a matrix-orthoprojector [3]: Pa: (k) : R7 — N(AJ(k)), Pa,, (k)
is an (pg X p1)-matrix composed of p; linearly independent columns of the (pg X po)-matrix-
orthoprojector: Pa, (k) : R — N(A;(k)). By analogy with the classification of pulse boundary-
value problems [3,7,8] we say in the (3), that, for the linear difference-algebraic system (1), the
first-order degeneration holds. Thus, the following lemma is proved [12].

Lemma. The first-order degeneration difference-algebraic system (1) has a solution of the form
2k, Gpn) = X1(F) e+ KIF () a(D]R), ey € R

which depends on the arbitrary continuous vector-function vy (k) € RPY, where X1 (k) is fundamental
matriz, K[f(7),v1(j)](k) is the generalized Green operator of the Cauchy problem for the linear
difference-algebraic system (1).

Denote the vector v1(k) := Wy(k)y, v € RY; here, (k) € RP1*? is an arbitrary bounded full
rank matrix. Generalized Green operator of the Cauchy problem for the linear difference-algebraic
system (1) of the form

K[f(), viDI(k) = K[F()I(k) + K[W1(5)](k) 3

here,
KW (5)](k) := Sy (k — 1) Pp, K[1(s))](k),

and

KW1(7))(0) := 0, K[¥1(5)](1) := Pa,, (0)¥1(0),
KI1(1))(2) := Al ()B1(DK[1(5)](1) + Pa,, (DT (), ...,

K@ ())(k + 1) := Al (k) By (k)K[®1(5)] (k) + Pa,, (k) ¥1(k).

Denote the matrix
Dy = {Qu; LE[W(7)](-)} € R0,
Substituting the general solution of the system of the linear difference-algebraic equations (1) into
the boundary condition (1), we arrive at the linear algebraic equation
Dié=a—LK[AT()F(D)I(-), é:= col(eyy,) € RO (5)

Equation (5) is solvable iff

Ppy{a —LK[f(j)](-)} = 0. (6)
Here, Pp; is a matrix-orthoprojector: Pp: : RY — N(Dj). In this case, the general solution of

equation (5)
¢=Di{a—K[f()](-)} + Pp,s, § € RoT?

determines the general solution of the boundary-value problem (1)
2(k, 8) = { X2 (k): K[W1(D)(k)} D] {o = EK[F(DI(-)}
+ K[f()I(k) + {X1(k); K[W1(5)](k) } Pp, 0.

Here, Pp, is a matrix-orthoprojector: Pp, : RPo+t0 5 N(Dyp). Thus, the following theorem is
proved [12].
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Corollary. The problem of finding bounded solutions of a system of linear difference-algebraic
equations (1) in the case of first-order degeneracy, under condition (3), in the case of first-order
degeneracy for a fized full rank bounded matriz W1 (k), has a solution of the form

2(k, cpy) = X1(k) cpy + K[f(j),l/l(j)](ki), Cpy € RO,
Under condition Pg: # 0, Pp; = 0, the general solution of the difference-algebraic boundary value
problem (1)

2(kyer) = Xp(R)er + GLF(7): W1 ()i 0] (K), e € BT

is determined by the Green operator of a difference-algebraic boundary value problem (1)
Gf(5); 01(); o] (k) == K[f()I(k) + {X1(k); K[P1(7)](k) } DY {a = LK[f(5)](-)}-
The matriz X, (k) is composed of r linearly independent columns of the matriz
{X1(k); K[W1(5)](k) } Pp,.

Under condition Pp: # 0, we say that the difference-algebraic boundary-value problem (1) in the
case of first-order degeneracy is a critical case, and vice versa: under condition Pg: # 0, Ppr =0,
we say that the difference-algebraic boundary-value problem (1) is reduced to the non-critical case.

Example. The requirements of the proved Corollary 1 satisfy the problem of construction solutions
of the difference-algebraic boundary-value problem

Az(k+1) = B(k) 2(k) + f(k), £2(-) =M (2(0) — 2(3)) =0, k=0,1,2,3, (7)

here
0010 0 0 10 1
A=1000 1], B=[0 0 oo,f(k):kvM::((l)gg?)'
000 0 0 k+1 0 0 1

The first-order degeneration difference-algebraic system (7) has a solution of the form

2(k) = X (k) ey + G[f(7),11(5), @] (k),  G[£(5),v1(), o] (k) = K[f(j), ()] (k), ¢ € RY,

where

0
X, (k) =X1(k)Py, =Pg, = 1], wn(k):=0, keQ:={0,1,2,3},
0
in addition,
0 0
1 N
K[f@)mD]0 ==, KGO =5| 4|
0 0
0 0
K@@ =5 | 3 | Km0 =1 |,
3 8

The proposed scheme of studies of difference-algebraic boundary-value problems can be transfer-
red analogously to [2—4,10] onto nonlinear difference-algebraic boundary-value problems. On the
other hand, in the case of nonsolvability, the difference-algebraic boundary-value problems can be
regularized analogously [9,15]. The proposed scheme of studies of difference-algebraic boundary-
value problems can be transferred analogously to [5, 11, 12] onto nonlinear difference-algebraic
boundary-value problems with variable rank of leading coefficient matrix an analogously to [13] an
inverse problem to the Cauchy problem for the difference-algebraic equation.
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In 1955 J. Kurzweil and O. Vejvoda proved that the system of almost periodic differential
equations can have an almost periodic solution such that the intersection of the frequency modules of
the solution and the right-hand side is trivial [3]. In what follows, such almost periodic solutions will
be called strongly irregular, the frequency spectrum — asynchronous, and the described vibrations
— asynchronous [1,4]. Various aspects of control theory for ordinary differential systems of almost
periodic equations were studied in a number of works (see, for example, [5] and others), the essential
a feature of which is the consideration the regular case, when the frequency of the system itself and
its solution coincide.

Now we will study the solvability of the control problem of the asynchronous spectrum of linear
almost periodic systems for which the mean value of the coefficient matrix is lower triangular. Let’s
consider a linear non-stationary control system

t=A(t)x+ Bu, teR, x€R", n>2 (1)

where x is the phase vector, u is the input, B is the constant n X nm-matrix under control, A(t)
is a continuous almost periodic matrix with a modulus of frequencies Mod(A). Suppose that the
control is specified in the form of a linear feedback in the phase variables

u=U(t)x (2)

with a continuous almost periodic n x n-matrix U(t) (feedback coefficient), the frequency modulus
of which is contained in the frequency modulus of the coefficient matrix, i.e.

Mod(U) € Mod(A).

It is required to obtain conditions on the right-hand side of system (1) such that for any choice
of the feedback coefficient from the indicated admissible set, the closed-loop system

@ = (A(t) + BU(t))z, (3)

has a strongly irregular almost periodic solution, the frequency spectrum of which contains a given
subset (target set).
Let L be the target frequency set. We will assume that

rank B=r <n (n—r=d). (4)
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In this case, there is a constant non-singular real (n xn)-matrix S such that in the matrices D = SB
the first d columns are zero, while the rest r columns are linearly independent.
Let us introduce the transformation of phase variables

y = Sz, (5)
which transform system (3) to the system
y=(C1) +DV(t)y, (6)

where

C(t)=SAMt)S™, Vt)=U#)S™', D=QB.

System (6) has a strongly irregular almost periodic solution if and only if this solution satisfies the
system

y=(C+DV)y, (Ct)+DV(t)y=0, (7)
where sign “” denotes a averaging, for example,
. T
Ao L P A T 5
€= tim o / Cls)ds, C(t)=C@) -, V) =VE) -7V
0

Let us denote the matrix composed of the last r rows of the matrix D, by D, . It follows from the
construction of the matrix D that the following condition is fulfilled

rank D,.,, = 7. (8)

The rank condition (8) means that the matrix D, , rows are linearly independent. Since their
number is less than the number of columns, then adding any columns to such a matrix does not
change its rank.

Let us represent the matrix of coefficients C(t) in the block form, corresponding to the structure
of the matrix D. Let Cc(l’l;)(t), C’r(,?dl)(t) — its upper and lower left, and C’U(l’lf) (1), 0572,12) (t) — its
upper and lower right blocks (the lower indices indicate the dimensionality). According to this
representation, the averaged matrix C will be decomposed into four blocks of the same dimensions
. o, o, o)

Taking into account the structure of the matrix D and the block representation averaging of
the matrix of coefficients C(t), we write system (7) in the form

y[d} = éfl};)y[d] + ééff)y[r], y[r] = (éﬁill) + Dr,n‘/}n,d)y[d] + (617(327"2) + Dr,n‘/}n,r)y[r}7 9)
Dy + C 0y = 0, (CP (1) + DynVia(®) 9™ + (CED(8) + Dy Vi (6)) ) = 0,

where

y=col(y ), Y =collyr,....ya),  Yp = cOlWas1,-- - Yn),
V= {Vn,an,r}a V(t) = {Vn,d(t)vnﬂ‘(t)}
are the corresponding* representation of the stationary and oscillatory components of the matrix

V(t).
Thus, it is true

Lemma. If conditions (4), (8) are fulfilled, systems (3) and (9) are equivalent in the sense of
existence of strongly irreqular almost periodic solutions.
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Suppose that the averaging of the matrix of coefficients of the original system with using the
transforg\ning matrix S is reduced to the lower-triangular form. In other words, this means that the
matrix C has the form

1 O 0... 0
é: C21 €22 0... 0 . (10)
/C\nl /C\n2 En?; .. Enn

Let’s give the conditions to solve the posed problem. Taking into account the lemma, this
problem is reduced to finding conditions for the existence of strongly irregular almost periodic
solutions y = y(t) = col(yl¥ (), yjr(t)) with the frequencies L of system (9).

We have

Theorem. The control problem of asynchronous spectrum of system (1), (4), (10) with the target
set L is solvable if and only if the conditions

rankcol Clg =r<r

and

<[22

2

are satisfied.
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Consider the differential equation

/

y" = aop(t)e(y), (1)

where ag € {—1,1}, p: [a,w[—]0,400[ is a continuous function, —oco < a < w < 400, ¢ : Ay, —
10, 4+00[ is a twice continuously differentiable function such that

0’ /!
lim so(yl)zso (y)
or + oo, y=Yo ¢ (y)

yEAy,

cp’(y) 7& 0 as y€ AYO? lim go(y) = =1, (2)
y—Yo

yEAy,

Yy is equal either to zero or to o0, Ay, is a one-sided neighborhood of the point Y.
It follows directly from conditions (2) that

o'(y)  ¢"(y)

/
; as y — Yp, y € Ay, and lim A€)
e(y)  ¢)

y—=Yo @Yy
@)

= to00.

By virtue of these conditions, the function ¢ and its first-order derivative are (see the monograph
by M. Maric [10, Chapter 3, § 3.4, Lemmas 3.2, 3.3, pp. 91-92]) rapidly varying as y — Yp.

For second-order differential equations with the right-hand side the same as in (1), the asymp-
totic behavior of solutions was studied in [2,3,5-7,10].

In the work of V. M. Evtukhov, N. V. Sharay (see [9]) for the differential equation (1) the
questions on the existence and asymptotics of so-called P, (Yp, Ag) — solutions for Ay € R\ {0; 1; %
were solved.

Definition. A solution y of the differential equation (1) is called P,(Yp, \g) — solution, where
—00 < Ao < 400, if it is defined on the interval [ty, w[ C [a,w[ and satisfies the following conditions

0 112 t
limy(t) = Yo, limy®() ={ | (k=1,2) Oy,

lim —————

tw or oo ttw y" ()Y (t)

The aim of the present report is to obtain the asymptotics of P, (Yy, Ag) — solutions of the

differential equation (1) in the special case when \g = 1. For each such solution, due to a priori
asymptotic properties of B, (Y, 1) — solutions (see [4, Chapter 3, § 10]), the following relations

LN B O RO ¥ )1 )
GO0 AT )

= 400, (3)

hold, where

t—w if w=—o0.

t if w=
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Hence, in particular, it follows that B, (Yp, 1) — solution of equation (1) and its derivatives up to
the second order inclusive are rapidly varying functions as ¢ T w.
Moreover, here and in the sequel, without loss of generality, we assume that

[yo, Yo[ if Ay, is a left neighborhood of Y,

4
1Y0,90] if Ay, is a right neighborhood of Yy, @)

Ay, = Ayy(yo), where Ay (yo) = {

where yp € Ay, is such that |yp| <1 as Yp=0and yo > 1 (yo < —1) as Yy = +o0 (as Yp = —o0).
Let us introduce the necessary auxiliary notations and assume that the definition area of the
function ¢ in equation (1) is determined by formula (4). Further, we put

1 if Ay, = [yo, Yol,

. / .
po = sign¢'(y), o =signy, vi= .
{1 if Ay, =1Y0,%0

and introduce the following functions

where po : [a,w][—]0,+00[ is a continuous or continuously differentiable function such that p(t) ~
po(t) as t 1w,

1 ds
w if /p03 (1)dr < 400, Yo if 71 = const,
PAELEIC
— i 0
A = a, 1 B= Y ]
a if /po3 (1)dT = 400, yo if / . ‘19 = 400
4 s3p3(s)
Yo

It is clear that the conditions
vy <0 if Yy =0, g >0 if Yy = fo0,

are necessary for the existence of P, (Yp, 1)—solutions. Moreover, by virtue of (1), Definition and
(3), it is also necessary that the inequalities

agry >0, vgsign 3’ (t) >0

hold.
The entered function ® keeps a sign on Ay;, tends either to zero or to o0 as y — Y; and is

increasing on Ay, since on this interval ®'(y) = y*%@*%(y) > 0. Therefore, there is an inverse
function @1 : Ay, — Ay,, where, by virtue of the second of conditions (2) and the monotonic
increase of &1,

0

Zy = lim @(y)—{ ’

y—Yo or —4 oo,
yE€Ay,

A, — {[ZO,ZO[ if Ay, = [yo, Yo[,
Zo =

. 20 = ®(yo)-
]Z07ZO] if AYO :]}/anOL
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We also introduce auxiliary functions:

(@ (a0 Jo(t))) ® 1 apJo(t) ¢ (@ (anJo(t)))

W="n = e ah)
30 = [ mo(rhe@ o dr, a0 = [ nin)an
Ay Ao
where

foif / po(r) (@ (a0 Jo(r))) dr = +oc,

A= tlw t1 € [CL?w]a
w if /po(T)(p((I)_l(a()Jo(T))) dr < +o0,
ty if /Jl(T)dT = +00,

Ay = tlw
w if /Jl(T)dT < +o00

Note that with the implementation of the properties with regular varying and rapid varying
functions [1,11], as well as the results of work [4,8] for equation (1) conditions for the existence of
solutions are established.

Theorem 1. For the existence of P, (Yo, 1) — solutions of the differential equation (1), it is necessary
that the inequalities

agry >0,  aoppdo(t) <0 as t €la,w|, (5)
voag < 0 if Yo =0, wvpag>0 if Yg==+c0 (6)

and the conditions

aola(t)  A(t) Jit) (2 H(aodo(t))) as t 1w 7)
o ago(t)) Jat)  Li(t) @ Hago(t)) ’
o @ ko)) w0
R 1 1)) R T ®)

hold. Moreover, each such solution of that kind admits the asymptotic, as t T w, representations

- o(1)n
y(0) = @ (a0 o() [ 1+ G ] (©)
y/(t) = a0 (DL +o(1)), 3(t) = a0 ()L + o(1)]. (10)

Theorem 2. Let py : [a,w[—]0,+00] be a continuously differentiable function and along with
(5)—(8) the conditions

1 ¢'(y)
oy COH3 O D) _ mﬂ<@@Y(yﬂ@»§_0
thw J(t) TousYo (W \ p(y)
yeAy, * ¢v)
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hold. Then the differential equation (1) in case agpy > 0 has a two-parameter and in case agpy < 0
has a one-parameter family of P, (Yy, 1) — solutions that admit asymptotic, ast T w, representations
(9) and moreover, their derivatives of the first and second order satisfy the asymptotic, as t T w,
relations

Y/ (£) = aoa(t) [a(t) + o((H(1))73)], () = a0 i (8)[a(t) + o (H (£))~7)].
It is possible to notice that in the asymptotic relations (7)

(@ (anJo(t))) _ <p0(t)<P(q’1(OéoJo(t))) ) 5
d—1(agJo(t)) =g Jo(t))

Therefore, it follows from (7) that

W=

(1) = (po(t) (2 (a0 Jo(1)Pe(@ a0 do(®) ) *[1 +o(1)] as 11w,
T(®) = ao(@ 0ol (po(Dp(@ (@0 ho(0))) 1+ o(L)] as ¢ 1

These relations allow to rewrite the asymptotic relations (10) without integrals.

Theorem 3. Let py : [a,w[—]0, +00] be a continuous function and, along with (5)—(8), the condi-
tions

5 (@'(Zﬂ)/ /( ) 2
lim[1 — q(¢)|H3(t) = 0, lim </j(y) (ygp Y )3 —0
thw y=Yo (£ (y))2 o(y)
yeAy, * ¢(v)

hold. Then the differential equation (1) in case appg > 0 has a two-parameter family, and in case
aopo < 0 has a one-parameter family of P, (Yy,1)— solutions, admitting as t T w the asymptotic
representations (9) and

Y (t) = apJo(t) [1 +
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1 Introduction

Consider the Sturm—Liouville problem

v +Q(x)y+ Iy =0, z€(0,1), (1.1)
y(0) = y(1) =0, (1.2)

where @ belongs to the set T, 5. of all measurable locally integrable on (0,1) functions with
non—negative values such that the following integral conditions hold:

1
/x (1-2)’QV(z)dx =1, ~v#0, (1.3)
0

1
/931—33 x)dr < oo. (1.4)
0

A function y is a solution to problem (1.1),(1.2) if it is absolutely continuous on the segment
[0,1], satisfies (1.2), its derivative 3’ is absolutely continuous on any segment [p,1 — p], where
0 < p < 3, and equality (1.1) holds almost everywhere in the interval (0,1).

This work gives estimates for

Mmag~y = _inf A(Q) and Myg,= sup M(Q).
Q€To,8,y QET 0 5.

Some of these results were obtained using approaches and ideas applied in works [1,4-6].

In Theorem 1 [3], it was proved that if condition (1.4) does not hold, then for any 0 < p < oo,
there is no non-trivial solution y of equation (1.1) with the properties y(0) = 0, v'(0) = p

From the results of [4, Chapter 1, § 2, Theorem 3] it follows that T, g  is empty provided v < 0,
a < 2y—1or 8 <2y —1, for other values «, 3,7, v # 0, the set T, g, is not empty. Thus, for
v <0, a<2y—1or < 2y—1, there is no function @ satisfying (1.3) and (1.4) taken together
and, as a consequence, the first eigenvalue of problem (1.1), (1.2) does not exist.

Consider the functional

fly’2 dx — }Q(m)yz dx
R[Qy] =° —
[ y?dx
0
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If condition (1.4) is satisfied, then the functional R[Q,y] is bounded below in H{(0,1). In order
to show it, let us consider the set ', of functions y € H}(0,1) such that

1
/dex—l
0

1

11Q, y] I/y,Q alﬂc—/lQ(:Jb‘)y2 de.
0

0

and the functional

For any y € H}(0,1) and x € (0,1), by the Holder inequality, we have

T x

y(z) = (/y’(t) dt>2 < x/y’Q(t) dt,
0

Then

1 1
2 2 2
A S/y’z(t)dtJr/y’?(t)dt—/ﬁﬂ(t)dt
T 0

0

1 1 1
O/Q(x)yzdx < (O/y’2 dm) O/x (1—2)Q(x) d.

For some positive k, consider

and

Ey={ze[0,1]| Qx) <k}, Ep={xec(0,1]] Qx)>k}.

We have
1 1 1
O/Q )y dx—/Q x)y dx—i—E{Q(m)y2dx§kO/dex—i-O/y’Qde{x(l—x)Q(m)dm.

1
Since the integral [ (1 — z)Q(z)dx is finite and the measure of E}, tends to 0 as k — oo, then
0

J (1 — 2)Q(z) dz tends to 0 as k — oo and we can choose k = k, so that

Ey

| =

/ (1 —2)Q(z)dr <
E,

Then

y/2 dr

o _

1
1
[ @t <k + 5
0
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and

1 1 1
1
/y'de—/Q(x)dex > Q/y'de—k* > —k,.
0 0 0

Thus, if condition (1.4) is satisfied, then for any Q € T, 3, I[Q,y] is bounded below in T,
R[Q,y] is bounded below in H}(0,1), and

inf R[Q,y] = inf I[Q,y].
y€H(0,1)\{0} yels

It was proved [3] that for any @ € T, 5.,
M(Q) = inf — R[Q,y].

yEH; (0,1)\{0}

For any @ € T, g, we have

1
[y?dx
Mapy = sup inf  R[Qy]< inf L = 2.
Q€T 5., YEH(0,1)\{0} yeHg(0,1)\{0} ny dr
0

2 Main results

Theorem 2.1. If v > 1, o, 8 < 27y — 1, then there exist functions Q« € To g, and u € H(0,1),
u>0 on (0,1), such that mqa g~ = R[Q«,u]. Moreover, u satisfies the equation

L a4+l
' +mu=—zT- 7(1 —z) Tyt (2.1)
and the integral condition
1
2y
/a:lvl—azlvuvld:c—l (2.2)
0

Theorem 2.2.

(1) Ify=1, a,8 <0, then mq 5, > %772.
2) Ify=1,8<0<a<lora<0< <1, then magy = 0.
3

4

Ifv=1,0<a,B8<1, then mapgy > 0.

(2)
(3)
(4) If y>1, a,B <, then mq g, = 0.

(5) Ify=21, a >~y or >, then myp, < 0.

(6) Ify<0,a,8>2y—10or0<y<1, —o0o<a,pB < oo, then mq g~ = —00.
Theorem 2.3.

M Ify>1, —o<a,f<xwor0<y<l,a<2y—-1, —0< < (f <2y -1,

—00 < a < ), then My g = 2.

(2) Ify<0o0or0<y<1, a,8>2y—1, then My < 2.

(3) If v < =1, a, 8 > 2y — 1, then there exist functions Qx € Top~ and u € H}(0,1), u > 0
n (0,1), such that My g~ = R[Q«,u]. Moreover, u satisfies equation (2.1) and the integral
condition (2.2).
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Consider a boundary value problem for a functional differential equation
W' (t) = L(u)(t) + AF(u)(t) for a.e. t € [a,b], h(u)=0. (1)

Here, ¢ : C([a,b;R) — L([a,b];R) and h : C(]a,b];R) — R are linear bounded operators, F' :
C([a,b];R) — L([a,b];R) is a continuous operator satisfying the Carathéodory conditions, and
A € R is a parameter. By a solution to the problem (1) we understand an absolutely continuous
function u : [a,b] — R that satisfies the equation in (1) almost everywhere on [a,b] and satisfies
the boundary condition in (1). We say that a solution u to (1) is positive if u(t) > 0 for ¢ € [a, b].

Although the assumptions of the main results do not exclude the case when F'(0) # 0, the main
importance of our results is that they are applicable in the case when the problem (1) possesses a
trivial solution, i.e., F'(0)(t) = 0 for a.e. t € [a, b].

Notation 1.
N is the set of all natural numbers, R is the set of all real numbers, Ry =)0, +oo[, Rj = [0, +o0f.
C([a,b];R) is the Banach space of continuous functions v : [a,b] — R with the norm ||v|c =

max{|v(t)| : t € [a,b]}.
If D C R, then Cy([a,b]; D) = {u € C([a,b];R) : u(t) € D fort € [a,b], h(u) = 0}.
L([a,b];R) is the Banach space of Lebesgue integrable functions p : [a,b] — R with the norm
b
Ipllz = J Ip(s)| ds.

If D C R, then L([a,b]; D) = {p € L([a,b];R) : p(t) € D for a.e. t € [a,b]}.
If A:C([a,b];R) — C([a,b];R) is a linear bounded operator, by ||A|| we denote the norm of A.

Definition 1. We say that a pair of operators (¢,h) belongs to the set V1 if every nontrivial
absolutely continuous function u : [a, b] — R, satisfying

u'(t) > l(u)(t) for a.e. t € [a,b], h(u)=0, (2)

admits the inequality
u(t) >0 for t € [a,b)].
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Definition 2. We say that a pair of operators (¢, h) belongs to the set U™ if there exists ¢ > 0
such that every absolutely continuous function u : [a,b] — R satisfying (2) admits the inequality

b
u(t) > ¢ / W (s) — £(u)(s)] ds for t € [a,b].

It can be easily seen that if (¢, h) € VT, resp. (¢, h) € U™, then the homogeneous problem
u'(t) = l(u)(t) for a.e. t € [a,b], h(u)=0 (3)

has only the trivial solution. Note also that ™ C V*. However, U™ # VT in general.
Now we formulate some of the assumptions of the main results.

(H.1) F transforms Cy([a,b]; RY) into L([a,b];R}) and it is not the zero operator, i.e., there exists

zo € Ch([a,b];R4) such that
b

/F(xo)(s) ds > 0.

a

H.2) F is sublinear with respect to Cy([a,b]; Ry ), i.e., there exists a Carathéodory function 7 :
0 n
[a,b] x Ry — R non-decreasing in the second variable such that

F(v)(t) <n(t,|vlc) for ae. t€ [a,b], ve Ch(la,b];RY)

and
b

1
lim /n(s,x) ds = 0.

T—+00 T
a

(H.3) F is nondecreasing in the neighbourhood of zero, i.e., for every p > 0 there exists m, €
Ch([a,b]; R ) such that m,(t) < p for t € [a,b] and

F(y)(t) < F(z)(t) for a.e. t € [a,D]
whenever z,y € Cp([a,b];R,),

y(t) <my(t) and y(t) <x(t) < p for t € a,b].

(H.4) F is concave in the neighbourhood of zero, i.e., for every = € Cp([a, b]; Ry) there exists p, > 0
such that
wF(x)(t) < F(pz)(t) for a.e. t € la,b], pel0,uy|.

Notation 2. Let A € R. Then by S(\) we denote the set of all positive solutions to (1) for
corresponding .

Theorem 1. Let (¢,h) € VT and let (H.1)-(H.4) be fulfilled. Then there exists a critical parameter
Ae > 0 such that

(i) the problem (1) has a positive solution provided A > \.;

(ii) the problem (1) has no positive solution provided A < .
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Moreover,
lim inf : S(A)} = +oo.
\ 1 n {HuHC u € ( )}

If, in addition, (¢,h) € UT, then for every p > 0 there exists A\(p) > A\ such that
u(t) > p for t € [a,b], ueSA), A> A(p).

As for the critical case A = \., the existence or nonexistence of a positive solution to (1) depends
on the properties of the operator F'; both cases can occur. If we slightly strengthen the assumption
(H.4), in particular, if we assume

(H.4") For every z € Cp([a,b]; Ry) there exists ug > 0 such that
WF(@)(t) < F(ua)(t) for ae. t € [a,8], €10, ol

and
b

b
m/nm@w</me@¢

a

for some po €10, puy
instead, we can establish a result about the nonexistence of a positive solution to (1) with A = A..

Theorem 2. Let (¢,h) € V' and let (H.1)-(H.3), and (H.4") be fulfilled. Then S(\.) = @ and

lim su ullc: we SN} =0.
i sup {fJufe € SO}

c

Suppose that the operator F' includes a linear part, i.e.,

F(v)(t) = F(v,v)(t) for a.e. t € [a,b], ve C([a,b];R),
where F : C([a, b]; R) x C([a, b];R) — L([a, b]; R) is a continuous operator satisfying the Carathéo-
dory conditions and it is linear and nondecreasing in the first variable. Therefore, instead of (1)
we consider the problem

u' () = 0(u)(t) + AF (u,u)(t) for ae. t € [a,b], h(u) =0, (4)

where ¢ and \ are the same as in (1) and F is described above. The set of all positive solutions to
(4) we denote again by S(A) as (4) is a particular case of (1).

Theorem 3. Let (¢,h) € VT and let (H.1)~(H.3) and (H.4") be fulfilled. Then \. > 0, the problem
W' (t) = (u)(t) + AF (u,0)(t) for a.e. t €[a,b], h(u)=0 (5)
has a positive solution u., the set of solutions to (5) is one-dimensional (generated by u.), and
(Tx,h) € VT, resp. (Ty,h) €UT, for X €]0, ][,

where

Ta(0)(8) 2 0(0)(t) + AF(0,0)(t) for a.e. t € [a,b], ve C(a,b];R),
provided (£,h) € VT, resp. ({,h) eUT.
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Theorem 3 gives us a method how to calculate the precise value of A. in the cases where F'
includes a linear part. Indeed, define an operator A : C([a,b];R) — C([a,b];R) by

A(z)(t) = /G(t, $)F(z,0)(s)ds for t € [a,b], =€ C([a,b];R),

where G is Green’s function to (3). Then
uc(t) = AeA(ue)(t) for t € [a,b],

i.e., 1/). is the first eigenvalue to A corresponding to the positive eigenfunction u.. Therefore,
according to Krasnoselski’s theory and Gelfand’s formula,

. 1
lim .
n—=+oo B/l An||

Application

Most of population models with a delayed harvesting term can be represented as an equation

u'(t) = —0(t)u(t) — H(t)u(t — ot +>\ZPk u(t = 7i(8)) fr(ult — (1)), (6)
where N € N,
(A1) (i) §,H, Py :R— R} (k=1,...,N) are T-periodic locally integrable functions,

T TN
/ )] ds > 0, /Zpk )ds > 0,
0 0

k=1

(ii) o : R — [0,04], 7x : R — [0,7] (k = 1,...,N) are T-periodic locally measurable
functions (o, and 7. are non-negative constants),

(iii) fx: Ry — Ry (k=1,...,N) are continuous decreasing functions that are continuously
differentiable at some neighbourhood of zero, and

lim fy(z)=0 (k=1,...,N).

T—r+400

By a T-periodic solution to (6) we understand a T-periodic locally absolutely continuous function
defined on R and satisfying the equality (6) for almost every ¢t € R.

Theorem 4. Let (A.1) be fulfilled, and let there exist v : R — Ry that is locally absolutely
continuous such that

7Y(t) < =5(t)y(t) — H(t)y(t — o(t)) for a.e. t €R. (7)

Then (£,h) € UT and F satisfies (H.1)-(H.3) and (H.4") with p, = 1 for all x € C([0,T);R,),
where the operators £, F : C([0,T];R) — L([0,T];R) and h : C([0,T];R) — R are defined by

() (1) —s(t)o(t) — H(tyo(oo(t)), h(v) Y v(0) = o(T) for ve C(l0,TR),
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defzpk v(7ok(8)) fi(v(ror(1))) for v € C(0, T];R),

oo(t) iy o(t) + \‘T_(tT_J(t))JT for a.e. t €[0,T],
T_(t_T’f(t))JT forae. t€[0,T] (k=1,...,N).

rou(t) <t — . (t) + { 7

One of the efficient conditions guaranteeing the existence of a positive « satisfying (7) is

t s
/ H(s)exp ( / a(&) df) ds < % for a.e. t €[0,T].
o(t)

t— s—o(s)
Another conditions guaranteeing the inclusion (¢,h) € U are

s

[6(s)+ H(s)]ds <1 or /TH exp( / 6(§)d§>d8<1
0 s—o(s)

either

Ot~

provided (A.1)(i) is fulfilled.
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Consider the linear differential systems
z=A(t)x, x €R", t>tg, (1)

with bounded infinitely differentiable coefficients and positive characteristic exponents A, (A) >
-+ > A1(A) > 0, as well as the perturbed systems

y=At)y+Q)y, yeR", t=t, (2)

with infinitely differentiable exponentially decreasing perturbation n x n-matrices @ satisfying the
estimate

1Q(t)]| < Cge™, o >0, Cg = const, t>tg. (3)

There arises the question on the existence of such, for example, two-dimensional system (1) and
perturbation (3) that the perturbed system (2) has a nontrivial solution with a negative Lyapunov
exponent. The solution to this (first) problem may serve as a preliminary step in solving the more
important (second) problem about the existence of nontrivial solutions with negative exponents of
a nonlinear differential system

g=AMy+ f(t.y), yeR", t >t (4)
with an infinitely differentiable m-perturbation f(¢,y):
If &l < Crllyl™, y €R™, Cp=const, t=tg

of m > 1 order of smallness in the nighbourhood of the origin y = 0 and admissible growth outside it
in the “anti-Perron” case when all characteristic exponents of linear approximation (1) are positive.
Indeed, according to the principle of linear inclusion [1, p. 159], any solution yo(t) # 0 of system
(4), infinitely extendably to the right, with a negative exponent, is likewise a solution of system (2)
with exponentially decresing perturbation @, (t), satisfying the condition

1Qu ()l < Crllyo ()™, ¢ > to.

Therefore, in the case of admissible negative solution of the first problem there follows the same
solution of the second problem.
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Note that in the Perron effect ([5], [4, pp. 50-51]) of changing the values of negative characteristic
exponents of system (1) by positive exponents of solutions of system (4) we have obtained in [4]
and [5] a finale complete description of sets of all positive and all negative (including those in the
absence of the latter) exponents of solutions of system (4) for which all nontrivial solutions are
infinitely extendable to the right and have bounded finite exponents.

The present paper is devoted to the positive solution of the first problem.

Theorem 1. For any parameters Ao > X1 >0, 0 > 1 and o € (0, A\ + 071/\2) there exist:

1) the two-dimensional linear system (1) with bounded infinitely differentiable coefficients and
characteristic exponents \i(A) = A, i = 1,2;

2) the infinitely differentiable exponentially decreasing and satisfying estimate (3) perturba-

tion Q(t)

such that the perturbed linear system (2) has a unique (among all its linear independent) solution
y(t) with a negative Lyapunov exponent, equal to

Ao = Oo —eﬁi\ll— /\2.

There likewise arises the question on a possible number of linearly independent solutions with
negative Lyapunov exponents for the n-dimensional linear perturbed system (2) in which the first
approximation system (1) has all positive characteristic exponents, and the perturbation Q(t) is
exponentially decreasing.

The following theorem is valid.

Theorem 2. For any parameters
M > > X>A >0 n>3 0>1, 0<o<A\+60 1)
there exist:

1) the n-dimensional system (1) with bounded infinitely differentiable coefficients and character-
istic exponents \i(A) =N, i=1,...,n;

2) the infinitely differentiable exponentially decreasing and satisfying estimate (3) perturba-

tion Q(t)
such that the n-dimensional perturbed system (2) has exactly n — 1 linear independent solutions
Yi(t),...,Yn-1(t)
with negative exponents

0— 0\ — N\ ,
R VI R

Proof of Theorem 2 is based on the statement of Theorem 1 and its proof.
Remark. Is the statement:
if \;(A)>0, i=1,...,n, then \,(A+Q) >0

valid for any piecewise continuous bounded n x n-matrix A(t) and exponentially decreasing n x n-
perturbation Q(t)?
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The integro-differential equations are applied in many branches of science, such as physics,
engineering, biochemistry, etc. A lot of scientific works are dedicated to the investigation and
numerical resolution of integro-differential models (see, for example, [2,7,11, 13,16, 18] and the
references therein).

One type of nonlinear integro-differential parabolic model is obtained at the mathematical
simulation of processes of electromagnetic field penetration into a substance. Based on Maxwell
system [14], the mentioned model at first appeared in [3]. The integro-differential system obtained
in [8] describes many other processes as well (see, for example, [7,11] and the references therein).
Equations and systems of such types still yield to the investigation for special cases. In this direction
the latest and rather complete bibliography can be found in the following monographs [7,11].

The purpose of this note is to analyze degenerate one-dimensional case of such type models.
Unique solvability and convergence of the constructed semi-discrete scheme with respect to the
spatial derivative and fully discrete finite difference scheme are studied.

The investigated problem has the following form. In the rectangle @ = (0,1) x (0, 7], where T
is a fixed positive constant, we consider the following initial-boundary value problem:

3w S 1G) @) e (G + () g =ren o
0

o I e (s (] e

U(0,t) =U(1,t) =V (0,t) =V (1,t) =0, te|0,T], (3)

U(z,0) =Up(z), V(z,0)=Vy(z), z€]l0,1]. (4)

Here f = f(z,t), g = g(x,t), Uy = Up(x), Vo = Vp(z) are given functions of their arguments
and U = U(x,t), V = V(z,t) are unknown functions.

It is necessary to mention that (1), (2) is a degenerate type parabolic system with integro-
differential and p-Laplacian (p = 4) terms. Let us note that non-degenerate variants of (1)—
(4) type problem for more general nonlinearities are studied in [6]. Many works are devoted to
the investigation of multi-dimensional cases of such type equations and systems as well (see, for
example, [1,4,7,9-12,15] and the references therein). We would also like to note that in recent
years special attention has been paid to the construction and investigation of splitting models for
this type and their generalized variants of multi-dimensional integro-differential equations (see, for
example, [7,9,10] and the references therein).
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As it was already mentioned, (1), (2) type models arise, on the one hand, when solving real
applied problems, and on the other hand, as a natural generalization of some nonlinear parabolic
equations and systems studied for example, in [16,17] and in many other works as well.

Problems of (1)—(4) type at first were studied in [1], where the monotonicity of the considered
operator is proved and the unique solvability is obtained.

Applying one modification of compactness method developed in [17] (see also [16]) the following
uniqueness and existence statement takes place.

Theorem 1. If f,g € W (Q), f(x,0) = g(x,0) =0, Uy, Vo € WL(0,1), then there exists the unique
solution U, V' of problem (1)—(4) satisfying the following properties:

° ou ov 0*U 0?V
U,V € Ly(0,T;Wi(0,1) nW2(0,1)), a0 ar € Ly(Q), VT — T VT —t 5 € Ly(Q).

Here usual well-known spaces are used.

In order to describe the space-discretization for problem (1)—(4), let us introduce nets: wy, =
{z;=1h, i=1,2,...,.M — 1}, W, = {x; =ih, i=0,1,..., M} with h = 1/M. The boundaries are
specified by i = 0 and ¢ = M. The semi-discrete approximation at (x;,t) is designed by u; = w;(t),
v; = vi(t). The exact solution of problem (1)—(4) at point (z;,t) is denoted by U; = U;(t), V; = Vi(?).

Approximating the space derivatives by a forward and backward differences:

Wit1 — Wi Ui — Wi—1
We,i = Wz i

ST e T
let us correspond the following semi-discrete scheme to problem (1)—(4):

t

e —{[ 0/ () + (v2,0)?] d7+(ux,i)2+(”m)2] U}Zf @d), i=1...M=1, ()
dv;

)

du { [ Oj [(ma)® + (v)?] dr + (uma)® + (%i)?] w} =glwit), i=1,....M~1, (6)

U()<t) = UM<t> = Uo(t) = UM<t) - 07 te [OuT]a (7>

’U,Z'(O):U(),i, i:O,l,...,M, (8)

which approximates problem (1)—(4) on smooth solutions with the first order of accuracy with
respect to spatial step h.

The semi-discrete scheme (5)—(8) represents a Cauchy problem for nonlinear system of ordi-

nary integro-differential equations. It is stable with respect to initial data and right-hand side of
equations (5), (6) in the norm

M-—1
1/2
lwllh = (w,w),*,  (w,2)n = wizih.
=1

It is not difficult to obtain the following estimate for (5)—(8)

t

lull2 + [[o]12 + / (gl 2 + lleal 2] dr < C,
0
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where the norm under the integral is defined as follows

M
Hw]\% = (w,w]y = Zwiwih.

=1

Here C' denotes the positive constant independent of the mesh parameter h. This estimate gives
the above-mentioned stability as well as the global existence of a solution to problem (5)—(8).

In Theorems 2 and 3, using an approach of the work [5] for investigation the finite-difference
scheme, the convergence of the approximate solutions are stated.

For earlier work on discretization in time or space, or both, of models such as (1), (2), see,
e.g., [6-12].

The following statement takes place.

Theorem 2. The solution

u(t) = (ul(t), UQ(t), N ,UM_l(t)), U(t) = (’Ul(t), ’Ug(t), N ,UM_l(t))

of the semi-discrete scheme (5)—(8) converges to the solution of problem (1)—(4)

U(t) = (U:1(t),Us(), ..., Un-1(t)), V(t) = (Va(t),Va(t),...,Var-1(t))
in the norm || - ||, as h — 0.

In order to describe the fully discrete analog of problem (1)—(4), let us construct grid on the
rectangle Q. For using the time-discretization in equations (1), (2) the net is introduced as follows
wr ={tj =jr, j=0,1,...,J}, with 7 = T/J and Wy, = wp, X wr, u] = u(z;, ;).

Let us correspond the following implicit finite difference scheme to problem (1)—(4), where the
terms with time derivatives in (5), (6) are approximated using the forward finite difference formula:

ul =] AR k \2 k \2 j+112 +1y2] g+l +1
S Sk @ P ] =
k=1 z,0
j+1 Jj+1
Uz]' — Uzq _ { |:7_ [(uk )2 + (’Uk )2] + (uj+1)2 + (ijrl)Q} vj+1} _ g+l (1())
- Fi % i Fi Z,i Zi =9
k=1 T,

i=1,2,...,M—1, j=0,1,....,J -1,

O =Uos, ) =Vou i=0,1,..., M. (12)

Thus, the system of nonlinear algebraic equations (9)—(12) is obtained, which approximates
problem (1)—(4) on sufficiently smooth solution with the first order of accuracy with respect to
time and spatial steps 7 and h.

The following estimate can be obtained easily for the solution of the finite difference scheme
(9)-(12) ;

max (1 + 0717) + D (I + AR )7 < €,
<yT<T 1
which guarantees the stability and solvability of scheme (9)—(12). It is proved also that system
(9)-(12) has a unique solution. Here C' represents positive constant independent from time and
spatial steps 7 and h.
The following main conclusion is valid for scheme (9)-(12).
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Theorem 3. The solution

(0T 4 J i (0] 4 J -
uj—(ul,u2,...,uM_1), UJ—(vl,vz,...,vM_l), ji=12,....J

of the difference scheme (9)—(12) converges to the solution
U= (UL, U§,... UL, ), VIi=(ViVE V), =12,
of problem (1)—(4) in the norm || - ||, as 7 — 0 and h — 0.

Note that for solving the difference scheme (9)—(12) Newton iterative process is used. Various
numerical experiments are done. These experiments agree with theoretical research.

Statements such Theorems 1-3 for (1), (2) type equation are stated in [8]. As it was mentioned
in [8], it is very interesting to looking for assumptions on the data of the considered problem (1)—(4)
that provide the regularity for the solution U(z,t), V(x,t), which is required for obtaining rates of
convergence in Theorems 2 and 3 as well as the optimal rates of convergence. It is important also
to study more general nonlinearities for such kind degenerate and non-degenerate equations and
systems.
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1 Introduction
Consider the second order half-linear differential equation

(p(t)palz")) + q(t)palzr) =0, (HL)

where « is a positive constant, p(t) and ¢(t) are positive, continuously differentiable functions on
[a,00), a 2 0, and ¢, : R — R denotes the odd function defined by

o~ (u) = [u|"sgnu = [u" " u, ueR, y>0,

It is known that all proper solutions of (HL) are either oscillatory, in which case equation (HL)
itself is called oscillatory, or else nonoscillatory, in which case (HL) itself is called nonoscillatory.
Our attention will be focused on oscillatory equations of the form (HL).

Let z(t) be an oscillatory solution of (HL) existing on [a, c0). We denote by {0}72 | (o0 < op41)
the sequence of zeros of z(t), and by {7}32, (7% < Tk+1) the sequence of points at which z(t) takes
on extrema (i.e. local maxima or minima). Naturally, z(ox) = 0 and 2/(7) = 0 for all k. The
values |2'(oy)| and |x(7)| are referred to as the slope and amplitude, respectively, of the k-th wave
of z(t). We use the following notations:

A'la] = sup ()], Asfa] = mfla(m)],  S*a] = Sl;plw’(ak)l» Sila] = inf [z’ (ok)].

An oscillatory solution x(t) of (HL) is bounded if A*[z] < oo, and unbounded if A*[z] = co.
Two cases are possible for a bounded oscillatory solution: either klim |z(7)| = 0 which is equivalent
—00

to lim z(t) = 0, or liminf |z(7%)| > 0 which amounts to A.[z] > 0. In the former case x(t) is called
t—o0 k—o00

a decaying oscillatory solution, while in the latter case x(t) is called an non-decaying oscillatory
solution of (HL).
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Recently, Kusano and Yoshida [1] have shown the existence and the qualitative properties, i.e.,
“amplitudes” and “slopes”, of oscillatory solutions x(t) of the linear differential equation

(p(t)") +q(t)z =0, t=a. (L)

The purpose of this paper is to report to the QUALITDE — 2021 that some of their results can be
extended to half-linear differential equations of the form (HL).

2 Main results

Our first result concerns the estimation of A*[z] and A, [x].

Theorem 2.1. Let (HL) be oscillatory and let x(t) be a solution of it satisfying the initial condition
z(a) =1, 2'(a) =m, (2.1)

where | and m are any given constants such that (I,m) # (0,0).

(i) Suppose that p'(t) =2 0 and ¢'(t) £ 0 fort = a. Then,

1

a a+1 an(a ma+1 =1 .
a5 [HRET @I g 02)
Al 2 [p(a)a{Q(a)!l!a“ +04P(a)\m!°‘“}] T if p(oo) < 0. (2.3)

p(oo)=q(a)

(ii) Suppose that p'(t) <0 and ¢'(t) 2 0 fort = a. Then,

a)a {q(a)l|*+! + ap(a)|m|ot! T
)|t + ap(a)|m|*t a7 .
Ay fz] 2 [q( e ;Eoo]))( m|** ]a if q(o0) < oo. (2.5)

(iii) Suppose that (p(t)éq(t))’ =0 fort = a. Then,

" q(a)[]**! + ap(a)|m|* Ty &
Al £ | o ], (2.6)
Alf] > [p(a)zlx{q(a)\l‘wrll—l— ap(a)|ma+1}]ai1 if p(00) % q(o0) < 0. (2.7)
a p(o0)aq(o0)
(iv) Suppose that (p(t)éq(t))’ <0 fort=a. Then,
Az < [p(a)i{Q(a)!llaH +ap(a)\m|a+1}} Frsy if p(oo)iq(o0) > 0. 28)
B p(00) «q(00)
q(@)[1|**! + ap(a)[m|**1 &
Az] = [ 0 } . (2.9)

Since the constants [ and m in (2.1) are arbitrary, the above inequalities (2.2)—(2.9) guarantee
under the indicated conditions on p(co) and/or g(co) that A*[x] < oo and/or Afz] > 0 for all
solutions z(t) of (HL). Then, A*[zx] < oo gives the boundedness of z(t) on [a, c0) and A*[x] < oo
and A,[z] > 0 imply the non-decaying boundedness of z(t) on [a, c0).
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Corollary 2.1. Suppose that (HL) is oscillatory. All of its solutions are bounded on [a, c0) if p(t)
and q(t) satisfy one of the following conditions:

(i) P/(t) 20, ¢'() 0 fort = a and g(c0) > 0;
(ii) p'(t) =0, ¢'(t) 2 0 for t = a and p(c0) > 0;
(iii) (p(t)=q(t)) 20 fort 2 a;

(iv) (p(t)=q(t)) S0 for t 2 a and p(co)=q(c0) > 0.

Corollary 2.2. Supposet that (HL) is oscillatory. All of its solutions are non-decaying bounded
n [a,00) if p(t) and q(t) satisfy one of the following conditions:

(i) p ()>0 q'(t) £0 fort 2 a and p(cc) < 0o, g(oc) > 0;
(i) P'() 0, ¢(t) Z 0 for t = a and p(c0) > 0, g(c0) < 00;
(iii) (p(t)

(iv) (p(t)=q(t)) <0 for t = a and p(cc)=q(cc) > 0.

The estimation of S*[z] and S[z] are given in the following

% g(t)) 2 0 fort 2 a and p(c0)=g(c0) < 00;

Theorem 2.2. Let (HL) be oscillatory and let x(t) be a solution of it satisfying (2.1).
(i) Suppose that p'(t) 2 0 and ¢'(t) <0 for t = a. Then,
g(a)]l]** + Oép(a)\m!aﬂ} o
ap(a) ’
1
szl > [P@=a(e0){g(@)l]** + ap(a)jm[**1}
ap(00) "aq(a)
(ii) Suppose that p'(t) <0 and ¢'(t) = 0 fort = a. Then,
[p(a);Q(OO){(J(aﬂ”a“ + ap(a)m|**}
1
ap(o0)*aq(a)
g(a)l]** + Oép(a)|m!a+1} art
ap(a) '
(iii) Suppose that p'(t) 2 0 and ¢'(t) = 0 fort = a. Then,
" g(o){q(a)|]**" + ap(a)|m|* T }1ai
S*lx] £ if q(oc0) < o0,
< | op(a)g(a) I i ate
{p@)a {at@uet + ap<a>|m\a+1}} o

1+

S*la] < [

}alﬂ if p(oco) < oo and gq(oo) > 0.

S[z]

A

}Tﬂ if p(co) >0 and g(c0) < 00,

S.a] = [

op(o0) if p(oco0) < oo.

(iv) Suppose that p'(t) £0 and ¢'(t) £ 0 fort = a. Then,

pla)={q(a)]l|]**! + ap(a)|m|*+1}

8] < | paSIEE! | if ploc) >0,
o0 a a+1 anla moz—i—l (%H .
. 2 [ )”C'yp(a);(af( I T ) o

Corollary 2.3. Let (HL) be oscillatory. If p(t) and q(t) are monotone functions such that 0 <
p(00) < 00 and 0 < g(00) < oo, then S*[z] < 0o and Si[x] > 0 for all solutions x(t) of (HL).
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3 Example
Example. Consider the half-linear differential equation
((coth(t + 7))%pa(2"))" + ktanh(t + 7)pa(z) = 0 (3.1)

on [0,00), where 7 2 0 and k > 0 are constants. Equation (3.1) is oscillatory since the functions
p(t) = (coth(t+7))* and ¢(t) = ktanh(¢ + 7) are not integrable on [0, c0). It is clear that p(t) and
q(t) satisty p/(t) £ 0, ¢'(¢t) 2 0, (p(t)éq(t))' =0, p(0) = (coth7)?, p(oco) =1, ¢(0) = ktanh 7 and
q(o0) = k, all nontrivial solutions of equation (3.1) are bounded and non-decaying by (ii) and (iii)
of Corollary 2.2. As regards the estimates for upper and lower amplitudes and upper and lower
slopes of solutions of (3.1), we obtain, for example,

1
Afa] < [cothr 12+ 4 2 (coth )42 m| 1] 7T,
1
Afa] = [ranh 7 117 4+ & (coth 1) m|+ ] =7
from (ii) of Theorem 2.1, and

k 1
Stz = [* coth T|l|a+1 + (coth 7-)0‘+2’m|a+1} a+17

a

k -
S*[a:] Z {7 (tanhT)oHrlmaJrl + ’m‘a+1} F1

e

from (ii) of Theorem 2.2. If in particular 7 = 0 and k& = «, then the upper and lower amplitudes
and slopes coincide, that is,

Afz] = Au[a] = 8*[z] = Sulz] = [JUI*F! + [m[ot1] 7.

This value may well be called the amplitude A[z] and the slope S[x] of the solution z(t) of the
equation

((coth t)o‘gpa(:v'))/ + atanht p,(z) = 0. (3.2)
Notice that (3.2) is reduced to the generalized harmonic oscillator
e d
(Pa(2)) +aga(2) =0, -=——, (3.3)

by means of the change of variables (t,z) — (o, 2) given by ¢ = log(cosht), z(c) = z(t). Equation
(3.3) is known as a differential equation generating a generalized trigonometic function. Its solution
z(0) determined by the initial condition z(0) = 0, 2(0) = 1 is the generalized sine function z = S(0)
which exists on R, is periodic with period 27m,, Tq = O?—Il /sin(;77), and vanishes at o = ko,
k € Z. It follows that (3.2) has an oscillatory solution x(t) = S(log(cosht)) on [0, 00) whose zeros
are located at t, = cosh™(e"™), n = 0,1,2,..., and whose amplitude and slope are given by
Alz] =1 and S[z] = 1, respectively.
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On the plane of independent variables x and y we consider the general system of second-order

linear homogeneous differential equations

Atgy + Bugy + Cuyy + aug + buy + cu = 0,

(1)

where A, B, C, a, b and c are given real N x N matrices and u = (uy,...,uy) is the unknown

N-dimensional real vector. We assume that det C' # 0 and N > 1 is a natural number.

By P(z,y;&,7m) we denote the characteristic determinant of system (1), i.e.

P(%%fﬂ?) := det Q(%% €7n>7

where
Q(z,y;€,m) == Az, y)& + B(z,y)én + C(z,y)n?

and &, n are arbitrary real parameters.
Since det C' # 0, we have the following representation

l
P(z,y;1,A) = det O T [ (A = Xi(=, )™,

i=1
Y ki =2N, I=1(x,y), ki=kizy), i=1,...,1
System (1) is said to be hyperbolic at the point (z,y) if { > 1 and all roots A (z,y),

of the polynomial P(xz,y;1,\) are real (see, e.g., [1,6]).
One can readily show that [1,6]

ki(z,y) > N —rank Q(z,y; 1, \i(z,y)), i=1,...,L
The hyperbolic system (1) is said to be normally hyperbolic at the point (x,y) if

kz(x’y) = N —rank Q(‘T?ya 17)‘Z(xvy))7 L= 17 . -’l-

AT y)

In the formulation of the characteristic Goursat problem for system (1), in contrast to scalar
hyperbolic equations, generally speaking as was shown in [1-4], it can be ill-posed and one should
be careful. In these works there are considered linear second order hyperbolic systems, for which
the corresponding homogeneous characteristic Goursat problem has infinite number of linearly
independent solutions. In the works [1,3-5,7] there are considered the question of the influence of
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lower terms on the correctness of the statement of the Goursat characteristic problem for second

order hyperbolic systems with non-split principal part. As it is investigated in [6], the Goursat and

Darboux first and second type problems for normally hyperbolic systems are well-posed. For the

author until this day it is not known what will happen when in the case of Darboux first problem

the condition of normally hyperbolicity is violated. The presented note is devoted to this question.
Suppose in system (1) that

10 -1 1 0 -1
N—2,A—HO NE B_Hl e C_H_l OH,a—b—C—O,
and thus consider the following system
Ulgy — Ulzpy T U2zy — U2yy = 0, (2)
U2gz + Ulzy — U2zy — Ulyy = 0.

System (2) is hyperbolic, since its characteristic determinate
D) == (A =13\ +1)

has the real roots A =1, A = —1.

By D; (D2) we denote the domain on the plane of independent variables x and y bounded by
the characteristic z —y =0 (z +y = 0), x > 0 of system (2) and by the non-characteristic y = 0,
x > 0.

The Darboux first problem: in the domain D;(D3) find a regular solution u of system (2) under
the conditions

u‘y:$ = fi(x) (u‘y:_w = fa(x) ), x>0, (3)

and
u|y:0 = f37 X Z Oa (4)
where the functions f1,7 =1, ..., 3 are given twice continuously differentiable functions with respect

to their arguments, satisfying the matching conditions: f1(0) = f2(0) = f3(0).
System (2) is rewritten in the following form
ten = 9
Uy =0,

where

E=aty n=r—y @en)=w( T ) G = (S50 S0,

W= Uy + u2, UV:I=1uU; — U.
By integrating system (5), we obtain
(&) = 2¢1(§) + 2p2(n),  0(&,m) = 2np3(§) + 2¢4(8),

where ¢;, 1 = 1,...,4 are arbitrary twice continuously differentiable functions with respect to their
arguments.

Returning to the previous variables, we obtain that the general classical solution of system (2)
has the following form

{ul@c,y) = p1(x+9) + 2o — )+ (@~ w)ps(e + ) +eal + ), ©)
uz(z,y) = p1(x +y) + pa(r —y) = (2 = y)ps(x +y) — palz +y).

Based on formulas (6), we conclude that:
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1) The unique solution of problem (2)—(4) in the domain D; is given by the formulas

we) =5t AR - (55 - B+ )]

()3 [REY R

U2(w,y)=2é+y)[ﬁ($+y) f( ;y) fz(w+y)+f2(ff+y)}

+f12($;ry)—2[f11($

) — fa(z —y) —ff(m—y)],

N+ (25Y) - -0 - B,

2) The corresponding to (2)—(4) homogeneous problem in the domain Dy has infinitely many

linearly independent solutions given by the formulas

ui(z,y) = —ypo(r +y), wa(z,y) =ypo(z+y), ¢o(0)=0,

where g is an arbitrary twice continuously differentiable function with respect to its argu-
ments.

3) The inhomogeneous problem (2)—(4) in the domain Dy is not always solvable for an arbitrary

right-hand side.

Remark. The question of finding the well-posed problems for system (2) is certainly of scientific
interest and will be the subject of further research by the author.
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Semidiscrete systems of equations constitute an important subclass of so-called “hybrid systems”
characterized by the presence of two components in the state space: discrete and continuous.
Intuitively, this means that the dynamics is mostly continuous, but at certain instants is exposed
to abrupt influences. Such systems naturally appear in applications, for example, in biological
and ecological models [10,12] as well as in the control theory [11]. Some models with impulsive
actions [9] are also an important example of semidiscrete problems.

Finally, accounting for stochastic effects is an important part of any realistic approach to model-
ing. For example, in the population dynamics, demographic and ecological stochasticity arises due
to a change in time of factors external to the system, but affecting the survival of the population,
and in control theory, random coefficients can simulate, for example, inaccuracies in measure-
ments. Therefore, the study of hybrid stochastic systems has recently attracted the attention of
many specialists (see e.g. [7] and the references therein).

Let (Q,F, (Ft)t>0,P) be a stochastic basis consisting of a probability space (2, F,P) and an
increasing, right-continuous family (a filtration) (F;)s>0 of complete o-subalgebras of 7. By E we
denote the expectation on this probability space.

To describe semidiscrete systems, we fix a natural number [ (1 <[ < n), for which x1(¢), ..., x;(t)
(t > 0) will be the continuous components of the state vector of the system, while ;41 (s), ..., z,(s)
(s € Ny ={0,1,2,...}) will be its discrete components. In the vector notation it will look as
follows:

Z(t) = col(x1(t),...,x(t)) (t>0), =z(s)=col(zi11(s),...,zn(s)) (s € Ny),
z(t) = col (w1 (t), ..., zi(t), w1 ([t]), ..., zn([t])) (£ >0),
where [t] is the integer part of the number t.

We study the moment exponential stability of solutions of the following system of linear diffe-
rential and difference It6 equations with aftereffect:

G(0) = — 3 Auy (O (0) de + 305 A0y () dBi(t) (¢ > 0),
j=1 i=2 j=1

Fs+1)=F(s) = Y Auls,f)z()h (0.1)

j=—o00

303 A, )2() (Bil(s + k) - Bi(sh)) (s € Ny

1=2 j=—00
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with respect to the initial conditions

z(¢) = ¢(¢) (¢ <0), (0.1a
2(0) = b. 0.1b)
Here

o z(t) = col(z1(t),...,zi(t), xit1([t]), ..., zn([t])) (t > 0) is a n-dimensional unknown stochastic

process;
o Aj;(t) are | x n - matrices (i = 1,...,m, j = 1,...,m;), where the entries of the matrices
Aq4(t), 5 = 1,...,my are progressively measurable scalar stochastic processes on interval
[0, 00) with almost surely (a.s.) locally integrable trajectories, and the entries of the matrices
Aij(t), 1 =2,...,m, j = 1,...,m; are progressively measurable scalar stochastic processes

on [0,00), whose trajectories a.s. locally square-integrable;

j=1,...,m; are Borel measurable functions defined on [0, c0) and such
that h;;(t) < t (t > 0) are almost everywhere Lebesgue measurable for all i = 1,...,m,

e h is some positive real number;

o Ai(s,j) — (n —1) x n are matrices whose entries are Fs-measurable scalar random variables
foralli=1,...,m,s € Ny, j = —o00,...,s;

o () = col(e1(s), .-, 1(s), vir1([s]), - - -, on([s])) (¢ < 0) is a Fp-measurable, n-dimensional
stochastic process with a.s. essentially bounded trajectories;

o b=col(by,...,by,) is a Fo-measurable n-dimensional random variable.

Under these assumptions, the problem (0.1)—(0.16) has a unique global solution.
The moment exponential stability is defined in

Definition 0.1. System (0.1) is called exponentially g-stable with respect to the initial data if
there are positive numbers ¢, A such that all solutions z(t,b, ) (t € (—o0,00)) of the initial value
problem (0.1), (0.1a), (0.1b) satisfy the estimate

(Bla(t, b)) " < cexp{-Xt}((BIb]7) /" + esssupcq (Elip(s)[1) /) (¢ = 0).

The next definition is used in the main result of the paper.

Definition 0.2. An invertible matrix B = (b;;);"_; is called positive invertible if all elements of
the matrix B~! are positive.

According to [3], the matrix B will be positive invertible if b;; < 0 for 4,5 = 1,...,m, i # j
and all diagonal minors of the matrix B are positive. In particular, matrices with strict diagonal
dominance and non-positive off-diagonal elements are positive invertible.

1 Sufficient stability conditions

In this section we use a special constant c,, which is defined in
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Lemma. For any scalar, progressive measurable stochastic process f(s)

(7 O/ £(s) dB(c) ) <a(5( / ) )" (1)

where ¢, is some number depending on p > 1. Here B(s) is the scalar Wiener process.

Estimate (1.1) follows from the inequality given in the monograph [8, p. 65], where the formulas
for ¢, can also be found.

Let u be the Lebesgue measure on [0, 00). Consider three groups of conditions on the coefficients
of System (0.1).

Assume that

o there exist numbers 7;; > 0,i=1,...,m, j =1,...,m; such that 0 <t — hy;(t) < 75 (t > 0)
p-almost everywhere for all these indices;

e there exist numbers 62{; >0,i=1,....m,j=1,....m;, k=1,...,1, r=1,...,n such that
|a2, )] <a *” | (t > 0) P x p-almost everywhere for all these indices.

In addition, assume that there exist Ay > 0, k = 1,...,n, for which

« the diagonal entries of the matrices A;(s,s) (s € Ny) can be represented as a}, (s,s) + Ag
(seNy),k=1l+1,...,n

o > a,ljg( ) > A (t > 0) P x p-almost everywhere (kK = 1,...,1) and some subsets I C
JEly
{1,...,777,1},]{7:1,...,[;

e O0< Nh<1lifk=1+1,...,n

Finally, assume that there exist numbers d; € Ny, ¢ = 1,...,m, for which

e the entries of the matrices A( j) are equal to 0 P-almost everywhere for all s € Ny,
J=-00,...,8—d; —1,1=1,...,m;

|a§€r(s,j)| < E,ir(s,j) P-almost everywhere forallt=1,....,m, k=1+1,...,n,r=1,...,n,

s€ Ny, j=s—d;,...,s and, in addition,

sup Z akTTj)<OO forall i=1,...,m, k=1+1,....,n, r=1,...,n,

T€N+] v (7_)

where v;(7) =0if 0 <7 < d; and (1) =7 — d; if 7 > d;.

The entries of the n x n-matrix C' are defined by

1 4 m  my; mi
Ckk:)\k<Zali]g<zakk7—1]+cpzzakr Tl) > a,i,i)

jel v=1 =2 v=1 j=1,7e{1,....m1}/I
m m;
m g E akk, =1,...,1,
=2 j=1

m my
e (pr i m)3)

JEIk i=2 v=1
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m  m;
al =1,...,0, r=1,....,n, k#r,
=2 j=1
ckr:)\ (hsup ZakrTj +cp thup Zakrv'])
TENY j—ui(7) i=2 TN 5

The above assumptions enable us to formulate the main result of this paper.

Theorem. If the matriz E — C' is positive invertible, then System (0.1) is exponentially 2p-stable
with respect to the initial data, i.e. in the sense of Definition 0.1. Moreover, the exponential decay
rate A of all solutions can be estimated as

0<A<min{), i=1,...,05; =In(1 = Nh), i=1+1,...,n}. (1.2)

The proof of the theorem is based on the regularization method, also known as a method of
model (auxiliary) equations or “N. V. Azbelev’s W-method”, see the monographs [1,2] and the
references therein. This approach has proven to be efficient in the theory of stochastic differential
[4] and difference [5] equations. The main idea of the method is to replace functionals on the
space of trajectories of solutions by the so-called “model” equation that already has the necessary
property of stability and which is used to regularize the initial equation. Checking stability of the
latter amounts, then, to estimating the norm of a certain integral operator or checking a positive
invertibility of some matrix. The latter version of the W-method was developed in [6].

2 An example

Consider a semidiscrete system of stochastic equations with constant coefficients and bounded
delays of the form:

ZAU z(t — hij) dt+ZZA”a: — hij)dB;(t) (t>0),
= 2] 1
. s (2.1)
Fs+1)=3(s)— A1 > x()h+ ZA > 2(j)(Bil(s + 1)h) — Bi(sh)) (s € Ny),
j=s—d1 =2 j=s—d;
where A;; = (a,kr)i’; pi=1,...,m,j=1,...,m; are real | x n-matrices and A; = (az’r‘)Z:l—‘rl,T:l’
1=1,...,mare real (n—1) x n-matrices, and h;; > 0,7 =1,...,m, j = 1,...,m; are real numbers,
my .
h > 0 is some (sufficiently small) real number. Put also >’ a,li =a, k=1,...,1 an define the

j=1
entries of the n x n-matrix C as follows:

mi )
Ckk:;ZMIICgc (Z’akk\hly“‘cpgzlfakr’ﬁ) . L c k=100
— ) v =2 j=
Ckr:al<Z|a (Z’akr‘hlj +CPZZ‘%T|\/H)+Z‘“ >
i=2 v=1

m  m;

MZZ’“ =1,...,0, r=1,...,n, k#nr,

=2 j=1
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Ckk = ——FF—
akk\/E i=2

Ckr = 1
1
Dk aVh o

Then from Theorem we can deduce the following

C(di—i-l)m i
= pl Z\akk], k:1+1,,l,

m

dy + 1)|a} di +1 ]
(1+ )’ak’r"{‘cp( i )Z’a’;ﬂr‘v ]{3:1+1,,l, T:]‘""’n’ k#r

Proposition. Ifa >0, k=1,...,1, a,lgk >0,k=14+1,...,n, and the matriz E — C is positively
invertible, then system (2.1) is exponentially 2p-stable with respect to the initial data.

In particular, we obtain

Corollary. Let n =2, 1 =1 in system (2.1) and let the entries c;;, 1,5 = 1,2 of the 2 x 2-matriz
C' be defined as described right before Proposition. If now 1 —c11 > 0; (1 — e11)(1 — ca2) > c12¢91,
then system (2.1) is exponentially 2p-stable with respect to the initial data.

The corollary follows from Proposition and from the fact that under the conditions of the

corollary the 2 x 2-matrix E — C is positive invertible, since its diagonal minors are positive.
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Differential equations on time scales were introduced by S. Hilger in [9]. His approach gave a
possibility to unified theory for both discrete and continuous analysis. The theory was thoroughly
stated in [1,2]. The behavior of the solutions of the dynamic equations, defined on a family of
time scales T when graininess function gy — 0 as A — 0 is of interest for study. In this case
intervals of the time scale [to,t1]x = [to,t1] N Ty approach [to,t1] (e.g. in the Hausdorff metric).
The question arises about relation between properties of the solutions of equations on time scales
and the solutions of boundary equations which are ordinary differential ones. It is obviously, on
the finite time intervals it is not complicated to establish the convergence of solutions of dynamical
equations to the corresponding solutions of differential equations. However, in case of infinite
intervals this problem is not trivial.

This work is devoted to the study of existence of a bounded solution of the differential equation,
defined on a family of time scales T provided the graininess function p) converges to zero as A — 0.
This work extends the results of [12] about the relation between the existence of bounded solutions
of differential equations and the corresponding difference equations to the case of general time scales.
The main difficulty here is to obtain estimation between the solutions of differential equation and
its analog for the time scale for any T). This makes this analysis significantly different from [12],
where only special case for T = Z was obtained.

Note, the question about existence of the two-sided solutions for dynamical equations on time
scales is not trivial by itself. In comparison with the classic theorem about existence of solutions
of the system of ordinary differential equations, where local both sides existence with respect to
initial point holds, for the equations on time scales it is more complicated. To extend the solution
to the left it is necessary the very strong regression condition holds [5]. Here we got the existence
of the two-sided global bounded solution without using regression condition.

The proof of the theorems requires continuous dependence of the solutions on initial data
uniformly over all time scales. It does not influence, for example, from [10], where investigation
was on the fixed scale. This question is not trivial due to the topological complexity of the time
scale.

The relation between properties also of the solutions of the system of ordinary differential
equation and the solutions of equations on Eulerian time scales was studied before.

The paper [3] showed that the solutions of differential and the corresponding difference equations
have the same oscillatory properties. The relation between stability and attractors of differential
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and difference equations was studied in [7]. The relation between optimal control of the systems of
ordinary differential equations and dynamical equations on time scales considered in [4,6,11].
Let present few concepts from the monograph [1], which are used here.

Time scale T is an arbitrary, non-empty, closed subset of the real axis. For every A C R, we
denote Ap = ANT.

Define the forward and backward jump operators as o,p: T — T by o(t) =inf{s € T : s >t}
and p(t) =sup{s € T: s <t} (supplemented by inf & := sup T and sup @ := inf T).

The graininess function p : T — [0, 00) is defined by u(t) = o(t) —t. A point ¢ € T is called
left-dense (LD) (left-scattered (LS), right-dense (RD) or right-scattered (RS)) if p(t) =t (p(t) < t,
o(t) =t or o(t) > t) hold. If T has a left-scattered maximum M, then we define TF = T \ {M};
otherwise, we set T* = T.

A function f : T — R? is said to be A-differentiable at t € T* if the limit

£3(6) — i 12 = £(9)

st o(t)—s

exists in RY.
Consider the following system of differential equations

dz
— = X(t 1
= X(12), 1)
teR, z € D, D is a domain in R?.

Consider the set of time scales T and system (1) defined on T}

23 () = X (t, @), 2)

where t € Ty, z) : Ty — R, 22(¢) be delta derivative 22 for a function z(¢) defined on T,
infTy = —o00, supTy =00, A € A CR, and A =0 is a limit point of A.

Assume that the function X (¢, x) is continuously differentiable and bounded together with its
partial derivatives, i.e. 3C' > 0 such that

8X(1;,x) ’ n H@X(t, x)

X(t2) + |5 o

< g

fort € R, x € D, where %—f is the corresponding Jacobi matrix.

Let py = sup ux(t), where the graininess function py: Ty — [0,00). Obviously, if ux(t) — 0
teTy

when A — 0, then T) coincide (for example, in the Hausdorff metric) to a continuous time scale
Ty = R (according classification [8]).
The following theorem holds.

Theorem 1. Let system (1) has a bounded on R, asymptotically stable uniformly in ty € R solution
x(t), which lies in the domain D with some p-neighborhood. Then there exists A\g > 0 such that for
all A < X\ system (2) has a bounded on Ty solution z(t).

Theorem 2. If there exists Ay > 0 such that for all A\ < Ao system (2) has an asymptotically stable
uniformly in ty € Ty and X bounded on axis solution x)(t), which lies in the domain D with some
p-neighborhood, then system (1) has a bounded on azis solution.
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In the space R™*! of the variables x = (x1,...,%,) and ¢, we consider the semilinear hyperbolic
system of the form
DQUi + fi(ul, UD,y oo ,uN) = Fi(.l‘,t), i1=1,..., N, (1)
where f = (f1,...,fn), F = (Fi1,...,Fn) are the given, and u = (uy,...,uy) is an unknown real
n
vector function, n > 2, N > 2, [0 := g—; —A A=) 88;2.
i=1"1

For the system (1) we consider the boundary value problem: find in the cylindrical domain
D7 :=Q x (0,T), where Q is an open Lipschitz domain in R", a solution u = u(z,t) of that system
according to the boundary conditions

ou
u = N —_— = 07 2
‘aDT ov IBDT (2)
where v = (v1,...,VUn, Vny1) is the unit vector of the outer normal to 9 Dyp.

Let 5
k(P — () - _ogu _
C*(Dr,8Dr) = {u e C*(Dr) : ul,,, = 31/‘8DT - o}, k> 2.
Assume u € C*(Dr, D7) is a classical solution of the problem (1), (2). Multiplying both parts

o R
of the system (1) scalarly by an arbitrary vector function ¢ = (¢1,...,¢n) € C*(D7,0Dr) and
integrating the obtained equation by parts over the domain Dy, we obtain

/DuDgpdwdt—l—/f(u)gpdmdt:/ngda:dt. (3)
Dr Dr Dy

When deducing (3), we have used the equality

_ dp 9 2
/DuDgodxdt— / B—NDuds— / @MDuds—l—/wD u dx dt,
DT 8DT BDT DT

where
0 0 - 0
B Ui —
oN — "ot ; ' O
is the derivative with respect to the conormal, as well as the equalities

Oy

o) _ o Op _ 9 Li=00x0.7), ¢lop, =30, =

ONIr — ovir’ ONloppr  ovlopa\r
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[¢]
Introduce the Hilbert space W%E (Dr) as a completion with respect to the norm

W8y = [ 10 (G2 435 (22 0] e o

T

of the classical space C?(D7,dDr). It follows from (4) that if u € W%’D(DT), then u € Wi(Dr)
and Ou € La(Dr). Here W) (Dr) is the well-known Sobolev space consisting of the elements of

Lo(D7), having the first order generalized derivatives from Lo(D7) and W(Dr) = {u € W}(Dr) :
ulpp, = 0}, where the equality u|gp, = 0 is understood in the trace theory.

Below, on the nonlinear vector function f = (f1,..., fn) from (1) we impose the following
requirement
feCRY), [f(u)] <M+ Mpful*, uveR", (5)
where | - | is the norm of the space R™ and M; = const >0, i = 1,2, and
n+1
0<a= t : 6
< a=const < —— (6)

Remark 1. The embedding operator I : Wi(Dr) — Ly(Dr) is a linear continuous compact

operator for 1 < ¢ < M and n > 1. At the same time, the Nemytsky operator K : Ly(Dr) —
Lo(Dr), acting accordlng to the formula K(u) = f(u), where v = (u1,...,un) € Lo(Dr) and the
vector function f = (fi,..., fn) satisfies the condition (5), is continuous and bounded if ¢ > 2a.
Therefore, if o < ”+1 , then there exists a number ¢ such that 1 < ¢ < @ and ¢ > 2a. Thus,
in this case the operator

Ko =KI :W;3(Dr) — Lao(Dr)

is continuous and compact. Moreover, from u € W3 (D7) it follows that f(u) € Lao(Dr) and, if
u™ — u in the space Wy (Dr), then f(u™) — f(u) in the space La(Dr).
Definition 1. Let the vector function f satisfy the conditions (5) and (6), F' € Lo(Dr). The

vector function u € W%,D(DT) is said to be a weak generalized solution of the problem (1), (2), if

for any vector function ¢ = (¢1,...,¢n) € W;D(DT) the integral equality (3) is valid, i.e.

/Dchp dx dt + / fu)p dedt = /Fgo dedt Vo e W%E(DT). (7)
Drp Dt Dy

Notice that in view of Remark 1 the integral [ f(u)¢ dxzdt in the equality (7) is defined
Dt

correctly, since from u € W%’D(DT) it follows f(u) € Lo(Dy) and, therefore, f(u)p € Li(Dr).
It is not difficult to verify that if the solution u of the problem (1), (2) belongs to the class

C*(Dr,0Dr) in the sense of Definition 1, then it will also be a classical solution of this problem.

Consider the following condition

lim inf uf ()

ful—oo ||ul R

> 0. (8)

Theorem 1. Let the conditions (5), (6) and (8) be fulfilled. Then for any F' € La(Dr) the problem

(1), (2) has at least one weak generalized solution u € W%,D(DT).
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Remark 2. If the conditions of Theorem 1 are fulfilled and the Nemytsky operator K(u) = f(u) :
RY — RY is monotonic, i.e.

(K(u) = K(v)) - (u—v) >0 Vu,v € RY, (9)
then there will hold the uniqueness of the solution of this problem.

Thus, the following theorem is valid.

Theorem 2. Let the conditions (5), (6) and (8), (9) be fulfilled. Then for any F € La(Dr) the

problem (1), (2) has a unique weak generalized solution in the space W%7D(DT).

Remark 3. The condition (9) will be fulfilled if f € C'(R") and the matrix A = (gf:; WN_, s
defined non-negatively, i.e.

= Of N
Z (WﬁzﬁgZO ng(glv"'aé.N)ﬂ U:(Ul,...,UN)GR .

uj

QD

,j=1

As the examples show, if the conditions imposed on the nonlinear vector function f are violated,
then the problem (1), (2) may not have a solution. For example, if

N

fi(uh...,uN) = Zaij\uﬂﬁ“ +bi, 1= 1,...,N,
7=1

where constant numbers a;;, 3;; and b; satisfy inequalities

N
n+1
CLU>0, 1<5z]<m, Zb2>0,

i=1
then the condition (8) will be violated and the problem (1), (2) will not have a solution u €
) N
Wi o(Dr) for F = pF°, where F° = (F{,...,F{) € La(Dr), G = Y F? < 0; |G|l 1ypyy # O for
i=1
> o = po(G, Bij) = const > 0.
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1 Introduction

There are many approaches for investigation of control problems for differential equations and
inclusions, in particular, asymptotic methods are widely applied. It is worth to emphasize the
averaging method, for which M. M. Krylov and M. M. Bogolyubov proposed the strict mathematical
justification. In works of V. A. Plotnikov and works of his school (see, for example, [12]) there is the
strict justification of the averaging method in application to control problems. In monograph [13]
one ca find a justification of the averaging method, in particular, for ordinary differential inclusions,
partial differential inclusions, inclusions with Hukuhara derivative. In the paper [11] the time
averaging was performed firstly, where time is clearly included in the system, at that the control
function was considered a parameter and averaging was not performed on it. Moreover, the authors
had to impose a condition of asymptotic stability for the control function. In the paper [5] the
approach from [11] is applied to the solvability of the optimal control problem on finite interval,
but however, the rather strict condition of asymptotic stability is removed. In the paper [6] similar
results to [5] are obtained on semi-axis. In the paper [7] authors apply the averaging method
to solve the optimal control problem with fast-oscillating variables which is linear by control on
a finite interval; at that the system of differential inclusions with Lipschitz right-hand side by
phase variable. Optimal control problems on semi-axis in different perturbed problems are studied
in [3,4,8-11,14,15].

In this work we apply the averaging method to investigate the optimal control problem with fast
oscillating variables for the system of differential inclusions on semi-axis. In particular, we prove
the solvability of original problem as well as averaged problem using the direct method of calculus
of variations. We justify the convergence of optimal controls and optimal trajectories of solutions
of original problem to optimal control and optimal trajectory of solutions of averaged problem.
We show that optimal control of averaged problem is asymptotically optimal for the original exact
problem.

2 Statement of the problem and the main results

Let us consider an optimal control problem for the system of differential inclusions on semi-axis
with a small parameter and fast-oscillating coefficients

ie f(é @)+ Alut), 2(0,u(0)) = o (2.1)
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with the quality criterion
/ e At 2o (t)) + u?(t)) dt — inf. (2.2)
0

Here € > 0 is a small parameter, 7 > 0 is a fixed constant that defines discount, x is a phase
vector in RY, u(t) is m-measurable control vector which takes values in some set U C R™.
Let there be an uniformly by z € R? averaged value for a multi-valued function

s

lim f(t,x)dt = fo(x), (2.3)

s—00 8
0

where the integral of multi-valued function we consider in the sense of Aumann [1], and the limit
of multi-valued function we consider in the sense of Hausdorf.
The optimal control problem on semi-axis (2.1), (2.2) is matched by the average control problem:

g€ foly) + fr(yul(t), y(0,u(0)) = o (2.4)

with the quality criterion

(e 7' A(t, y(t)) + u?(t)) dt — inf. (2.5)

Let for the problem (2.1),(2.2) and the corresponding average problem (2.4),(2.5) the next
conditions are satisfied:

Condition 2.1. We consider m-measurable vector-functions u(-) € Ls([0, 00)), which takes values
in closed convex set U C R™ as admissible controls, and we consider that 0 € U as well.

Condition 2.2. The function A(t,s) is defined for ¢ > 0,2 € R% u € U, measurable by ¢ and
continuous by x, at that
3C>0: A(t,x) > -C,

and satisfies the next growth condition by = € R%:
3K >0: [A(t,z)| < K(1+ |zP)
foreachtZOandxeRd,pZO.

Condition 2.3. The multi-valued function f(¢t,z) (f : @ = {t > 0, * € R?} — conv(R%)) is
defined and continuous in the Hausdorf metrics over the set of variables in (), and matrix-valued
function fi(z) is continuous by z € R? and the next conditions are fulfilled:

(1) f(t,x) satisfies the linear growth condition by x with constants L; and Ls in the domain @,
namely,
If (&, 2)ll4 := sup [|€]| < Ly + Lofa|  V(t,2) € Q;
§EF (t,x)
f1(z) satisfies the linear growth condition by 2 in the domain R? with constants Lz and Ly,
namely,

[f1(2)] < L3 + Lafz],

where
J > Lop; (2.6)
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(2) f(t,x) and fi(zx) satisfy Lipschitz condition by x uniformly by ¢ in the definition domain with
K1, K5 > 0, respectively.

Condition 2.4. The averaged value of multi-valued function f in the sense of limit (2.3) is a
single-valued continuous function.

Taking into account conditions for parameters of problem we can obtain the result concerning
solvability of problem (2.1),(2.2). Namely, we have the next

Lemma 1. Under Conditions 2.1, 2.2, 2.3 there exists a solution of the optimal control problem
(2.1),(2.2).

Taking into account the previous Lemma, we can obtain the similar result about the solvability
of the averaged problem (2.4), (2.5).

In the next result we show the convergence of optimal controls, optimal trajectories and optimal
values of quality criterion of the original problem (2.1),(2.2) to corresponding parameters of the
averaged problem (2.4), (2.5).

Theorem 1. Let (z}(t),u(t)) be the solution of the problem (2.1),(2.2). Then for some solution
(y*(t),u*(t)) of problem (2.4),(2.5) we have:

(1) JX = J§, e > 0and Jf =inf € E1J [z, u], J§ = ( iI)lf Jolz,u], E1, Eg are sets of admissible
z,u T,u)EE2
pairs for problems (2.1),(2.2) and (2.4), (2.5), respectively.
(2) for each n > 0 there exists eg = €o(n) such that 0 < e < g9 we have
|JE = Tk, ut]] <, (2.7)
where x¥ is the solution of Cauchy problem (2.1);

(3) there exists a sequence €, — 0, n — oo such that

*

xz, = y(t) (2.8)

uniformly on each interval [0,T] for any T > 0, and

weakly in La(]0,00)).
If, moreover, there exists a unique solution of the averaged problem (2.4), (2.5), then the convergences
(2.8), (2.9) take place for all e — 0.
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On a finite open interval ]a, b[, we consider the linear differential equation
u" = p(t)u+ q(t)

with the boundary conditions

k
ulat) =0, u'(at)=0, > Lu®(b-)=
1=0

Here
ke{0,1,2}, ¢,>0 (i=0,...,k), £, >0,

while p and ¢ :]a,b[ — R are measurable functions such that

b b

/(t —a)?(b—t)27Fp(t)| dt < 400, /(t —a)(b—t)2F|g(t)| dt < +oo0.

a a

3)

We are mainly interested in the case where the functions p and ¢ have nonintegrable singularities

at the boundary points of the interval |a, b[, i.e. the case, where

b

[ (w0 +lato) i = o

a

However, the results below on the unique solvability of problem (1), (2) are new also for the regular

case when the functions p and ¢ are integrable on [a, b].
To formulate the above mentioned results, we need the following notation.

k _t2z

Z (2 —1)! é/z

1=

% (An(s)(t—a)? — (t—5)?) for a<s<t<b,
gi(t,s) = 1
iAk(S)(t—a)2 for a <t <s<b,
7“0(04) =1, 7‘1(04) _ EO(b - a) + (Oé + 3)51

Eo(b — a) + 244 ’
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lo(b—a)? + (a+3)l1(b—a) + (a +3)(a+ 2)ly
fo(b — a)2 + 244 (b — CL) + 245 ’
(a+1)(a+2)(a+3)
re(@)(b — )t — (t —a) !

p-(t) = (Ip(®)] - p(1)) /2.

In [1] it is stated that problem (1), (2) is uniquely solvable if and only if the homogeneous problem

ro(a) =

pr(t;a) = (t—a)*? for 0<t<b, a>-1,

u" = p(t)u (1p)

under the boundary conditions (2) has only a trivial solution. Based on this fact the following
theorem is proved.

Theorem. Let there exist a continuous function w :]a,b[— ]a,b[ such that along with (3) the
following conditions

b

sup { / gl;jz;;) w(s)p—(s)ds: a<t< b} <1, (4)
lilgri}iglf (tw_(ta))2 > 0, ligriiglf& >0 (5)

hold, where my = (1 — k+ |1 — k|)/2. Then problem (1), (2) has a unique solution.
Corollary 1. If for some o > —1 along with (3) the conditions
p(t) = —pr(t;a) for a <t <b, (6)
mes {¢ €]a,b[: p(t) > —pi(t;a)} >0 (7)
hold, then problem (1), (2) has a unique solution.
Corollary 2. If along with (3) the condition

b

/ (t— a)?Ax(t)p_(t)dt <2 (8)

holds, then problem (1), (2) has a unique solution.

Remark 1. In the above formulated theorem, inequality (4) is unimprovable and it cannot be
replaced by the nonstrict inequality

sup { /b 96ll:5) (Vp (s)ds: a<t< b} <1 ()

w(t)

a

Indeed, if
p(t) = —pr(tia),  wt) = (re(@)(b— )™ — (b= 1)) (¢ - a)?,

where a > —1, then inequalities (5) are satisfied, while inequality (4) is violated instead of which
inequality (9) holds. On the other hand, in this case the homogeneous problem (1p),(2) has a
nontrivial solution u(t) = w(t) and, consequently, problem (1),(2) is not uniquely solvable no
matter how the function q is.
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Remark 2. The strict inequality (7) in Corollary 1 cannot be replaced by the nonstrict one since
if p(t) = —pi(t; @), then the homogeneous problem (1p), (2) has a nontrivial solution.

Remark 3. In the case, where k € {1, 2}, the strict inequality (8) in Corollary 2 cannot be replaced

by the condition
b

/ (t— a)2An(t)p_(t) dt < 2+ (10)

a

no matter how small € > 0 is. Indeed, if p(t) = —pg(t; o) and a > 0 is so large that
2
re(a) > 1+ -

then inequality (8) is violated but inequality (9) holds. On the other hand, as we already mentioned
above, in this case the homogeneous problem (1p), (2) has a nontrivilal solution.

Particular cases of the boundary conditions (2) are the Dirichlet boundary conditions
u(la+) =0, u'(a+)=0, wulb—)=0, (20)

and the Nicoletti boundary conditions

For problem (1), (2;) (k = 0,1,2), a pair of conditions (6), (7) has one of the following three forms:

(a4 1)(a+2)(a+3)

—2
(b—aptt—(t—aqpr -7 fora<i<h, (60)

p(t) = —

mes {t €la,b[: (t—a)* p(t) > — (éa_—l;)liio; i_ (22(_04:)—0{321 } > 05 (7o)
p(t) > — 2a+ e +2)(a+3) (t—a)* 2 for a<t<b, (61)

(a+3)(b—a)*tl —2(t —a)ot!

mes {t €la,bl: (t—a)* p(t) > — @ +23()0¢(b—|—_131()3; 2_)(20&_‘__33)&“ } > 05 (71)
2@+ 1) (a+2)(a+3)

(05 2)(a+8)(b— a1 — 2t — )it
2@+ 1) (a+2)(a+3)

(a+2)(a+3)(b—a)tl —2(t—a

t—a)* 2 for a <t<b, (62)

p(t)

Y

mes {t €la,b[: (t—a)* p(t) > — )a+1} > 0. (72)

Corollary 3. Let for some k € {0, 1,2} along with (3) conditions (6) and (7)) be satisfied. Then
problem (1), (2x) has a unique solution.

Corollary 4. If for some k € {0,1,2} along with (3) the condition

b
/(t — ) (b— )2 Fp_ (1) dt < 2(b— a)2F (1)

is satisfied, then problem (1), (2k) has a unique solution.
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Remark 4. The strict inequality (7;) in Corollary 3 cannot be replaced by the nonstrict one, while
inequality (11) in Corollary 4 for some k € {1,2} cannot be replaced by the inequality

b
/(t —a)?(b—t)>Fp_(t)dt < (2+¢)(b—a)**

a

no matter how small € > 0 is.
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In the present report, we give necessary and sufficient conditions for the nonoscillation and
strong nonoscillation of second order singular linear homogeneous differential equations. These
results are new for differential equations with continuous coefficients as well and generalize the
classical results by Lyapunov [6], Hartman and Wintner [2], and Vallée Poussin [7]. They also
generalize the theorems on the nonoscillation of singular differential equations given in the papers
[1,3,5] and in our report [4].

On a finite open interval ]a, b[, we consider the differential equation

u”(t) = pr(t)ult) + p2(t)u (1), (1)

where p1,p2 :]a, b[— R are measurable functions, satisfying one of the following three conditions:

b
/ ((t = &)lps ()] + Ip2(t)]) dt < +o0, 21)

ab
/ (6= )lpr(®)] + [pa(8)]) dt < +oc, (22)

b a
/ (¢ — a)(b — Blpr (8)] + [pa()]) dt < +oo. (3)

a

We do not exclude the case, where
b
[ ]t =+,
a

i.e. the case when the function p; has nonintegrable singularity at least at one of the boundary
points of the interval ]a, b[. In such case equation (1) is said to be singular.

A continuously differentiable function u : |a, b — R is said to be a solution to equation (1) if
its first derivative is absolutely continuous on every closed interval contained in ]a, b[ and equation
(1) is satisfied almost everywhere in |a, [ .
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We assume that the values of a solution to equation (1) and its derivative at the points a and
b are the corresponding one-sided limits of those functions if such limits exist.

It is well-known [5] that if condition (3) is satisfied, then any solution to equation (1) has finite
right and left limits at the points a and b, and if the right limit (the left limit) of this solution is
zero at the point a (at the point b), then its first derivative has a finite right (left) limit at the
point a (at the point b).

Definition 1. Equation (1) is said to be nonoscillatory on the interval [a, b] if its every solution
has no more than one zero on that interval.

Definition 2. Equation (1) is said to be strongly nonoscillatory from the right (strongly
nonoscillatory from the left) on the interval [a,b] if for any to € [a,b[ (for any ¢y €]a,b]), an
arbitrary nontrivial solution u to equation (1), satisfying the condition

u(to) = 0,
satisfies also the inequality
W) #0 for tg<t<b (u'(t)#0 for a <t <t).
We use the following notation.

|zl 4

[$]+ 92 s

If w :]a,b[— R is a differentiable function, then

I
=
N
=4
+

hi(p1, p2, w)(t) [p2(1)]_w'(1),
ha(p1, p2, w)(t) = [p1(B)]_w(t) — [p2()], ' (t).

Theorem 1y. Let condition (21) hold and let there exist a continuously differentiable function
w: [a,b] = [0, +00[ such that

b
w(a) =0, w'(t) >0, /hl(pl,pQ,w)(s) ds <w'(t) for a<t<b, (41)
A
. 1\P1, P2, W)(S
hntrf;lp/w/(t)ds < 1. (51)

Then the differential equation (1) is strongly nonoscillatory from the right on [a,b].

Theorem 13. Let condition (23) hold and let there exist a continuously differentiable function
w : [a,b] = [0,400[ such that

t

w(b) =0, w'(t) <0, /ha(phpa,w)(S) ds < |w'(t)] for a <t <b, (42)
t
. h?(p17p27w)(8)
hr;lj;lp/ st < 1. (52)

a

Then the differential equation (1) is strongly nonoscillatory from the left on [a,b].
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Theorem 21. Let along with condition (21) the condition
p1(t) <0, po(t) <0 for a<t<b (61)

hold. Then for the differential equation (1) to be strongly nonoscillatory from the right on [a,b],
necessary and sufficient is the existence of such a continuously differentiable function w : [a,b] —
[0, 4+00[, which satisfies conditions (41) and (51).

Theorem 23. Let along with condition (22) the condition
p1(t) <0, pa(t) 20 for a <t <b (62)

hold. Then for the differential equation (1) to be strongly nonoscillatory from the left on [a,b],
necessary and sufficient is the existence of such a continuously differentiable function w : [a,b] —
[0, +00], which satisfies conditions (42) and (52).

Theorems 1; and 15 yield unimprovable effective conditions guaranteeing the strong nonoscil-
lation from the right and left of the differential equation (1) on the interval [a,b]. Namely, the
following statements are valid.

Corollary 11. Let along with condition (21) one of the following three conditions hold:

b

/«rwmmm_+mw»JﬁSL (7)

a

nt) > — e :\1;)?5&:261)_“@ e po(t) > —Xo(t —a)*™! for a<t<b, (8

p1(t) > =Ly, pa(t) > —Lly for a <t <D, (91)

where o > —2, while \; and {; (i =1,2) are nonnegative constants such that

A1

013 +(b—a)*X < a+2, (10)
+o00
[ -
0 + by + 22 '
0

Then the differential equation (1) is strongly nonoscillatory from the right on [a,b].
Corollary 12. Let along with condition (22) one of the following three conditions hold:

b

/«%ﬁme+mwmﬁ§L (72)

a

A(b—1t)¢
D1 (t) > — (Od + 3)(b _1a()a+2t)_ (b _ t)a+2 ) pg(t) < )‘2(b - t)a+2 fOT a<t< b’ (82)
pi(t) > =41, pa(t) <Ly for a<t<b, (92)

where o > —2, while \; and ¢; (i = 1,2) are nonnegative constants satisfying inequalities (10) and
(11). Then the differential equation (1) is strongly nonoscillatory from the left on |a,b].

Remark 1. In the right-hand sides of inequalities (71) and (72), 1 cannot be replaced by 1 + ¢
no matter how small € > 0 is, and the strict inequalities (10) and (11) cannot be replaced by the
non-strict ones.
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Theorem 3. Let condition (3) hold and there exist a number to € |a,b[ and continuously differen-
tiable functions w; : [a,to] — [0, +00[, wa : [to,b] — [0, +o0[ such that

to
wi(a) =0, wi(t) >0, /hl(pl,pg,wl)(s) ds < wi(t) for a <t <to, (12)
t
t
U)Q(b) =0, wé(t) <0, /hg(pl,pg,wg)(s) ds < |wl2(t)| for tg <t <0, (13)
to
to b t L
limsup/ 1(p1,132,w1)(s) ds + limsup/ 2(p1’122’w2)(3) ds < 2. (14)
tto wi (t) t—to [wy(t)]

0
Then the differential equation (1) is nonoscillatory on |a,b].

Theorem 4. If

b
PO <0 pa)=0 for a<t<b [(t-almo]d<-+o0

a

then for the differential equation (1) to be nonoscillatory on [a,b], necessary and sufficient is the
existence of such a numberty € |a, b and continuously differentiable functions wy : [a,to] — [0, +00[,
wy : [to, b] = [0, 400[, which satisfy conditions (12)—(14).

Corollary 2. Let along with inequality (3), for some ty € |a, b one of the following three conditions
hold:

to b

/w-wmw]+mwmwSL /WFUM@]+M@M£SL (15)
pi(t) > — Ay po(t) = —Miz for a <t < to,

(2tg —a—t)(t—a)’
A21
> _
U (e TR
pi1(t) > —li1, p2(t) > —lia for a <t <tyg, pi(t) > —la1, pa(t) <Llap for to <t <b,  (17)

p2(t) <Aoo for tog <t <b,

where \ir, and Ly, (i,k = 1,2) are nonnegative constants such that

A1+ Q(to — a))\lg <2, A1+ 2(b — to))\gg < 2, (18)
+00 d +oo d
X X
—— > 1ty —a, ——— > b—tp. 19
/ 01 + lrox + 22 04 / loq + boox + 22 0 (19)
0 0

Then the differential equation (1) is nonoscillatory on [a,b].

Remark 2. In the right-hand sides of inequalities (15), 1 cannot be replaced by 1 + £ no matter
how small £ > 0 is, and the strict inequalities (18) and (19) cannot be replaced by the non-strict
ones.
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If
b
(20 e+ ) e < 1. (20)

then there exists ¢y € |a, b[ such that inequalities (15) are satisfied.
On the other hand, it is obvious that if for some nonnegative constants ¢; and ¢o the inequalities

pl(t) > —51, ‘pg(t” < 62 for a<t< b, (21)
+oo d
XL
/ P v >(b—a)/2 (22)
0

are satisfied, then inequalities (17) and (19) hold as well, where ¢11 = lo1 = {1, l13 = a3 = o,
to = (a + b)/2. Therefore, the following statements are valid.

Corollary 3. If
b

/(t—a)(b—t)|p1(t)|dt < 400 (23)

a

and inequality (20) holds, then the differential equation (1) is nonoscillatory on [a,b)].

Corollary 4. Let there exist nonnegative constants {1 and ly such that along with (23) conditions
(21) and (22) are satisfied. Then the differential equation (1) is nonoscillatory on [a,b].

In the case, where p; and py are continuous on [a, b] functions, Corollary 3 implies the theorems
by Lyapunov [6] and Hartman-Wintner [2], while Corollary 4 yields the Vallée Poussin theorem [7].
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Let Q = (0,w1) x (0,w2) X (0,ws) be an open rectangular box, and let
E = {(z1,32,23) € Q: (z1,32) €D, 23 € (0,w3)}

be an orthogonally convexr cylinder with a piecewise smooth base inscribed in €2. In view of the
orthogonal convexity of the cylinder F, its base D admits the representations

D = {z; € (0,w1), 72 € (n(21),72(x1))} = {x2 € (0,w2), =1 € (Mm(w2),m2(22))}-

In the domain E consider the boundary value problem

u® =3 pa(x)ul® +q(x), (1)

a<2
w(ng(w2), 22, 23) = 1 (nk(22), 22, 23), w00 (21, y(21), 23) = Yo (w1, Ve(21), 23),
w20 (21, 29, (k — V)ws) = ¢g(z1, 72, (k — Dws) (k=1,2). (2)

Here x = (z1,22,23), 2 = (2,2,2), a = (a1, a9,a3) is a multi-index, u(®(x) = %,
x0Ty < Oy
pa € C(E) (¢ <2),qe C(E), ¢; € C(E) (i=1,2,3) and E is the closure of E.

By a solution of problem (1),(2) we understand a classical solution, i.e., a function u € C?%2(E)
having continuous on E partial derivatives u(2%9 and u(220) and satisfying equation (1) and the
boundary conditions (2) everywhere in E and 0F, respectively.

Throughout the paper the following notations will be used:

0= (0,0,0), 1= (1,1,1), oy = (0,...,0@,...,0), ;= o+ o

a=(aj,az,a3) < B=(01,02,03) < «a; < B (i=1,2,3) and a # 3.

a = (a1,az,a3) < B = (B1,02,03) = a < B, or a = (.

ol = len| + az] + |axs].

E={o]0<o <1}

Y;={a<2: o =2forsomeic {1,2,3}}

Oz ={a<2: ||afis odd}.

suppa = {i | a; > 0}.

Xo = (X(1)x1, X(2) T2, X (3)x3), where x(a) =0 if @« =0, and x(«) =1 if a > 0.

Xog =X — Xg-

Xq Wwill be identified with (x;,,...,z;), where {i,---4;} = supp a. Furthermore, xo will be
identified with (Xa, 0a), and x will be identified with (Xa,Xa), or with (Xq,Xg).

Qo = [0,w;,] x -+ x [0,w;,], where {i1,---7;} =suppo.

Qij = (070.)1') X (0,0J]') (1 <1 <3< 3)
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Along with problem (1), (2) consider the corresponding homogeneous problem

W® = 3" pa(xul, (Lo)

a<2
u(nk(m2)3$27$3) =0, ’LL(Q’O’O) ($1>’7k‘(x1)7$3) =0, ’LL(2’2’0) (1'1,1‘2, (k - ].)(/Jg) =0 (k =1, 2) (20)

For each o € E in the domain €2, consider the homogeneous boundary value problem depending
on the parameter x5 € (5:

V00 = poga(x1, K1 )v + praa(x1, K)o 00, (1100)
v(m(xe), %) =0, v(ma(x) %) = 0; (2100)
V020 = pago(xa, Ra)v + para(x2, Ro)v 10, (o1o)
v (x1).%2) =0, v(p2(x1). %) = 0; (2010)
0(0’0’2) = P220 (Xg, ig)v + p221(X37 i3)7)(070,1)7 (]-(]01)
0(0,R3) =0, v(ws,R3) = 0; (2001)
o2 =Y po s, (X1, %12)0(, (1110

a<2i3
v(mk(x2), %12) = 0, vP00(y4(x1),R12) =0 (k = 1,2); (2110)
o9 =Y 7 po s, (x13, %)o@, (Lio1)

a<2i3
v(ne(x2),R13) =0, v@OV((k - Dws, R13) =0 (k= 1,2); (Z101)
vi?2) = Z Pay3a, (x23, Ra3)0'®), (Lo11)

a<223
v((x1), Ras) = 0, OO ((k — 1w, Ros) =0 (k = 1,2). (2011)

Definition 1. Problem (1), (25) (o € E) is called o-associated problem of problem (1), (2).

Two-dimensional versions of problem (1),(2) were studied in [1], [2], where problems were
considered in orthogonally convex smooth domains.

Orthogonal convexity of a domain is essential and cannot be relaxed. Examples attesting the
paramount importance of the orthogonal convexity of a domain were introduced in Remarks 1 and
2 of [2]. Similar examples can be easily constructed for the three-dimensional case.

As follows from Remark 5 below, the C? regularity of functions 1, (k = 1,2) is essential for
solvability of problem (1), (2) in a classical sense. However, C? regularity of functions n; (k = 1,2)
on the closed interval [0,ws] is impossible for smooth domains. Therefore we study the case of a
piecewise smooth domain D separately from the case of a smooth domain D. Surprisingly, some
piecewise domains are better suited for the solvability of problem (1), (2), then domains with a C'*°
boundary.

Set

Dos = [m(0) — 8,11(0) + 6] x [0,8], Eos=Dos x [0,ws],
Dw2,5 = [771((")2) - 57 771(w2) + 6] X [w2 - 57 w2]7 Ew2,5 = Dw2,§ X [07(*]3]7

o1k(T2, 23) = Y1(n(22), 2, 23),  war(w1,23) = Ya(w1, Vi(T1), 73),
o3k(71,72) = Y3(1, 72, (F — Dws) (k=1,2). (3)
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Theorem 1. Let
e € C*([0,ws]) (k=1,2), (4)

Pa € C(E) (a < 2), ¢ € C(Q), 1 € C*22(E), ¢y € CO22(E), ¢ € C*%2(E), and let each
o-associated problem (1), (25) have only the trivial solution for every xg € Qg (o0 € E). Then
problem (1), (2) has the Fredholm property, i.e.:

(i) problem (1p), (20) has a finite dimensional space of solutions;

(i) if problem (1¢), (20) has only the trivial solution, then problem (1),(2) is uniquely solvable,
its solution belongs to C**2(E) and admits the estimate

||U”c222( B) = M<||qHC(E + Z (H%k”ow Qs T o2kl o, 25 T H<P3k”c )) (5)
k=1

where M is a positive constant independent of v1k, por, e3r (K =1,2) and q.
Theorem 2. Let

€ C*((0,w1)),  mk € C*((0,w2)) (k=1,2), (6)
e CV?YE) (ap =2, a < 2), (7)

Pa € C(E) (a < 2), ¢ € C(Q), 1 € C*22(E), ¢y € CO22(E), ¢ € C*O2(E), and let each
o-associated problem (14),(24) have only the trivial solution for every xgz € Qg (o0 € ). Then

problem (1), (2) has the Fredholm property, i.e.: x5 € Qg (o0 € B). Then problem (1), (2) has the
Fredholm property, i.e.:

(i) problem (1p), (20) has a finite dimensional space of solutions;

(i) if problem (1o), (20) has only the trivial solution, then problem (1), (2) is uniquely solvable,
its solution belongs to C*%2(E) and admits the estimate

lull o + Iu® o) + a0 H

< M<||q”C(E) + Z (H(plchCO’Q(ﬁz,g) + lle2kllcoz@, 5) + H‘P3k||c(D)>>7 (8)
k=1
where M is a positive constant independent of ©1k, por, e3r (K =1,2) and q.

Furthermore, if:

(F1) D is strongly convex near the points (171(0),0) and nz(wa,ws), i.e.
7 (m(0)) >0 and 75 (n2(w2)) < 0; (9)

Fy) v € C3([m(0) — §,m1(0) + 6]) and vo € C([n1(w2) — &, m (w2) + 3]) for some & > 0;
F3) ¢ € C5’0’O(E075 U Ey,.5) for some 6 > 0;

Fy) 93 € C3%9(Dg 5 UDy,s) for some § > 0;

(F2)
(Fs)
(Fy) tho € CYO(Ey 5 U E,, 5) for some § > 0;
(F5)
(F6)

Pa (< 2), g€ C3OY(EysUE,,s) for some § >0,
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then every solution of problem (1), (2) belongs to C%*2(E).

Consider the equation

2,2,2) (2,2,0) 0,2,2)

+ 202 (22)u®%? 4 pog (a1 )ul
4,(20.0) 0,2,0)

= p22o(73)u
+ paoo (T2, T3)
+ poor (22)u OV + proa(@2)u
+ pri1u®t + proo (@2, 23)u00 + poig (21, 23)u + poo1 (w1, 2)u

+ pooo(x1, T2, x3)u + q(x1, T2, X3). (10)

u(

+ pono(1, 73)u' + pooz (1, 22)ul®0?
L0.2) 4 poot (1) u®2D 4 poro(zr)u®L?)

(0,1,0) (0,0,1)

Theorem 3. Let condition (4) hold, let the domain D be conver, i.e.

(=D gl (22) > 0 for 0 € (0,w2) (k=1,2), (11)
and let
p220(x3) >0, pao2(x2) >0, poga(z1) >0, (12)
p200(z2,23) <0, po2o(x1,23) <0, poo2(z1,22) <0, (13)
pooo (1, T2, 73) > 0. (14)

Then problem (10), (2) is uniquely solvable, and its solution admits estimate (5).

Theorem 4. Let conditions (6) and inequalities (11)—(14) hold. Then problem (10), (2) is uniquely
solvable, its solution belongs to C*22(Q) and admits estimate (8).
Furthermore, if conditions (Fy)—(Fg) hold, then the solution of problem (1), (2) belongs to C%*%(E).

Remark 1. Condition (F}) on the strong convexity of D is essential for the existence of a classical
solution of problem (1),(2), and it cannot be replaced by strict convexity. Indeed, consider the
problem

w22 =, (15)
u(np(x2), w2, 23) =0; w00 (21, 3y (21), 23) =223 w20 (21,29, (k — 1)w3)=0 (k=1,2) (16)

in the domain £ = D x (0,w3), where D = {(z1,72) : (z1 — 1)* + (22 — 1)* < 1}. Tt is clear that
D is strictly convex, but not strongly convex, since

Yi(z) =1+ (=DFY1— (@1 - 1% (k=1,2), A/ (z1) >0 for z; € (0,1)U(1,2),

and
7(1)=0 (k=1,2).
As a result, the unique solution u(x) = ((z1 — 1)* = /1 — (22 — 1)* )23 of problem (15), (16)
does not belong to C%22(E) since u(%1?) is discontinuous along the rectangle zo = 1, (z1,z3) €
[0,2] x [0, ws].

Remark 2. Consider the problem
w22 =, (17)

27070) (xh 7k(1'1)7 xS) = 07

ul®20 (a1, 9, (k= Dws) =0 (k=1,2) (18)

u(nn(x2), T2, ©3) = 1 (. (22), 72, 73); Ul
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in the domain £ = D x (0,ws), where D = {(x1,22) : (1 — 1)? + (22 — 1)2 < 1}, and

0 for 0 <21 <1
(x1 — D) for 1<2 <2

11[}1 (xly X2, ‘TS) — {

It is clear that D is strongly convex domain with the C* boundary, and vy € C*(E) but
Y1 € CO(E) if a € [0,1). As a result, the unique solution of problem (17), (18)

o) = Iy (1 T 1) = VA )

—m(m2) — ma(x 2

does not belong to C?%2(E) since 1920 and w129 are discontinuous along the line segments
(1,0,23) and (1,2, z3), 3 € [0, ws).
Remark 3. Consider the problem

u?22) =, (19)
u(ng(x2), w2, 23) = 0; w00 (2y, y(a1), 23) = 23; w20 (21,20, (k — Lw3) =0 (k=1,2) (20)

in the domain E = D x (0,ws3), where D is a strongly convex C? domain inscribed in the rectangle
[0, 2] x [0,1] such that

1 3
Yo(x1) =1 — (1 — 1)? + |21 — 1|1 for 5 <e<y.
It is clear that if o € [0,1), then 7o € C*([1 — 4,1 + §]) but o & C3([1 — 6,1 + 4]) for any § > 0.
Also,

24

m(xe) =1+ (1 — z2)2 (1 Fe(l—a2) 5 +o((1—a2)

o[

)) for x9 € [1 —0,1],
m(we) =1 — (1 — x9)3 (1 — (1= 22) "5 +o((1 - xg)%)) for 3 € [1—6,1]

for some § > 0, where c is a nonzero constant. As a result, problem (19), (20) has a unique solution

u(x) = (21 — m(r2)) (@2 — m(22)) = 2* — 2 (22) + 12(22)) — M (22)72(22),

which does not belong to C*%2(E) since u(029) and u(1:29) are discontinuous along the line segment
(1, 1,$3), x3 € [0,&)3].

Remark 4. Consider the problem
u?2?) = 2|z, — 1|*sgn(x; — 1), (21)

u(nk(xz),l‘z,fvS) —0 u(2’0’0)(x1,’y;g(951),563) = ‘xl — 1|Ot sgn(xl — 1):133($3 - W3);
u(320) (z1, 22, (k — Nws) =0 (k=1,2) (22)

in the domain E = D x (0,ws3), where D is a strongly convex C? domain inscribed in the rectangle
[0, 2] x [0,1] such that
1 3
Yo(z1) =1 — (21 — 1) for ;<@ <y.
It is clear that if a € (2,3), then ¢o(z1, 22, 23) = |21|*sgnz123(23 — w3) € CHOO(E,, s U B, s) for
some ¢ > 0. Thus conditions (F;) — (F5) hold, while condition (F) is violated.
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As a result, problem (21),(22) has a unique solution

1+
e - 12 sgn(zy — 1) — (1 — 1)(1 —x2) 2 1 3
u(x) = At0)2+a) x3(x3 — wa) for 5 <71 <3,

which does not belong to C*%2(E) since u(029) and u(1:29) are discontinuous along the line segment
(1, 1,1’3), x3 € (O,W3).

Remark 5. As we see, the functions 74 (k = 1,2) can be piecewise smooth: 7, may be nondiffer-
entiable at points 11 ((k — 1)w2) and n2((k — 1)ws) (if they differ) (k = 1,2). On the other hand,
C? smoothness of the functions 7 is essential and cannot be relaxed. Indeed, let a € (1,2) be an
arbitrary number,

Mel2) = 1 (<) /1= [ = 5

and let u be a solution of the problem

w22 =, (23)
u(np(22), 22, 73) =0; w00 (21, v (21), 23)=a3; u®*O (21,29, (k — Dws)=0 (k=1,2). (24)

Then

0,0,2)(

ul Ty, T, x3) = x5 — 21 + |z0 — 1|%

07172)( 0,2,2)(

Consequently, ul x1,%2,x3) is continuous on E, however ul x1,x2,x3) is discontinuous
along the line segment 0 < z1 < 2, x9 = 1 since « € (1,2). Thus, problem (23), (24) is not solvable
in a classical sense due to the fact that the functions n; are not twice differentiable at zo = 1.
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The purpose of the present study is to develop a Machine Learning (ML) approach to the
solution of the partial differential equations (PDEs). Due to this being our first attempt in this
direction, in this note, we consider the simple heat equation.

In the domain Q = (0,1) x (0,T"), T' = const > 0, let us consider the initial-boundary value
problem for the heat equation:

oU (x,t) U (x,t)
ot —a 81‘2 —f(l',t), ('I’t) 697

U(-1,t) =U(1,t) =0, te[0,T], (1)
U(z,0) =Up(z), =€ [-1,1],

where a is a positive constant and Uy is a given function.
Our aim is to find the approximate solution u(¢,z) at ¢ > 0 of problem (1). Introducing the
uniform grid for the time variable t,, = 7 - n, 7 = T'/N and applying Euler scheme, we get

d*up_1 ()

Ir2 + 7fa(x), n=1,...,N, (2)

Un () = up—1(x) + ar
where N is a positive integer and uy,(z) = u(ty, x).

Although there are many methods for solving, even more, complex PDEs (see, for example, [2,3]
and the references therein), our purpose, as we already mentioned, is to apply one of the well-known
ML methods for solving problem (1). In particular, our goal is to design the Gaussian Process
(GP) [6,9] for the heat equation to predict the solution [7,8].

The GP is an extension of Multivariate Gaussian Distribution. In turn, the multivariate Gaus-
sian distribution is a generalization of the one-dimensional normal distribution to higher dimensions.
For example, if there are inputs from two-dimensional space, then for any cross-section over the
fixed one-dimensional input we get Gaussian distribution along each axis (see, Figure 1).

Probability density function (pdf) in two-dimensional space is given as follows:

1 _(e—pp)? _ (w—py)?
20% 2072/

pdf (z,y) =

2w L0y

In general, the pdf of the Multivariate Gaussian distribution in d dimensions is defined by the
following formula:

1 1 Ty—1
— = o )t E T (xp)
pdf(x) (27r)d/2‘2|1/2 e 2 9
where = (u1, p2, ..., 1q) is mean vector of x = (1,22,...,24) and X! is the inverse of the

d x d positively defined covariance matrix ¥ = cov[x], which is constructed by one of the so-called
covariance functions [6,9].
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Figure 1. 2D multivariate Gaussian distribution and its cross-section projections.

GP presents one of the most important ML approaches based on a particularly effective method
for placing a prior distribution over the space of functions [1,6,9]. GP can serve as an effective
algorithm for function approximation. As an example let us consider samples from the GP, mean
function, and some observation points where the values of the approximated function are known.
Figures 2 depict 5 sample functions from the prior distribution over functions specified by a par-
ticular Gaussian with two (left) and four (right) observation points. Sample functions are plotted
as dashed lines, the mean function is shown as a black solid line, observed points represented as
red crosses, and the shaded region denotes uncertainty region. As it can be seen the uncertainty
region is narrowing when the number of observed points is increasing. The equations for obtaining
the mean function, which can be considered as the function approximation can be derived from the
Sherman—Morrison-Woodbury formula [1,5,6,9].

output f(x)
output f(x)

. . . . . . . . . . . . . . .
-5 -4 -3 -2 -1 0 1 2 3 4 5 -5 -4 -3 -2 -1 0 1 2 3 4 5
input variable x input variable x

Figure 2. Fife samples from Gaussian posterior (dashed) and its mean (solid black) with

the dataset of two and four points (red crosses). For colored figures, please refer to the
online version.

Coming back to problem (1), let us set GP prior on w,_; according to [6,9]
unfl(l‘) ~ gP(Ov k’nfl’nfl(l‘, mla '9))7 (3)

where ky,_1,—1 is the kernel (covariance function) of the GP and 6 represents the vector of the
hyper-parameters of the covariance function [6-9].
Note that there are many different types of covariance functions. In this study, the neural
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network covariance function is used [9]

2 20
k(z,2',0) = 2 sin~ 2oy +o72r) >,

1
i (\/(1+2(03+02x2))(1 +2(a? + 022?)) (4)

where 6 is two component hyper-parameter vector 6 = (¢, o).

The hyper-parameter @ can be trained by applying the initial (xq, Up), boundary (2%, u%) and
already collected training data (z,—1,un—1) and Negative Log Marginal Likelihood resulting from
[7,8]

ub
ub T ~N (07 K )7
n—1
where

K — [kn,n(wfpx?l) kn,n—l(x?pwn—l) :| '

knfl,nfl (mnfla xnfl)
To predict approximation at new point z;,, the following conditional distribution can be used

b

* Up, N TK—l ul;L k koK) TK—l
un(xn)| ~ q U 1|’ n,n(xnaxn) q q),

Unp—1 n—

where
qT = [kn,n(x:u 1,‘%) kn,n—l(x:;yxn—l)] .

It is known that linear operations on GP give again GP and thus, taking into account the Euler
scheme (2) together with GP prior assumption (3) allows to conclude that u, and wu,_; are jointly
Gaussian with the following GP [4,6-9]

|: Un :| ~ GP (O, |:kn,n kn,nfl :| >’
Up—1 kn—1n-1

where covariance functions are defined using the (4):

knn =k,
a2
knn—1=Fk—ar ] k— Tfn((L'/),
kn-1n-1=k—ar i k—1fo(2') —ar @ k—7fn(x) + a*r? & & k—ar®f,(2).
’ dz? dz? dx? dz'?

For the test experiment we chouse the right-hand side of problem (1) in such a way that the
exact solution is U(x,t) = — exp(—0.017t) sin(7z) with the initial solution Uy(x) = — sin(7x).

Figures 3 show a pretty good agreement between numerical and exact solutions for different
time values.

In the end, let us note that our future work is aimed to apply the mentioned methodology to
the PDEs with nonlinear diffusion coefficients as well as for the spatial multi-dimensional cases.
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Time: 0.4 Time: 1

T T T T T T
Exact solution Exact solution
0.8 ®  Numerical Solution | | 0.8 ®  Numerical Solution | |
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02r 02r

u(t, z)
u(t, z)

-0.21 -0.2

-0.4 -0.4
-0.6 [ -0.6 [

-0.8 -0.8

. . . . . . ! d . . . . . . . . 1 .
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—-1<z<1 —-1<z<1

Figure 3. Exact and Numerical solutions at ¢ = 0.4 and 1.
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1 Introduction
Consider solutions to the third order differential equation with general power-law nonlinearities

y" + pla,y, vy )yl M- 1" sgn(yy'y”) = 0, (1.1)

with positive real nonlinearity exponents kg, k1, k2 and positive continuous in x and Lipschitz
continuous in ug, u1, uz bounded function p(ug, u1, us).

The results on qualitative behavior and asymptotic estimates of positive increasing solutions for
higher order nonlinear differential equations were obtained by I. T. Kiguradze and T. A. Chanturia
in [9]. Questions on qualitative and asymptotic behavior of solutions to higher order Emden—Fowler
differential equations (k1 = --- = k,—1 = 0) were studied by I. V. Astashova in [1,2,5,6].

Equation (1.1) in the case ko > 0, kg # 1, k1 = ky = 0, was studied by I. Astashova in [2,
Chapters 6-8]. In particular, asymptotic classification of solutions to such equations was given
in [4,6], and proved in [3]. For third order and higher order differential equations, nonlinear with
respect to derivatives of solutions, the asymptotic behavior of certain types of solutions was studied
by V. M. Evtukhov, A. M. Klopot in [7,8]. Qualitative properties of solutions to (1.1) in the case
p(z,y,y',y") < 0 were studied in [10].

2 Main results

Since solutions to equation (1.1) are not always unique, in order to obtain the full classification the
following notion of u-solutions is used.

Definition ([1]). A solution y: (a,b) - R, —o00 < a < b < +00 to an ordinary differential equation
is a p-solution, if

(1) the equation has no other solutions equal to y on some subinterval (a,b) and not equal to y
at some point in (a,b);

(2) the equation either has no solution equal to y on (a,b) and defined on another interval
containing (a,b) or has at least two such solutions which differ from each other at points
arbitrary close to the boundary of (a,b).

Theorem 2.1. Let the function p(ug,u1,us) be continuous, Lipschitz continuous in ug, ui, ug and
satisfying the inequalities 0 < m < p(ug, u1,u2) < M. Then any p-solution y(x) to equation (1.1)
according to its qualitative behavior belongs to one of the following types:

(1) constant function y(z) = yo;
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(2) linear function y(x) = ax +b, a #0;
(3) function with exactly one extremum.

Remark. Let the function p(ug,u1,us) be continuous, Lipschitz continuous in ug, w1, ug and
satisfying the inequalities 0 < m < p(z,u,v,w) < M. Then the replacemenets = — —x and
y(z) = —y(x) reduce equation (1.1) to the equation

2 4 pla, 2,2, 22|22 P2 sgn(222") = 0,
with the function p(ug, u1,u2) also continuous, Lipschitz continuous in ug, u1, us and satisfying the
inequalities 0 < m < p(ug, u1,u2) < M.

Thus, it is sufficient to consider the behavior of the solutions with positive initial data near the
right boundaries of their domains. In the case of a constant potential p(ug,u1,u2) the following
results of the behavior of solutions was obtained.

Theorem 2.2. Let ky — ko # 2 and p(ug,ui,uz) =
satisfying at some point xo the conditions y(xo) >
behavior near the right boundary of its domain:

po > 0. Then any p-solution y(z) to (1.1),
0, ¥'(x0) > 0, y"(xo) > 0 has the following

(1) if 0 < ko < 1, then there exists ©* < +oo such that y(z),y'(z) — const, y"(x) — 0 as
x— ¥ —0;

(2) if 1 < ka2 <2, then y(x) — 400, y'(x) — const, y"(x) = 0 as © — +o0;

(3) if 2 < ko < 2+ ko, then y(z) — 400, y'(x) — const, y"'(x) — 0 as © — +oo or y(z),
y'(x) = +oo, ¥'(x) = 0 as © — +00;

(4) if ka > 2+ ko, then y(z), y'(z) — 400, y"(z) = 0 as z — +oc.
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Consider a linear differential system
z=A(t)x, x€R", t>0, (1)
with piecewise continuous and bounded coeflicient matrix A such that
|At)|| < M < +oo forall ¢t > 0.

We denote the Cauchy matrix of (1) by X4 and the highest Lyapunov exponent of (1) by A, (A).
Together with system (1) consider a perturbed system

g=Aly+Qt)y, yeR", t>0, (2)
with piecewise continuous and bounded perturbation matrix @ such that
Q)| < N exp(—ot), ¢ =0. (3)

Denote the higher exponent of (2) by A\, (A + Q).
Let 9, (A) be the set of all perturbations () satisfying condition (3) and having the appropriate
dimensions. Any @ € M, is said to be a sigma-perturbation and the number

Vo(A) :==sup {\(A+Q): Q€ M, (A)}

is called [4], [6, p. 225], [5, p. 214] the highest sigma-exponent or the Izobov exponent of system
(1). It was proved in [4] that the Izobov exponent can be evaluated by means of the following
algorithm:

V,(4) = Fm @)

m—oo  m

&m(0) = max (In || Xa(m, )| +&(0) —0i), & =0, ieN.

It was proved in [1,7] that V,(A) is a convex monotonically decreasing function on [0, 4+o0o[ such
that
Vo(A) =\, (A) for all o > o¢(A),

where 2M > o(A) > 0 is a critical value of o for system (1).

Some alternative representation for V,(A) was given in [10]. Let D(m) be the set of all nonempty
dcC{1,...,m—1} C N. Further we assume that for each d € D(m) the elements of d are arranged
in the increasing order, so that d; < do < --- < ds and d = {d1,da,...,ds}, where s = |d| is the
number of elements of the set d. We also put

\d|| :=d1+---+ds for d € D(m)
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and
||| :=0 for d=@.

In addition, for the sake of convenience we assume that dy = 0 and ds41 = m for each d € Dy(m) :=
D(m)U{@}. Note that we do not include these additional elements into the set d. Under the above
assumptions, let us define the quantity Z(m, d) as

E(m,d) := Z In || Xa(dit1, di)]],
=0

where m € N, d € D(m) and s := |d|. From [2,10] we can assert that

Em(0) = e (E(m,d) —ol|d]).

Thus, we have
Vo(4) = Iim m™' max (E(m,d)—o||d|). (4)

m—00 deDy(m)
The main advantage of the V,(A) is attainability. By virtue of this property we are sure that
for each € > 0 there exists a perturbed system (2) with @ € 9, such that
M(A+Q) > V,(A) —e.

When constructing perturbations @ to provide the values of A, (A+ Q) close to V,(A), we urgently
need to know some (or all) sequences d(m) € Dy(m), m € N, such that
VaolA) = lim_m™(E(m,d(m)) - o|d(m)]). (5)

A primary information on this issue is given by the following statement (see Property A in [4] and
Lemma 9.1 in [5, p. 215]).

Proposition 1. If b € Dy(m) satisfies the condition
&m(0) = E(m, b) — a|bll,

then o
1 — b > —— b :
bir1 — b; > Wi bi for each i€ {1,...,s},

where b= {b1,...,bs}, s = |b|.

Based on the theory of characteristic vectors (see [3,8]) and some results on Malkin estimates [9]
we can assert that some information on the sequences d(m) in (5) can be extracted from the slopes
of supporting lines to the graph of V,(A). Since the results of this type are not available yet,
here we consider some simplified version of the problem hoping to use it later to clarify the general
case. To this end, we limit the number of partition points d; in (4) on each segment [0, m] by some
number k£ € N.

Let D¥(m) C D(m), k € N, be the set of all d € D(m) such that |d| < k. Let us also put
DE(m) := DF(m) U {2}.

Definition 1. The number

VE(A) = Tim m™! max (E(m, d) — o||d||)

m—00  deDk(m)

is said to be the k-point approximation for V,(A).
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The introduced concept inherits some basic properties of V,(A).
Proposition 2. For each k € N the following statements are valid.
() Vo(A) = VE(A) = An(A).
(i) VE(A) is a convex monotonically decreasing function on [0, 4o0[ such that

Vo(A) = M(A) for all o > ao(A).

(iii) If b € DE(m) satisfies the condition

E(m,b) — ol = max (E(m,d)—old]), (6)
deDg (m)
then
allb]| < 2Mm.

Note that (i) is an immediate consequence of Definition 1 and (iii) is a weakened analog of
Proposition 1.

For each o > 0, let us denote the set of all b € DE(m) satisfying condition (6) by BE(m).
Obviously, B%(m) contains more then one element in general. Now take b € B¥(m) with maximal
and minimal value of m~!||b|| and denote them by 7,,, and S3,,, respectively. Finally, put

By(A) = lim B, T,(A)= Lm 7.

m—0o0

Recall that a supporting line to the graph of some convex function f : [0, +oo[— R at a point

(s, f(s)), where s € [0, +o0], intersects the graph of the f at (s, f(s)) and lies beneath the graph

everywhere in the domain of the function f. If f is differentiable at s € [0, +oo[, then there exists

a unique supporting line at (s, f(s)) and this line coincides with the tangent drawn at the same

point. We denote the set of slopes of supporting lines drawn at s € [0,+oco[ to the graph of f by
Ss(f)- It can be easily seen that each Ss(f) is a segment of the real axis.

Theorem. The set S,(VE(A)) coincides with the segment [B,(A), Ty (A)].

A similar statement is supposed to be valid for the original sigma-exponent. However, it has
not yet been possible to find the reasonable representation for bounds of S,(V4(A4)).
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1 Introduction
In the general case, the multipoint boundary value problem for a differential system
Lx=f (1.1)

considered on the segment [0, 7] is a problem with boundary conditions ¢z = § of the form

where {t;}, 0 =ty < t1 < -+ < typ—1 < tyy, = T, is a fixed collection of points from [0,T], A;,
i=0,...,m, are given (N X n)-matrices, € RN, Here we consider a special case of boundary con-
ditions that correspond to the interpolation problem as a problem of trajectories taking prescribed
values at the given points:

l‘(tl) = &, 1= 0, NN (1.2)

The problem under consideration can be interpreted as a part of the routing problem (see, for
instance, [2]) namely as the task of implementing the route. Similar problems arise in Economic
Dynamics [4,6] where a;, i = 1,...,m, are given values of indicators to a modeled economic system
at the time moments ¢;.

In the case with no constraints with respect to the right-hand side f, for any collection «;,
i =0,...,m, there exists f : [0,7] — R™ that provides the solvability of (1.1), (1.2). In contrast
to this, if f is constrained by the inequalities

algfz(t)ébz, 1=1,...,n, tG[O,T], (13)

there arises the task to describe a set of «;, i = 0,...,m, for which (1.1), (1.2) is solvable.

Below we propose a way of constructing a hypercube Py in RY, N = mn such that the condition
a = col(ay,...,an) € Py is a sufficient condition to the solvability of (1.1), (1.2) in the sense that
there exists an f with (1.3) such that the corresponding trajectory takes the values prescribed
by (1.2).

First we descript a class of functional differential equations with linear Volterra operators and
appropriate spaces where those are considered. The main relationships that allow to obtain suffi-
cient conditions of the solvability to the problem under consideration are proposed. An illustrative
example of application of the main theorem is presented.
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2 Main constructions

We consider a quite broad class of functional differential systems with aftereffect and follow the
notation and basic statements of the general functional differential theory in the part concerning
linear systems with aftereffect [1,3].

Let L™ = L™[0,T] be the Lebesgue space of all summable functions z : [0,7] — R" defined on
a finite segment [0, 7] with the norm

T
2l = / 1=(0)] dt,
0

where | - | is a norm in R". Denote by AC™ = AC"™[0,T] the space of absolutely continuous
functions z : [0; 7] — R™ with the norm

[zl acm = [(0)] + [|2]| n-

In what follows we will use some results from [1,3].
We consider the case of the system (1.1) with a linear bounded Volterra operator £ : AC™ — L™
such that the general solution of the equation (1.1) has the form

z(t) = X (t)x(0) + / C(t,s)f(s)ds, (2.1)
0

where X () is the fundamental matrix to the homogeneous equation Lz = 0, C(t, s) is the Cauchy
matrix. A broad class of operators £ with the property (2.1) is described, for instance, in [5].

The properties of the Cauchy matrix used below are studied in detail in [3]. Without loss of
generality we put in the sequel (0) =ap=0and a; <0, b; >0,i=1,...,n.

Denote by E, the identity (n x n)-matrix, e/ stands for the i-th (from above) row of E,. We
define

P(): ﬁ [ai,bz-].

i=1,...,n

Fix a positive integer K and put A =T/K.

Let us describe the main steps and constructions on the way to sufficient solvability conditions
for (1.1), (1.2) with constraints (1.3).

Define (n x N)-matrix M(s) = col(Mi(s),..., Mpy(s)) by the equalities

M;(s) = x,(s)C(tiys), i=1,...,m, (2.2)

where ¥, (s) is the characteristic function of the segment [0, t;].
Foranyi=1,...,Nand j =1,..., K consider the following two linear programming problems

ey M(A - j)v — max, v € Py and el M(A - j)v — min, v € Py. (2.3)
Denote by vi'; and vy solutions to the above problems, respectively,

vi'; = argmax (eﬁVM(A - j)v, v € Py) and v;; = argmin (e M(A - j)v, v e B). (2.4)
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Next define
T K
d; = eﬁ'v/M(s) Zv;;-xm(j_lmﬂ(s) ds, i=1,...,N, (2.5)
0 J=1
A K
¢ = eﬁv/M(s) ZU%X[AU?D,A].](S) ds, i=1,...,N, (2.6)
0 j=1
Dk = diag(dl, ceey dk), Ck = diag(cl, ceey Ck), k= 1, ve ,N. (27)

Introduce the following matrices:

Py-1 0 F]iV—l
A=|Cy.1 0, Bi= v i=1 2V - ),
DN—I 0 dNeN

N

Fya
B; = L i=2(N—1)+1,... 4N —1).

Here F]"'V_1 is the i-th group of N —1 consecutive rows of matrix A. Each B; gives a collection of N
points in RN that define the corresponding hyperplane and the corresponding halfspace with the
zero point. The intersection of all above hyperplanes is the polyhedron of all attainable points in
the considered interpolation problem. Now our task is to construct a hypercube that is a subset of
the polyhedron.

For each of 4(N — 1) mentioned hyperplanes we define the distance py from the hyperplane to
the origin. Namely, let

pror+ 5z 4+ PR +¢F =0

be the equation of the k-th hyperplane. Then we have

%ZA—QL—,k:LUWMN—U. (2.9)

N
> (pF)?

i=1

It is clear that the ball S(0,p) with the radius p = min(pg, k¥ = 1,...,4(N — 1)) centered
by the origin is a subset of the polyhedron defined by the all above hyperplanes, and, for any
a =col(ay,...,an) € S(0,p), the problem (1.1), (1.2), (1.3) is solvable. Finally we define the cube

PN:{ZERN: max|zi|<ﬁ, izl,...,N}.

Thus we obtain

Theorem. Let the set Py be defined by the relationships (2.2)—(2.9). Then the interpolation
problem (1.1), (1.2), (1.3) is solvable for any o € Py.

3 An example

Following [5], consider the system

i1(t) = 2ot — 1) + fu(1),

balt) = —wo(t) + folt); (3.1)
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where z2(s) = 0 if s < 0, with the initial conditions
x21(0) =0, x9(0) =0, (3.2)
and the boundary conditions
z1(2) = a1, 22(2) = a2, 71(3) = asz, x2(3) = ay. (3.3)
The right-hand sides f1(t) and fo(t) are constrained by the inequalities

—0.1< fi(t) €04, —0.2< fot) <0.5. (3.4)

Here we have
t

C(t,s) = 1 /X[1,3] (T)X[OFI] (s)exp(l — 7+ s)dr

0 exp(s — t)

)

After calculation the integral in Ci5 for t = 2 and ¢ = 3 we obtain

1—e"t s€]0,1] ) 1—e572 s5€]0,2]
C(2,s) = 0 otherwise |, C(3,5) = 0 otherwise | »
0 exp(s — 2) 0 exp(s — 3)

The elements M;;(s) of M(s) are defined by the equalities

Mll(s) = X[o,z](s)a MIQ(S) = X0, (3)(1 — 6(371)), M21(8) =0, MQQ(S) = Xjo.2) (8)6(572),
Mgl(s) = 1’ M32(S) = X[o,z](s)(l - 6(8_2))7 M41(5) = O, M42(S) = 6(5_3),

For the case of K = 20, calculations by the rules (2.4), (2.5), (2.6) bring the values

dy = 0.5116, do =1.7360, d3 = 0.4393, d4 = 0.9409,
c1 = —0.2046, cp = —0.5143, c3 = —0.1757, c4 = —0.2594.

Here and below all real values are displayed to four places of decimals.
For all of 12 hyperplanes the corresponding distances p1, ..., p12 are as follows:

p1 = 0.3091, po = 0.1809, p3 = 0.1715, ps = 0.1278, ps = 0.1559, pg = 0.1629,
p7 = 0.2033, pg = 0.1503, po = 0.1447, p1o = 0.1155, p11 = 0.1350, p1o = 0.1394.

Thus p = 0.1155, and the inequality max{aq,..., s} < 0.0577 provides the solvability of (3.1)—
(3.4).
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1 Introduction

Here we consider the question of the disconjugacy on the interval I := [a,b] C [0, +00[ of the fourth
order linear ordinary differential equation

u® () = p(t)u(t) — pu(t) for tel, (1.1)

when p : I — R is Lebesgue integrable function, p € R, and the question of the Green’s functions
sign for equation (1.1) under one of the following two-point boundary conditions

w(a) =0, uD(b)=0 (i=0,1,2), (1.21)
uW(a) =0, uDB)=0 (i=0,1), (1.29)
uD(a)=0 (i=0,1,2), wu(b)=0. (1.23)

There are established the optimal sufficient conditions of disconjugacy of equation (1.1) when
the coefficient p is not necessarily constant sign function. On the basis of these results we prove the
necessary and sufficient conditions of non-negativity (non-positivity) of Green’s function for prob-
lems (1.1),(1.2,) (¢ € {1,2,3}), which are formulated in a terminology of eigenvalues of problems
under the consideration.

Here we use the following notations.

R =] — o0, +oo[, Ry =] — 00, 0], Rf = [0, +00].

C(I;R) is the Banach space of continuous functions u : I — R with the norm |ullc =
max{[u(t)|: t € I}.

C3(I;R) is the set of functions u : I — R which are absolutely continuous together with their
third derivatives.

L(I;R) is the Banach space of Lebesgue integrable functions p : I — R with the norm ||p||; =

b
 p(s)] ds.
a
For arbitrary z,y € L(I; R), the notation

z(t) < yt) () =y(t)) for tel,

means that x <y (z > y) and = # y.
EiE=1
2

By a solution of equation (1.1) we understand a function u € C3(I;R) which satisfies equation
(1.1) a.e. on I.

Also we need the following definition.

Also we use the notation [z]+ =
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Definition 1.1. Equation
ul (t) = p(t)u(t) (1.3)

is said to be disconjugate (non-oscillatory) on I, if every nontrivial solution u has less then four
zeros on I, the multiple zeros being counted according to their multiplicity. Otherwise we say that
equation (1.3) is oscillatory on 1.

The given study is based on our previous results from the paper [3] and the results of A. Cabada
and R. Enguica from [1]. For the formulation of our main results we need the following definitions
and propositions from our previous paper.

Definition 1.2. We will say that p € D (I) if p € L(I;R]), and problem (1.3),(1.22) has a
solution u such that

u(t) >0 for t €la,b|.

Definition 1.3. We will say that p € D_(I) if p € L(I;R;), and problem (1.3),(1.23) has a
solution u such that

u(t) >0 for t €la, b.
The propositions below are Theorems 2, 4, and 6, respectively, from the paper [3].

Proposition 1.1. Let p € L(I;R(J{). Then equation (1.3) is disconjugate on I iff there exists
p* € Dy(I) such that

p(t) < p*(t) on T.
Proposition 1.2. Let p € L(I;R;). Then equation (1.3) is disconjugate on I iff there exists
ps € D_(I) such that
p(t) = p«(t) on I.
Proposition 1.3. Let p, € D_(I) and p* € D (I). Then for an arbitrary function p € L(I; R)
such that
p«(t) < —=[p®)]-,  [p)]+ < p*(t) on I, (1.4)

equation (1.3) is disconjugate on I.

Remark 1.1. From Proposition 1.1 (Proposition 1.2) it is clear that the structure of the set D (1)
(D_(I)) is such that if z,y € D (I)(z,y € D_(I)), then none of the inequalities z < y and y < =
hold.

Remark 1.2. If \; (\g) is the first positive eigenvalue of the problem

u® () = Mut), uD0)=0, «PD1)=0 (i=0,1)
WW(t) = =Mu@), «D0)=0 (i=0,1,2), u(1)
then

4
(bi\la)‘l e D, (I) ( - G eD_(I)>.

Also it is well-known (see [1] or [2]), that A\; ~ 4.73004 and A9 ~ 5.553.
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2 Main results

First we consider the results on disconjugacy of equation (1.1) on the interval [a, b].

Theorem 2.1. Let p € L(I; R), conditions

= inf t) — p*(t <
Qap p*€13+(1) { €SS SUPyct {P( ) —p( )}} <0, -
Bp = sup {ess infcr {p(t) — p*(t)}} >0,
p+€D_(I)
hold, and

ap # Bp.
Then equation (1.1) is disconjugate on I if p € |oy, Byl .

Remark 2.1. Theorem 2.1 is optimal in the sense that there exists p € L(I; R) such that if

[ =y or i = f3p, then equation (1.1) is oscillatory on I. Indeed, let p(t) = %, where due to
Remark 1.2 we have % € Dy(I) and —% € D_(I). Then from Remark 1.1 it immediately
follows that A A

Al A

=pt) — —— d =p(t .
Qp p( ) (b . CL)4 an /Bp p( ) + (b _ a)4
Therefore if © = ay or p = 3,, then equation (1.1) is oscillatory on I.

Corollary 2.1. Let p € D (I). Then B, > %, and equation (1.1) is disconjugate on I if
w €10, Byl

4

Corollary 2.2. Let p € D_(I). Then o) < _(biiz)‘“ and equation (1.1) is disconjugate on I if
IS ]Oép, O[ .

From the last two corollaries we immediately have

Corollary 2.3. Let pu €]0, ﬁ] (ne [—%, 0[). Then equation (1.1) is disconjugate on I for

an arbitrary p € D (I) (p € D_(1)).
Remark 2.2. Corollaries 2.1 and 2.2 are optimal.

As it is well-known the disconjugacy is only a sufficient condition in order to ensure the constant
sign of Green’s function of problems (1.3), (1.2,) (¢ € {1,2,3}). For this reason we introduce here
theorems with necessary and sufficient conditions which guarantee that Green’s function of problems
(1.1),(1.22) or (1.1),(1.23) will be the constant sign function. Also we will find such coefficients
p, and such values of the parameter u, for which Green’s functions of the mentioned problems are
constant sign functions but equation (1.1) is oscillatory on I (see Remark 2.3).

Theorem 2.2. Let p € D (I)NC(I; R). Then:

(a) Green’s function of problem (1.1),(1.22) is non-negative on I x I iff pn €10, pp), where p, =
min{u, pu3}, pp (€ =1,3) is the first positive eigenvalue of problem (1.1), (1.2y);

4
(b) The estimation p, > B, > (b)‘724 is valid.

—a)

Theorem 2.3. Let pe D_(I)NC(I; R). Then:
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(a) Green’s function of problem (1.1),(1.22) is non-negative on I x I iff pn €]up,0], where p, is
the biggest negative eigenvalue of problem (1.1),(1.22);

(b) The estimation p, < o, < —% is valid.
Theorem 2.4. Let p € D (I)NC(I;R). Then:

(a) Green’s function of problem (1.1),(1.21) is non-positive on I x I iff € [0, pp[, where i, is
the first positive eigenvalue of problem (1.1), (1.2);

(b) The estimation p, > B, > % is valid.
Theorem 2.5. Let pe D_(I)NC(I; R). Then:

(a) Green’s function of problem (1.1),(1.21) is non-positive on I x I iff p1 € [pp,0[, where p,, is
the biggest negative eigenvalue of problem (1.1),(1.22);

4

(b) The estimation p, < o, < —(biiz)él is valid.

Remark 2.3. In Theorems 2.2 and 2.4 (Theorems 2.3 and 2.5) from the definition of the number
p it is clear that equation (1.1) is oscillatory on I if u = p,. Therefore from Corollary 2.1
(Corollary 2.2) it immediately follows that

4
b—a) (<o < _(bila)‘l)'
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1 Introduction

Boundary-value problems for systems of ordinary differential equations arise in many problems of
analysis and its applications. Unlike Cauchy problems, the solutions to such problems may not
exist or may not be unique. Thus, it is interesting to investigate the nature of the solvability
of inhomogeneous boundary-value problems in the functional Sobolev and Sobolev—Slobodetskiy
spaces and the dependence of their solutions on the parameter. For Fredholm boundary-value
problems, similar issues have been investigated in papers [1,2,4,5,7]. The case of underdefined or
overdefined boundary-value problems in Sobolev spaces was investigated in paper [3].

2 Statement of the problem

Let a finite interval (a,b) C R and parameters
{m,l} CN, s€(1,0)\N, 1<p<oo
be given. By W} := W}([a, b]; C) we denote a complex Sobolev space and set Wz? :=L,. By
(W)™ == Wi ([a,0; C™) and (W)™ ™ := W([a,b]; C"™*™)

we denote the Sobolev spaces of vector functions and matrix functions, respectively, with elements
from the function space Wj. By || - |ln,, we denote the norms in these spaces. They are defined as
the sums of the corresponding norms of all elements of a vector-valued or matrix-valued function
in W'. The space of functions (scalar functions, vector functions, or matrix functions) in which
the norm is introduced is always clear from the context. For m = 1 all these spaces coincide. It is
known that W' are separable Banach spaces.

We denote by W := W ([a,b]; C) where 1 < p < oo and s > 1, is not integer, the Sobolev—

Slobodetskiy space of all complex-valued functions belonging to Sobolev space W,Es] and satisfying

the condition
b b
sl fil )P 1/p
Il i= 17+ / / 0T ) <,
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where [s] is the integer part, and {s} is the fractional part of the number s. Here, we recall that
| - [lfs),p is the norm in the Sobolev space WIES}. This equality defines the norm |/ f|s, in the
space W

Consider a linear boundary-value problem on a finite interval (a,b) for the system of m first-
order scalar differential equations

(Ly)(t) :=y'(t) + A)y(t) = f(t), t € (a,b), (2.1)
By =,

where the matrix function A(-) belongs to the space (W;)™*™, the vector function f(-) belongs
to the space (W;)m, the vector ¢ belongs to the space C!, and B is a linear continuous operator

B:(Wythm — . (2.3)

The boundary condition (2.2) consists of [ scalar boundary conditions for the system of m
differential equations of the first order. We represent vectors and vector functions in the form of
columns. A solution to the boundary-value problem (2.1),(2.2) is understood as a vector function
y € (Wth)™, satisfying equation (2.1) for s > 1+ 1/p everywhere and, for s < 1+ 1/p, almost
everywhere on (a,b) and equality (2.2) specifying [ scalar boundary conditions. The solutions to
equation (2.1) fill the space (W;H)m, if its right-hand side f(-) runs through the space (W,)™.
Hence, the boundary condition (2.2) is the most general condition for this equation and includes all
known types of classical boundary conditions, namely, the Cauchy problem, two- and multipoint
problems, integral and mixed problems, and numerous nonclassical problems. The last class of
problems may contain derivatives of integer or fractional order k of required vector—functions,
where 0 < k < s+ 1.

The main purpose of this work is to establish whether the boundary-value problem (2.1), (2.2)
has the Fredholm property; to find its index and the dimension of the cokernel and the kernel of
the operator of an inhomogeneous boundary-value problem in terms of the properties of a special
rectangular numerical matrix and to investigate its stability. In the case of Sobolev spaces of integer
order, similar results were obtained in [6].

3 Main results

We rewrite the inhomogeneous boundary-value problem (2.1),(2.2) in the form of a linear operator
equation

(L, B)y = (f,¢),
where (L, B) is a linear operator in the pair of Banach spaces

(L,B) : (Wsth™ — (W)™ x C. (3.1)

Let X and Y be Banach spaces. Recall that a linear continuous operator T': X — Y is called a
Fredholm operator, if its kernel ker T" and cokernel Y/T'(X) are finite-dimensional. If the operator
is a Fredholm one, then its range T'(X) is closed in Y, and the index

ind7T :=dimkerT — dim T(YX)

is finite (see, e.g., [6, Lemma 19.1.1}).

Theorem 3.1. The linear operator (3.1) is a bounded Fredholm operator with index m — .
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Denote by Y(-) € (W,)™*™ the unique solution to a linear homogeneous matrix equation
Y'(t) + A})Y (t) = Op, t € (a,b) (3.2)
with the initial condition
Y(a) = In. (3.3)

Here, O,, are zero matrices, and I,,, are identity (m x m) matrices. The unique solution to the
Cauchy problem (3.2), (3.3) belongs to the space (W3t1)m>m.

By [BY] we denote a numerical matrix of dimension (m x [) whose i-th column is a result of
the action of the operator B from (2.3) on i-th column of the matrix function Y'(-), i € {1,...,m}.

Definition. A rectangular numerical matrix
M(L,B) = [BY] € C™*! (3.4)
is called the characteristic matrix for the inhomogeneous boundary-value problem (2.1), (2.2).

Here, m is the number of scalar differential equations of system (2.1), and [ is the number of
scalar boundary conditions.

Theorem 3.2. The dimensions of the kernel and cokernel of operator (3.1) are equal to the
dimensions of the kernel and cokernel of the characteristic matriz (3.4), respectively:

dimker(L, B) = dim ker(M (L, B)),
dim coker(L, B) = dim coker(M (L, B)).
A criterion for the invertibility of the operator (L, B) follows from Theorem 3.2, i.e., the con-

dition under which problem (2.1), (2.2) possesses a unique solution, and this solution continuously
depends on the right-hand sides of the differential equation and the boundary condition.

Corollary 3.1. Operator (L, B) is invertible if and only if | = m and the square matriz M (L, B)
s nondegenerate.

4 Application

In addition to problem (2.1),(2.2) we consider the sequence of inhomogeneous boundary-value
problems

L(E)y(t k) == (£, k) + A(t, K)y(t, k) = F(t, k), t€ (a,b), (4.1)
B(k)y(-, k) = c(k), k€N, (4.2)

where the matrix functions A( -, k), the vector functions f(-,k), the vectors ¢(k) and linear con-
tinuous operators B(k) satisfy the above conditions for problem (2.1), (2.2).

With the boundary-value problem (4.1), (4.2) we associate a sequence of linear continuous op-
erators

(L(k), B(k)) : (W™ — (W)™ x €'
and a sequence of characteristic matrices
M(L(k), B(k)) = [B(k)Y (-, k)] € C™,

depending on the parameter k € N.
We now formulate a sufficient condition for the convergence of the characteristic matrices
M(L(k), B(k)) to the matrix M (L, B).
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Theorem 4.1. If the sequence of operators (L(k), B(k)) converges strongly to the operator (L, B),
for k — oo, then the sequence of characteristic matrices M (L(k), B(k)) converges to the matrix
M(L,B).

Corollary 4.1. Under the assumptions from Theorem 4.1, the following inequalities hold

dimker(L(k), B(k)) < dimker(L, B),
dim coker(L(k), B(k)) < dim coker(L, B)

for sufficiently large k.

In particular:

1. If I = m and the operator(L, B) is invertible, then the operators (L(k), B(k)) are also inver-
tible for large k;

2. If the boundary-value problem (2.1),(2.2) has a solution for any values of the right-hand
sides, then the boundary-value problems (4.1), (4.2) also have a solution for large k;

3. If the boundary-value problem (2.1),(2.2) has a unique solution, then problems (4.1), (4.2)
also have a unique solution for each sufficiently large k.
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1 Introduction

In this study we consider the question of the disconjugacy on the interval I := [a,b] C [0, +o0] of
the fourth order linear ordinary differential equation

u (1) = p(t)ult), (1.1)

where p : I — R is a Lebesgue integrable function.

The disconjugacy results obtained in this study complete Kondrat’ev’s second comparison the-
orem for n = 4, and significantly improve some other known results (see Remarks 2.1, 2.2, 2.4).

Here we use the following notations.

R =] — 00, +00[, Ry =] — 00,0], R§ = [0, +o0].

C(I;R) is the Banach space of continuous functions u : I — R with the norm ||ul]lc =
max{|u(t)|: t € I}.

C3(I;R) is the set of functions u : I — R which are absolutely continuous together with their
third derivatives.

L(I;R) is the Banach space of Lebesgue integrable functions p : I — R with the norm ||p||;, =

b
J Ip(s)l ds.
a
For arbitrary z,y € L(I;R), the notation

z(t) g y(t) (z(t) =yt)) for tel

means that x <y (z > y) and = # y. Also we use the notation [z|1 = (|z| + z)/2.

By a solution of equation (1.1) we understand a function u € C3(I;R) which satisfies equation
(1.1) a. e. on I.

For the formulation of our results we need the following definitions.

Definition 1.1. Equation (1.1) is said to be disconjugate (non oscillatory) on I, if every nontriv-
ial solution u has less then four zeros on I, the multiple zeros being counted according to their
multiplicity. Otherwise we say that equation (1.1) is oscillatory on 1.

Definition 1.2. We will say that p € Dy(I) if p € L(I;R]), and equation (1.1), under the
conditions

uW(a) =0, uDB)=0 (i=0,1), (1.2)

has a solution u such that u(t) > 0t €]a,b][.
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Definition 1.3. We will say that p € D_(I) if p € L(I;R;), and equation (1.1), under the
conditions

u(a) =0, uwDb)=0 (i=0,1,2), (1.3)
has a solution u, such that u(t) > 0t €]a,b].

Remark 1.1. Let p € L(I;RY) (p € L(I; Ry )), and consider the equation

u(t) = Xp(t)u(t) for t e I. (1.4)
Then the set Dy (I) (D—(I)) can be interpreted as a set of functions p : I — R (R,) for which
A =1 is the first eigenvalue of problem (1.4),(1.2) ((1.4),(1.3)).
2 Main results

2.1 Disconjugacy of equation (1.1) with non-negative coefficient

Theorem 2.1. Let p € L(I;RY). Then equation (1.1) is disconjugate on I iff there exists p* €
D, (I) such that

p(t) X p*(t) for t € 1. (2.1)
Let A1 > 0 be the first eigenvalue of the problem
u® (@) = Mut), «D0)=0, «D1)=0 (i=0,1), (2.2)
M

then due to Remark 1.1 we have oo € D+ (I), and the following corollary is true.

Corollary 2.1. Equation (1.1) is disconjugate on I if

A4
0<p(t) < L tel, 2.3
and is oscillatory on I if
)\4
t) > 1 tel. 2.4
p()—(b—a)4 fOT‘ E ( )

Remark 2.1. It is well-known that the first eigenvalue A; of problem (2.2) is the first positive root
of the equation cos A - cosh A = 1, and \; ~ 4.73004 (see [3]). Also in Theorem 3.1 of paper [3] it
was proved that the equation u® = My is disconjugate on [0,1] if 0 < X\ < Ap.

Even if both conditions (2.3) and (2.4) are violated, the question on the disconjugacy of equation
(1.1) can be answered by the following theorem.

Theorem 2.2. Let p € L(I;Ra“), and there exists M € R(J{ such that

192

b
b—a+/[p(5)—M]+d3<(b_a)3. (2.5)

2

M

Then equation (1.1) is disconjugate on I.
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2.2 Disconjugacy of equation (1.1) with non-positive coefficient

Theorem 2.3. Let p € L(I;R;). Then equation (1.1) is disconjugate on I iff there exists p, €
D_(I) such that

p(t) = p«(t) for t € 1. (2.6)
Let Ao > 0 be the first eigenvalue of the problem
u () = =Mu(t),u D0)=0 (i=0,1,2), wu(l)=0, (2.7)
A3

then due to Remark 1.1 we have —5=25 € D (I), and the following corollary is true.

Corollary 2.2. Equation (1.1) is disconjugate on I if

A4
and is oscillatory on I if
)\4
p(t) < —m for tel. (2.9)

Remark 2.2. In Theorem 4.1 of [3] the following is proved: Let A2 be the first positive root of the
equation tanh % = tan % (A2 = 5.553). Then the equation u@ = Ny is disconjugate on [0, 1]
if 0 <A< Ao

Even if both conditions (2.8) and (2.9) are violated, the question on the disconjugacy of equation
(1.1) can be answered by the following

Theorem 2.4. Let p € L(I;Ry) be such that there exists M € R} with

b
(b a) +/[p(s) + M) ds < (bl_l(;)3. (2.10)

a

495
1024

Then equation (1.1) is disconjugate on I.

2.3 Disconjugacy of equation (1.1) with not necessarily constant sign coefficient

Theorem 2.5. Let p, € D_(I) and p* € D4 (I). Then for an arbitrary function p € L(I;R) such
that

p(t) S =[p(®)]-,  [p(®)]4 s p(t) for tel, (2.11)

equation (1.1) is disconjugate on I.

The theorem is optimal in the sense that inequalities (2.11) can not be replaced by the condition
ps <p <P

Remark 2.3. Let p1,p2 : [a,b] — R be continuous functions such that the equations
u®(t) = prt)u(t), u®(t) = pa(t)u(t), (2.12)

are disconjugate on I, then due to Kondrat’ev’s second comparison theorem, if p; < p < po, then
equation (1.1) is disconjugate too. Here coefficients p; and py should not necessarily be constant
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sign functions, while in Theorem 2.5 for the permissible coefficients p; and py, equations (2.12)
should not necessarily be disconjugate and continuous. For this reason, if

p(t) = /\le[cos %}]J’_ — )\g[cos %}7,

then from Theorem 2.5 it follows the disconjugacy of equation (1.1) on [0,1] for all n € N (see
Corollary 2.4), while this fact does not follow from Kondrat’ev’s theorem.

Corollary 2.3. Let p, € D_(I), p* € D (I), and
mes {t € I | p.(t)-p*(t) #0} > 0.
Then equation (1.1) with p = p. + p* is disconjugate on I.

From Theorem 2.5 with

we obtain

Corollary 2.4. et A\; > 0 and A2 > 0 be the first eigenvalues of problems (2.2) and (2.7), respec-
tively, and the function p € L(I;R) admits the inequalities

A3 A
< p(t) <
G- PO S Gap

for tel.

Then equation (1.1) is disconjugate on I.

Remark 2.4. If we take into account that A} ~# 501 and \j & 951, then it is clear that Corollary 2.4
significantly improves Coppel’s well-known condition

O
max ,
t€[a,b] PEI= (b—a)t

proved in [1], which for p € C(I;R) guarantees the disconjugacy of equation (1.1) on I.
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The boundary-value problems for differential equations with p-Laplacian arise while studying
the radial solutions of nonlinear partial differential equations. A feature of such various boundary-
value problems for differential, including difference equations with p-Laplacian is the lack of unique-
ness of the solution.

In this thesis, we consider the boundary-value problem for the linear system of differential equa-
tions with matrix p-Laplacian, which is reduced to the traditional differential-algebraic system with
an unknown in the form of the vector function. We considered two cases of the obtained differential-
algebraic system, in particular, the cases of solvability and unsolvability of the differential-algebraic
system with respect to the derivative. For both cases, we obtained a sufficient condition for the
solvability of the matrix boundary-value problem for the differential equation with p-Laplacian, in
which connection its general solution determines the general solution for the homogeneous part of
the matrix differential equation with p-Laplacian and the Green operator of the original matrix
boundary-value problem.

The relevance of studying the boundary-value problems for differential equations with p-Laplaci-
an is associated with numerous applications of such problems in the theory of elasticity, the theory
of plasma, and astrophysics. The purpose of this thesis is to generalize various boundary-value
problems for differential equations with p-Laplacian, which preserves the features of the solution
of such problems, namely, the lack of uniqueness of the solution, and, in this case, the dependence
of the desired solution of the arbitrary function.

We have studied the problem on the construction of solutions [1-3,5, 6]

Z(t) € Clygla,b] := C?[a, b] @ R**P
of the linear system of differential equations
PZ(t)=At)Z(t) + F(t) (1)

with the boundary condition

LZ()=A, AcRMH (2)
and with a matrix p-Laplacian PZ(t) := ((R(t)Z(t))'S(t))". Here,

R(t) € C?

X

[a,b] := C?[a,b] @ R7**, S(t) € (C%X(;[a, b] := C%[a, b ® RP*I,
F(t) € C,xsla,b] := Ca,b] @ RV,
LZ(-) — is a linear bounded matrix functional: £Z(-) : C%[a;b] — R*#. Generally speaking, we

assume that o # 8 # v # 6§ # X # p are any natural numbers. By 20 e R**8 =12, ... a8 we
denote the natural basis of the space R**#. In this case, the problem of determination of solutions
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of equation (1) can be reduced to a problem of determination of a vector z(t) € Ciﬁ [a; b], whose
components z;(t) € C?[a; b] define the expansion of the matrix

of
Z(t) =Y E9z(), z(t) eClab], j=12,...,a-5
j=1

in vectors 2U) € R**F of the basis of the space R**#. We now define the operator
M[A] : R™*™ — R™™

as an operator that puts the matrix A € R™*™ in correspondence to a vector-column B := M[A] €
R™™ formed from n columns of the matrix A. We also introduce the inverse operator

Mfl[B] N ULE LN Rmxn
that puts the vector B € R™™ in correspondence to a matrix A € R™*". We present the product
A(t)Z(t) in the form

af
A Z(t) == A(t) Y JEWz(t), M[AWM)Z(1)] = A(t) - 2(t),

k=1
where
A(t) == [Ae(®)]? | € Croxapla,b], Ag(t) = M[ABHEP], k=1,2,...,a-8.
We now define the matrices
B(t),C(t), D(t) € Cysxapla,b]
in the following way:

0
aZ”

The problem of construction of solutions of Eq. (1) can be reduced to a problem of determination
of the vector z(t) € Ciﬁ [a; b] that is defined by the system

MPZ(t) == B(t)2(t), % MPZ(t) == O(t)2(t), a% MPZ(t) == D(t)2(t).

B(t)Z" +C(t)2 + D(t)z = A(t)z + f(t), f(t):= MF(t).
Changing the variables
Yy1i= 2z, Y2 =y,
we get the problem of determination of the vector
y(t) € C3oplasb]
defined by the differential-algebraic system of equations [2, 3, 5]
Uty = V(tly+ f(t), (3)

where

Ia Oa . Oa Ia 3 . 0
o= (i 55) V0= (i by olims)t 70 ()
Thus, under the condition [2,3, 5]

PyepyV(t) =0, Py f(t) =0, (4)

we have proved the sufficient condition of solvability of the Cauchy problem for the matrix diffe-
rential equation with p-Laplacian (1).
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Lemma. Under conditions (4) the matriz Cauchy problem Z(a) = A for the matriz differential
equation with p-Laplacian (1) is uniquely solvable for any initial value of A € RF*Y. Under
conditions (4), the general solution

Z(t,c) = W(t,e) + K[3(s,9(s)] (), c € R**7,

W(t,c) = M TupX(t)e], Tup = [Iap Oap| € R¥F*2¥E

K[(s,0(s)] () := M~ H{ Tap K [3(5,9(5))] (D)}

of the Cauchy problem
Z(a) =2

for the matriz differential equation with p-Laplacian (1) defines a generalized Green’s operator
K[5(s, ¢(8))](t) of the Cauchy problem Z(a) = 0 for the matriz differential equation with p-Laplacian
(1) and the general solution W (t,c) of the Cauchy problem Z(a) = A or the homogeneous part of
the matriz differential equation with p-Laplacian (1).

Thus, in the critical case under conditions (4) and in the case of fulfillment of the solvability
condition

Pos M{ = LE[F(s,¢(5)] ()} =0 (5)

the solution of the matrix boundary-value problem with p-Laplacian (1), (2) takes the form
Z(t,cr) = W(t,ep) + G[§(s,0(5)); U] (t), W(t,er) = M [Tap X (t) P, ] (6)
where
G[S(s,0(s)); U] (t) == M_l{jaﬁ X(HQTM{2A — LE[F(s, ¢(s))] (- )}} +K[3 (s, 0(5))] (1)

Hence, we have proved the sufficient condition of solvability of the matrix boundary-value
problem for the differential equation with p-Laplacian (1), (2).

Theorem. In the critical case (Pgo+ # 0) under conditions (4) and (5), solution (6) of the ma-
triz boundary-value problem with p-Laplacian (1), (2) determines the generalized Green’s operator
G[S(s,¢(s));A](t) of the matriz boundary-value problem with p-Laplacian (1), (2) and the general
solution W (t,c,) for the homogeneous part of the differential equation with p-Laplacian (1), (2).

Assume that condition (4) is not satisfied [2,3,5], i.e., Py« V(t) # 0 or PU*(t)f(t) # 0. Then

the problem of determination of solutions of Eq. (1) after the change of the variables

yp o= z0=Quy, Yo =y o= Qal = Qug, Qe RYPXP 2(t) = (2183)
2

leads to the problem of determination of the vector z(t) € (Ciﬂ [a; b] defined by the differential-
algebraic system of equations [2,3, 5]

U(t)r' = V(t)z + f(t); (7)

here,

Under the conditions [2,3, 5]

PyayV(t) =0, Py f(t) =0, (8)
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system (7) is solvable with respect to the derivative [2,3,5]:
#' =Wtz +Fa(t, (1)), (9)

here,
W) =T V(), i) =TT ) f(t) + Py, (6)e(1).

Thus, we have proved the sufficient condition of solvability of the matrix Cauchy problem for
the differential equation with p-Laplacian (1).

Corollary 1. Under conditions (8), the matriz Cauchy problem Z(a) = 2 for the matriz differential
equation with p-Laplacian (1) is uniquely solvable for any initial value of A € RF*Y.  Under
conditions (8), the general solution

Z(t,c) =W(t,c) + K[Sl(s, go(s))} (t), ce R2B,
Wit ) = M QT X (0], K[51(5 ()] (1) = M { T K231 (5, 0()] ()}

of the Cauchy problem Z(a) = 2 for the matriz differential equation with p-Laplacian (1) determines
the generalized Green’s operator K[F1(s, ¢ (s))](t) of the Cauchy problem Z(a) = 0 for the matriz
differential equation with p-Laplacian (1) and the general solution W (t,c) of the Cauchy problem
Z(a) =2 for the homogeneous part of the matriz differential equation with p-Laplacian (1).

Hence, in the critical case under conditions (8) and in case of fulfillment of the condition of
solvability

Po: M{24— LK[F1(s, 0(s)] ()} =0, (10)
the solution of the matrix boundary-value problem with p-Laplacian (1), (2) takes the form

Z(t,er) = Wit er) + G[Fi(s, () ] (1), W(t,er) := M QTop X () Po,er], (1)
where

G[31(s, () 2] (1) i= M QT X ()@ M{A = LK [3(s, ()] ()} b + K[ (5. 50(5)] (1)

Thus, we have proved the sufficient condition of solvability of the matrix boundary-value prob-
lem for differential equation with p-Laplacian (1), (2).

Corollary 2. In the critical case (Pg+ # 0) under conditions (8) and (10), solution (11) of the
matriz boundary-value problem with p-Laplacian (1), (2) determines the generalized Green’s operator
G[F1(s,¢(s));2A)(t) of the matriz boundary-value problem with p-Laplacian (1), (2) and the general

solution W (t,c,) for the homogeneous part of the differential equation with p-Laplacian (1), (2).

The research scheme proposed in the thesis can be transferred on the nonlinear matrix bound-
ary value problems for differential equations with p-Laplacian, on the linear matrix boundary-value
problems for difference equations, and on the matrix boundary-value problems for functional differ-
ential equations with p-Laplacian in abstract spaces, in particular, on the matrix boundary-value
problems for differential equations with argument deviation. The proposed scheme of research of
the linear system of differential equations with matrix p-Laplacian in the article was illustrated in
details with examples.
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Let us consider the quasilinear elliptic problem

v <\/1+V’“7W|2> = Aa(z)f(u) in Q,

u=>0 on 052,

(1)

where the diffusion is driven by the mean curvature operator — div (Vu/4/1 + [Vu[?). In equation
(1), A > 0 is a parameter measuring diffusivity and

(H;) ©Q c RY is a bounded domain, with a C? boundary 9 in case N > 2;

(Hs) a:Q — R is a continuous function such that maxa > 0;
Q
(Hs) f:R — Ris a continuous function satisfying, for some constant L > 0, f(0) = f(L) =0, and
f(s) > 0 for every s €10, L[.

Assumption (Hz) on the weight a introduces spatial heterogeneities within the model and
allows that a changes sign in 2. Assumption (Hj) basically requires that the reaction term af
is of logistic-type. As it is well-known, logistic maps play a pivotal role in the modeling theory
of various disciplines, with special prominence in biology, ecology, genetics. Unlike the classical
theory based on the Fick—Fourier’s law, where the flux depends linearly on Vu, here the diffusion
is governed by the bounded flux Vu/\/1 4 |Vu|?, which is approximately linear for small gradients
but approaches saturation for large ones.

Following our recent paper [3], we aim here to synthetically describe and clarify the effects of
a flux-saturated diffusion in logistic growth models featuring spatial heterogeneities. This study
is motivated by the investigations on reaction processes with saturating diffusion started in [4], in
order to correct the non-physical gradient-flux relations at high gradients. This specific mechanism
of diffusion, of which the mean curvature operator provides a paradigmatic example, may determine
spatial patterns exhibiting abrupt transitions at the boundary or between adjacent profiles, up to
the formation of discontinuities. This makes the mathematical analysis of the problem (1) more
delicate and sophisticated than the study of the corresponding semilinear model, the use of some
tools of geometric measure theory being in particular required. Indeed, it is an established fact that
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the space of bounded variation functions is the natural setting for dealing with this problem. The
precise notion of bounded variation solution of (1) used in this paper has been basically introduced
in [1] and is recalled below for completeness.

Notation. For every v € BV (Q2), Dv = D®vdz + D%v is the Lebesgue-Nikodym decomposition
of the Radon measure Dwv in its absolutely continuous part D®vdx and its singular part D®v
with respect to the N-dimensional Lebesgue measure dz in RY, |Dv| denotes the total variation

of the measure Dv, and |gZ| stands for the density of Dv with respect to its total variation.

Further, || is the Lebesgue measure of 2, while H y_; represents the (N —1)-dimensional Hausdorff
measure, and |0€2] is the H y_j-measure of 0€2. Moreover, for all functions u,v : Q@ — R, we write:
u > v if essinf(u —v) > 0; w > v if u > v and esssup(u —v) > 0; u > v if, for a.e. z € Q,
u(z) —v(x) > dist(z, 09).

Definition. By a bounded variation solution of (1) we mean a function v € BV (Q2), with f(u) €
LY (), which satisfies

D% D% Du Dé

+
\/1 + |Dauf? [Dul [Dg|

for every ¢ € BV (Q2) such that |D?¢| is absolutely continuous with respect to |D*u| and ¢(z) =0
Hy_1-a.e. on the set {z € 9N : u(z) = 0}. A bounded variation solution u is said positive if u > 0.

5¢|—|—/sgn( Yo dH N — 1—)\/af Yo dx (2)
o0

Remark 1. If a bounded variation solution u of (1) belongs to W2P(Q) N Wy (Q) for some
p > N, then it satisfies the differential equation in (1) for a.e. x € Q and the boundary condition
for all x € 0. Therefore, u is a strong solution of (1). The LP-regularity theory then entails
that u € W24(Q) for all ¢ > N. Conversely, it is evident that any strong solution is a bounded
variation solution. Note that bounded variation solutions, unlike the strong ones, may not satisfy
the Dirichlet boundary conditions.

Remark 2. It is clear that, for any given A > 0, v = 0 is a bounded variation solution of (1),
while w = L is not. Indeed, if L were a solution, taking ¢ = 1 as test function in (2) would yield
[ 1dHN—1 = |0Q| = 0, which is a contradiction.

[2}9)

We are now going to present the main results obtained in [3]. Here, for the sake of clarity, our
statements are set out in a simplified form, while referring to [3] for some variants or extensions
that rely on slightly more general but less neat conditions.

The first result only exploits the structural assumptions (Hy), (Hs), and (H3). It provides us
with the existence of a number A, > 0 such that, for all A > A, the problem (1) has a maximum
solution uy, with 0 < uy < L. The asymptotic behavior of u), as A — 400, is described too, and
the bifurcation of the solutions from the trivial line {(A,0) : A > 0} at the point (0, 0) is ascertained
in the case A, = 0. Figure 1 illustrates two admissible bifurcations diagrams.

Theorem 1. Assume (Hy), (Hz) and (Hs). Then there exists A« > 0 such that for all X € |\, +00[
the problem (1) admits a mazimum bounded variation solution uy, with 0 < uy < L, which satisfies

lim (esssupuy) = L. (3)

A—400

Moreover, if Ax =0, then
lim gy = 0. 4
)\10+||UAH v (4)
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Figure 1. Admissible bifurcation diagrams for the problem (1) under the structural
assumptions (Hi1), (Hz2), and (Hs), in case A\, > 0 (left) or A, = 0 (right). Dashed curves
indicate bounded variation solutions.

The specific features displayed by the bifurcation diagrams of the problem (1) are determined
by the slope at 0 of the function f, as expressed by the following conditions:

(Hy) there exists lim+ f(ss) = +00 (sublinear growth at 0);
s—0

(Hs) there exists lim+ fis) =k €]0, +o0] (linear growth at 0);
5—0

(Hg) there exists lim+ fgs) =0 (superlinear growth at 0).
s—0

When f has a sublinear growth at zero, a bifurcation from the trivial line occurs at the point
(0,0), and the existence of positive bounded variation solutions of the problem (1) is guaranteed
for all A > 0. In addition, positive strong solutions exist provided that A is small enough.

Theorem 2. Assume (Hi), (H2), (Hs), and (Hy). Then for all X\ > 0 the problem (1) admits at
least one bounded variation solution uy € BV (Q), with 0 < uy < L, which satisfies (3) and (4).
Moreover, there exists \* > 0 such that, for all A €10, \*[, solutions uy can be selected so that
uy € W2P(Q) N Wol’p(Q) for any p > N, it is a strong solution and it satisfies

Jim sz = 0. 9

When f grows linearly at zero the bifurcation occurs from the trivial line at the point (A1, 0),
where A1 is the principal eigenvalue of the linear weighted problem

—Ap = Xa(x)kp in §,
u=0 on 0f2.

Here, ) satisfies (Hy), £ comes from (Hs), and a satisfies (Hz). It is a classical fact that A; is
positive and simple, with a positive eigenfunction ¢;. The LP-regularity theory and a standard
bootstrap argument entail that o1 € W2P(Q) N WO1 P(Q) for all p > N, while the strong maximum
principle and the Hopf boundary point lemma yield ¢; > 0. In this case the solvability of the
problem (1) is guaranteed for all A > A;. In addition, for A close to A; strong solutions do exist.

Theorem 3. Assume (Hi1), (H2), (H3), and (Hs). Then for all A > A\ the problem (1) admits at
least one bounded variation solution uy, with 0 < uy < L, which satisfies (3). Moreover, suppose
that

(H7) f is of class C?
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and fiz any p > N. Then there exists a neighborhood U of (A1,0) in R x W2P(Q) N W,P(Q) such
that solutions uy can be selected so that (\,uy) € U, uy is a strong solution and it satisfies
U

. »=0 and i - FL "
Ai)n;\l1||U)\Hw2p PN Tl 7! "

Finally, there exists n > 0 such that the following assertions hold:

(i) if 7(0) < 0, then for all X €]A\1, A\ + 1| there is at least one strong solution uy € WP (2) N
W, P(Q) satisfying (6);

(ii) if f(0) > 0, then for all X €]\ — n, \1[ there is at least one strong solution uy € W*P(Q) N
W, P(Q) satisfying (6).

Remark 3. For the standard logistic model f(s) = s(L — s), the condition f”(0) = —2 < 0 holds
and therefore the bifurcation is supercritical.

When f exhibits a superlinear growth at zero, the existence of multiple solutions can be detected
if, for instance, conditions (Hs) and (Hg) are strengthened as follows. Let us set

Qt={ze€Q: a(x) >0}, Q" ={zeQ: a(z) <0}, Qoz{xEQ: a(z) =0},
and replace (Hg) with
(Hg) a € C?(Q), Q" #2, Q0 #2, 2 =0FNQ~ c Q, and Va(z) # 0 for all 2 € Q°,
as well as (Hg) with

(Hyg) there exists ¢ > 1, with ¢ < §+2 if N > 3, such that

lim &

s—0t+ 84

=1

Then, for A sufficiently large, the problem (1) has at least two positive bounded variation solutions,
the smaller being strong.

Theorem 4. Assume (Hi), (Hs), (Hs), and (Hg). Then there exists Ay > 0 such that for all
A €A, +00, the problem (1) admits at least one bounded variation solution uy and one strong
solution vy € W2P(2) N Wol’p(Q), for any p > N, such that 0 < vy < uy < L. In addition, uy
satisfies (3), while vy satisfies
lim ||va|lw2r = 0. (7)
A—+00

Figure 2 illustrates three qualitatively different bifurcation diagrams corresponding, respectively,
to Theorems 2, 3, and 4.

Unexpectedly enough, the existence of multiple solutions can always be detected in the standard
logistic model, whenever the carrying capacity L is sufficiently large, even in the case where the
weight function a is a positive constant (cf. Remark 4 below). We state such a multiplicity result
for the simplest one-dimensional prototype of the problem (1), that is,

_<1j/(u)2> — Aaf(u) in 10,1,

u(0) =0, wu(l)=0.

Theorem 5. Assume (Hs),
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Figure 2. Admissible qualitative bifurcation diagrams for the problem (1), according
to the growth of f at 0: either sublinear (left), or linear (center), or superlinear (right).
Dashed curves indicate bounded variation solutions, solid curves represent strong solu-
tions.

(H1o) a € C°([0,1]) satisfies a > 0,
and

(Hy1) there exist r,R €10, L[, with r < R, such that

2F(r) (1+ m) < F;R),

r2

where F(s) = [ f(t)dt is the potential of f. Then there exist \y and N\, with 0 < Ay < A*, such
0

that for all X € \s, N¥[ the problem (8) admits at least two bounded variation solutions uy,vy such
that 0 < uy <wvy < L.

It is worth stressing that the assumptions of Theorem 5 do not prevent f from being concave
in [0,L]: this fact witnesses the peculiarity of this multiplicity result, which is specific of the
quasilinear problem (1) and has no similarity with the semilinear case, where the concavity of f
always guarantees the uniqueness of the positive solution, as proven in [2] even for sign-changing
weights a.

Remark 4. For the standard logistic model, where f(s) = s(L — s), condition (Hi;) is satisfied if,
for instance, L > % ~ 10.67.

A1 X 1

Figure 3. On the left, an admissible bifurcation diagram is depicted with reference
to Example 1: the dashed curve indicates bounded variation solutions, the solid curve
represents strong solutions. On the right, the profiles of the three detected solutions at
X = X are shown: in green the regular ones, in red the singular one.
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Example 1. A numerical study of the problem (8), with a = 1, f(s) = s(L —s) and L =
11 > %, reveals the existence of three positive solutions in a (small) right neighborhood of the
bifurcation point A\; = %2 ~ 0.8972, in particular at A = 0.8975, and of two positive solutions in
a left neighborhood of A\;. This is in complete agreement with (i) the bifurcation result stated in
Theorem 3 and Remark 3, which predicts the bifurcation branch emanates from A; pointing to the
right; (ii) the multiplicity conclusions of Theorem 5, which guarantee the existence of two solutions
in an interval of the A-axis located on the left of A;. Hence an S-shaped bifurcation diagram is

expected as shown by the picture on the left in Figure 3.
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1 Introduction

Asymptotic stability of an equilibrium is a fundamental property of evolutionary processes and
plays important role for many applications. It is well-known that a globally asymptotically stable
equilibrium of a linear and finite dimensional system is robust in the sense that for any essentially
bounded external disturbance entering to the system the corresponding solution remains bounded
for all times and that it tends to a ball around the equilibrium when time goes to infinity. The
size of this ball depends on the disturbance norm only. For nonlinear systems this is in general not
true and leads to the notion of Input-to-State Stability (ISS), introduced by E. D. Sontag [12,13]
for finite dimensional systems. This notion is also suitable to study robustness of equilibria in
case of infinite dimensional systems [2]. During the last decade many authors tried to extend
the ISS theory to this class of systems. Many of these extensions were developed for systems
given in terms of partial differential equations (PDEs), see, for example, the works [4,5,7, 11].
It should be noted that almost all ISS-like results for PDEs were developed for the case of single
equilibrium point of the unperturbed system. It is well known that many nonlinear systems possess
a nontrivial global attractor instead. In this work we study the question of robustness of such an
attracting set with respect to external disturbances. FExistence and different properties of global
attractors were studied in many books [1,10,14] and papers [3,6]. We are interested in the following
question: given a system possessing a global attractor, what can we say about attracting sets for
solutions if some perturbation h enters to this system? In this work, we consider such a question
for perturbed reaction-diffusion system. Using a general scheme suggested in [4], we prove local
ISS and asymptotic gain (AG) properties w.r.t. global attractors for dissipative RD system.

2 Statement of the problem and the main results

In a bounded domain Q C R", we consider the following parabolic problem (named Reaction-
Diffusion system)

{ut:aAu—f(u)+h(x)+d(t,$), r e, t>0, 2.1)
“‘aﬂ =0,
where v = u(t,z) = (u'(t,2),...,u"V(t,z)) is an unknown vector-function, f = (f,..., fV),

h = (h',...,hY) are given functions, a is a real N x N matrix with positive symmetric part
s(a+a*)>pl, p>0,d=(d",...,dV) is an external disturbances.
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We assume that the following properties hold:
he (@)Y, feC'®Y;RY),
3C,,C3>0,C3>0,v >0,p;>2,i=1,...,N such that Vv € RN
N b, N N N
S @IFT <1+ W) DS = Yl - s,
i=1 i=1 i=1 i=1

N
Vwe RN (Df(v)w,w) > -C3 Y |u'|*.
i=1
In further arguments we will use standard functional spaces
H = (L)Y and V = (H(Q)V.
Let us denote
p=(p1,-..,pN), LP(Q2)=LP(Q)x---x LPN(Q).

It is known [1] that under such assumptions for every disturbances d € L>®(R;(L?(2))Y) the
problem (2.1) is globally uniquely resolvable in a weak sense in the phase space H, i.e., for every
ug € H there exists a unique function u = u(t,z) € L} (0, +00; V) N L! (0, +00; LP(€2)) such that
forall T >0, v € VN LP(Q),

d

pn u(t, z)v(z) dx + / (aV u(t,z)Vo(z) + f(u(t,z))v(z) — h(z)v(x) — d(t, az)v(az)) drx =0

Q Q

in the sense of scalar distributions on (0,7"), and u(0,z) = ug(x).
Due to the inclusion u € C([0,400); H), the last equality makes sense.
Let us consider the unperturbed system (d = 0)

{ut =alAu— f(u) + h(z), z€Q, t>0, (2.9)

“}ag =0.

It is known [1] that the corresponding semigroup S : Ry x H — H
S(t,ug) = u(t), where u(-) is a global weak solution of (2.2), u(0) = ug

possesses a global attractor © in H, i.e., there exists a compact set © C H such that the following
properties hold:

(i) © = S(t,0), t >0

(ii) for any bounded B C H
dist(S(t,B),©) = 0 as t — oo,

where for given A, B C H we denote

dist(A4, B) = sup inf ||z — y||5.
rcAYEB
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This property guarantees that any solution to (2.2) approaches O as t — co. We are interested
in the long term behavior of the corresponding solutions in the case the system (2.1) is perturbed
by external perturbation d.

Given an initial state ug := u(0) € H and a perturbing signal d € L>°(R; H), the corresponding
unique solution to (2.1) is denoted by u(t, ug, d). Due to the disturbance we have no guarantee, in
general, that this solution will converge to © as t — oo. It turns out that the global attractor is
robust under perturbation, i.e., its attractivity properties are affected only slightly by disturbances
of small magnitude. This robustness property can be expressed in the ISS framework as follows:
there exist § € KL and v € K such that for any uy € H and d € L*(R; H),

[u(t, uo,d)]le < B(lluolle,t) +v(lldll), t=0, (2.3)

where the well-known classes K stands for the class of continuous strictly increasing functions on
[0, +00) vanishing at the origin, KL is the set of continuous functions defined on [0, +00)? which
are of class K in the first argument and strictly decreasing to zero in the second one,

oo = esssup [|d(t)|
>0

lulle = nf l[u— 0]l
It should be noted that in the general case © # {0}. Moreover, its structure is very complicated [6].
Therefore, estimates like (2.3) cannot be obtained by using direct a priori estimates.
In this paper we prove that local variant of this property holds for the problem (2.1).
Unfortunately, this property is in general not guaranteed even for the case ©® = {0}, see, for
example, [2].
In this paper we prove this property for the problem (2.1) at least locally. More precisely, we
prove the following result

Theorem. Under the mentioned above assumptions the problem (2.1)

(i) s local ISS with respect to O, i.e., there exists r > 0, B € KL and v € K such that for any
|lwollzr < 7 and any ||d||e <,

[u(t uo, d)e < B(lluolle,t) +v(lldlle), > 0; (2.4)

(ii) satisfies the asymptotic gain (AG) property with respect to ©, that is there exists v € K such
that for any ug € H and any d € L (Ry; H) it holds

liinsup Ju(t, uo, d)|le < v(|ld]ls)- (2.5)
— 00

To prove the local ISS property, the Laypunov technique is used. To establish the AG property,
the uniform attractors theory for non-autonomous systems [1] is used.
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1 Introduction

Consider a canonical Hamiltonian odinary differential system with n degrees of freedom

%zﬁpiﬂ'(q,p), %: —aqu(q,p), i=1,...,n, (1.1)
where ¢ = (¢4,...,¢,) € R" and p = (py,...,p,) € R™ are the generalized coordinates and
momenta, ¢t € R, and the Hamiltonian H : R?” — R is a polynomial of degree h > 2.

In this paper, using the Darboux theory of integrability [4] and the notion of conditional partial
integral [5,7], we will study the existence of additional first integrals of the Hamiltonian system (1.1).

The Darboux theory of integrability (or the theory of partial integrals) was established by
the French mathematician Jean-Gaston Darboux [4] in 1878, which provided a link between the
existence of first integrals and invariant algebraic curves (or partial integrals) for polynomial au-
tonomous differential systems. For the polynomial differential systems, the Darboux theory of
integrability is one of the best theories for studying the existence of first integrals (see, for ex-
ample, [5,6,11,14,15]). Note that the Darboux theory of integrability is related to the Poincaré
problem [13], which asks to find the upper bound of invariant algebraic curves of planar polynomial
differential systems. The Darboux theory of integrability is also involved in the study of Hilbert’s
16-th problem (see, for example, the paper by Yu. Ilyashenko [9]). For the current state of the
theory of integrability of differential systems see the monographs [2, 6,8, 10,11, 14, 15] and the
references therein.

To avoid ambiguity, we give the following notation and definitions.

The Poisson bracket of functions u,v € C1(G) on a domain G' C R*" is the function

[u(a.p), v(a.p)] = 3 (8, u(0,0) 8, v(a.p) — 8, ula,p) 8, v(q,p)) for all (¢,p) € G.

i=1
A function F' € C1(G) is called a first integral on the domain G of the Hamiltonian system (1.1)
if the functions F' and H are in involution, i.e.,

[F(g,p), H(g,p)] =0 for all (¢,p) € G CR*™.

The Hamiltonian differential system (1.1) is completely integrable (in the Liouville sense) if it
has n functionally independent first integrals which are in involution. Notice that the Hamiltonian
H is a first integral of the Hamiltonian differential system (1.1).
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A set of functionally independent on a domain G C R?” first integrals F, e cl@),l=1,...k,
of the Hamiltonian system (1.1) is called a basis of first integrals (or integral basis) on the domain
G of system (1.1) if any first integral F' € C1(G) of system (1.1) can be represented on G in the
form

F(q,p) = ®(F(q,p), ..., Fy(q,p)) forall (¢,p) € G,

where @ is some continuously differentiable function. The number k is said to be the dimension of
basis of first integrals on the domain G for the Hamiltonian differential system (1.1).

The autonomous Hamiltonian differential system (1.1) on a domain without equilibrium points
has an integral basis (autonomous) of dimension 2n — 1 [1, pp. 167 — 169].

A real polynomial w is a partial integral of the Hamiltonian system (1.1) if the Poisson bracket

[w(q, p), H(q,p)] = w(q,p)M(q,p) for all (q,p) € R*",

where the polynomial M (cofactor of the partial integral w) is such that deg M < h — 2.

Suppose w be a partial integral of the Hamiltonian differential system (1.1). Then the alge-
braic hypersurface {(q,p) : w(q,p) = 0} is invariant by the flow of the Hamiltonian differential
system (1.1) and if the cofactor M of the partial integral w is zero, then w is a polynomial first
integral.

An exponential function w(q, p) = exp v(g, p) for all (¢, p) € R?" with some real polynomial v is
called a conditional partial integral of the Hamiltonian system (1.1) if the Poisson bracket

[v(q,p), H(g,p)] = S(q,p) for all (g,p) € C*",

where the polynomial S (cofactor of the conditional partial integral w) is such that deg S < h — 2.
We stress that a conditional partial integral is a special case of exponential factor (or exponential
partial integral) [3,5,11] for the polynomial Hamiltonian ordinary differential system (1.1).

2 Main results

Suppose the Hamiltonian differential system (1.1) has real partial integrals w,; with the cofactors
M,, 1 =1,...,s, respectively, such that the Poisson brackets

[w,(g.p), H(q,p)] = wy(q,p)M;(q,p) forall (g,p) € R*, degM; <h—-2, I=1,....s. (2.1)

And moreover, the polynomial Hamiltonian system (1.1) has conditional partial integrals

w,(q,p) = expv,(q,p) for all (¢,p) €R*", v=1,...,m, (2.2)
with polynomials v,, v = 1,...,m, such that the following identities hold
[v,.(a,p), H(g,p)] = S,(q,p) forall (¢,p) €R*", degS, <h—2, v=1,...,m. (2:3)

Theorem 2.1. Let the exponential functions (2.2) be conditional partial integrals of the polynomial
Hamiltonian differential system (1.1). Then the scalar function

F(q,p) = Zﬁyvy(q,p) forall (¢,p) €R?", B, €R, v=1,...,m, Z |6, # 0, (2.4)
v=1

v=1

is an additional first integral of the Hamiltonian system (1.1) if and only if

> B,S,(¢,p) =0 for all (¢,p) € R*". (2:5)

v=1
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Proof. Taking into account the identities (2.3) and bilinearity of Poisson brackets, we calculate the
Poisson bracket of the function (2.4) and the Hamiltonian H:

[F(a,p), H(a,p)] = [Zﬁuvy(q,p)ﬂ(q,p)} => B,[v.(¢.p), H(@,p)] =D 8,5,(a,p)-

Therefore, by definition of first integral, the function (2.4) is a first integral of the polynomial
Hamiltonian ordinary differential system (1.1) if and only if the identity (2.5) is true. O

Theorem 2.2. Suppose the polynomial Hamiltonian differential system (1.1) has the conditional
partial integrals (2.2) such that the identities (2.3) are true under the conditions

S,(q,p) = 1, M(q,p) for all (g,p) € RQn, p, €R, v=1,....m, degM < h—2. (2.6)

Then the scalar function (2.4) is an additional first integral of the Hamiltonian differential sys-

m m
tem (1.1) if real numbers (B, are a solution to the linear equation . u,B, =0 under Y |5, # 0.
v=1 v=1

m
Proof. If the representations (2.6) are true and numbers /3, are a solution to > u, 3, = 0, then
v=1

m

> 8BS, (4,0) =D B, Mg, p) = 0.
v=1

v=1

This implies that the condition (2.5) is true. Therefore, by Theorem 2.1, the function (2.4) is an
additional first integral of the Hamiltonian system (1.1). O

From Theorem 2.2 under m = 2, p; = py # 0, we get the following statement.

Corollary 2.1. If the polynomial Hamiltonian differential system (1.1) has the conditional partial
integrals (2.2) under the condition m = 2 such that the identity holds

[v1(¢,p), H(q,p)] _ v1(q,p) for all (¢,p) € G C R*™,

[vy(q,p), H(q,p)]  vy(q,p)

then an additional first integral of the polynomial Hamiltonian system (1.1) is the function

F:(g,p) = v1(q,p) = va(q,p) for all (q,p) € R*™.
From Theorem 2.2 under m = 2, p; = — u, # 0, we obtain the following statement.

Corollary 2.2. If the polynomial Hamiltonian differential system (1.1) has the conditional partial
integrals (2.2) under the condition m = 2 such that the identity holds

[vi(g.p), H(g,p)] _  vi(g,p)

Il 2n
[vo(q,p), H(q,p)] s(¢,7) for all (¢,p) € G C R™,

then an additional first integral of the polynomial Hamiltonian system (1.1) is the function

F:(q,p) = vy(q,p) + va(q,p) for all (q,p) € R*",



166  International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

Corollary 2.3. Under the conditions of Theorem 2.2, we get the scalar functions

Fee(q,p) = Beve(q,p) + Beve(q,p) for all (q,p) €R®, &,¢=1,....,m, C#E&,

are first integrals of the polynomial Hamiltonian system (1.1), where numbers ﬂ€ and ﬁg are solutions
to the linear homogeneous equations

1B + pefe =0
under

Theorem 2.3. Suppose the Hamiltonian system (1.1) has the partial integrals w;, l =1,...,s, such
that the identities (2.1) hold with M,(q,p) = N\M(q,p) for all (g,p) € R*", X\, e R, I =1,...,s,
and the conditional partial integrals (2.2) such that the identities (2.3) under (2.6) are true. Then

.
F&Q(qvp) = w§§ (qvp) exXp (BCUC(Qap)) fO’)” all (Q>p) €GC R2na g = 17 s S, C = 17 sy M, (27)
are first integrals of system (1.1), where numbers Ve and 54 are solutions to the equations
AeVe + 1eBe = 0 under the conditions |v¢|+ |B:| #0, £=1,...,s, (=1,...,m. (2.8)
Proof. Using the functional identities (2.1) and (2.3), we obtain

[Fec(q:p), H(g,p)]
— [we* (g,p), H(g,p)] - exp (Beve(a,p)) + we' (g,p) - [exp (Beve(a,p)]
==ﬁ@tvzsfl(q,p)eXI>(6¢v¢(q,p))[Uk(q,p)vff(q,p)}
+ Bew* (a.p) exp (Beo(a.9)) [ve(a. p). H (g, )]
= (\elye + 1c!B.) M(a p)we’ (ap) exp (Beve (4, p)
for all (¢,p) €G, €=1,...,s, (=1,....,m.

If the real numbers 7, and j, are solutions to the linear equations (2.8), then the functions (2.7)
are additional first integrals of the polynomial Hamiltonian differential system (1.1). O

For example, the polynomial Hamiltonian differential system given by [12]

1
H(g,p) = = (0} + p3) + 2¢op1p; — @ for all (¢,p) € R* (2.9)

2
has the polynomial partial integral w(q, p) = ps with cofactor M(q,p) = —2p; and the conditional
partial integral w(q,p) = expp? with cofactor S(q,p) = 2p1. By Theorem 2.3, we can build the
additional first integral of the Hamiltonian system (2.9): F(q,p) = py exp p? for all (¢,p) € R*. The
functionally independent first integrals H and F' of the Hamiltonian system (2.9) are in involution.
Therefore, the Hamiltonian system (2.9) is completely integrable (in the Liouville sense).
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For a given n € N let us denote by Mn the set of linear differential systems
t=Alt)x, x €R", teRy =]0,+00). (1)

with continuous matrix-valued functions A : Ry — R™*", which we identify with the corresponding
linear systems. The subset of M,, that consists of systems (1) with bounded coefficients will be
denoted by M,,.

In [8] O. Perron constructed a two-dimensional system A € My with negative Lyapunov expo-
nents and an exponentially decaying at infinity continuous matrix-valued function @) such that the
Lyapunov exponents of the perturbed system A + ) are greater than those of the original system
A. Perron’s studies (see also [9]) have become a starting point of deeper researches on dependency
of the Lyapunov exponents on perturbations of different classes.

The phenomenon of abrupt change of the Lyapunov exponents of a system in M, under a small
perturbation was called in the monograph [6, Ch. 4] the Perron effect. Since the paper [5], this
term is being used only for the case when perturbations do not decrease the Lyapunov exponents
of the original system. Unlike [5,6,9], which consider higher-order perturbations, we study the
Perron effect under linear perturbations and hence call it linear [2].

Let us recall that the characteristic exponent [1, p. 25] of a vector-function f : P — R", where
P is an unbounded subset of the semi-axis R, is the quantity (we assume that In0 = —o0)

Alff = Tim Inlf(0)]"",

P3>t—+o00
and the Lyapunov ezponents [7] of a system A € M,, are the quantities

Ai(A) LeGliI(l,g'(A)) 216112 AMzl, i=1,...,n,

S(A) being the space of solutions of system (1) and G;(S(A)) the set of i-dimensional subspaces
of S(A).

The spectrum of the Lyapunov ezponents of system (1) is the n-tuple A(A) = (A1(A),..., A (A)).
As coefficients of systems under consideration are not supposed to be bounded, the Lyapunov
exponents of these systems are points of the extended real line R = R U {—00,+00} with the
standard order and topology.

As a more general case, for an arbitrary metric space M, let us consider a parametric family of
linear differential systems

&= A(t,p)z, v €R", teRy =][0,+00), (2)

depending on a parameter p € M such that for each fixed p € M system (2) has continuous
coefficients. Fixing ¢ = 1,...,n and assigning to each p € M the i-th Lyapunov exponent of
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system (2) we obtain the function \;(A, -): M — R which is called the i-th Lyapunov exponent of
family (2). Accordingly, the function A(A, -) = (A1(A4, -),..., (A, -)) is called the spectrum of
the Lyapunov exponents of family (2).

Henceforth we will consider parametric families of linear differential systems of the form

i=(A(t)+Qt,p))z, z€R", teRy=]0,+00),

where Q(-, -) : Ry x M — R™ "™ is called a parametric perturbation of system (1).

As previously, let M be a metric space. For a given § : R, — R we denote by Qfl(M ) the
class of jointly continuous functions Q( -, -) : Ry x M — R™*"™ such that each function @ for some
Cg > 0 satisfies the condition

sup [|Q(t, u)|| < Coe @', t e Ry
neM

For eachAEMn, let
AN ={Qe ) | Vi=1l..mVpeM NA+QWENA) ()

Put simply, the set Q% [A](M) is the subset of QY (M) consisting of those perturbations that don’t
decrease the Lyapunov exponents of the original system A. Note that for each system A € M, the
class QY [A](M) is nonempty since it contains the matrix Q = 0.

It is of interest to describe in terms of the descriptive set theory the set of pairs composed of
the spectrum of the Lyapunov exponents of a system A and that of a family of perturbed systems

A+ Q, where A € M,, and Q € Q9[A](M), i.e. the set
Qi (M) = { (A(4),AA+Q, )| A€My, Qe QAI(M)}. (4)

Let us recall some necessary set theory notation. We say [3, p. 267] that the function f : M — R
belongs to the class (*,Gs) if for each r € R, the inverse image f~* ([7‘, +oo]) of the semi-interval
[r,+00] is a Gs-set in M (i.e. it can be represented as countable intersection of open sets). In
particular, the class (*,Gs) is a subclass of the second Baire class [3, p. 294].

The sought description of set (4) is contained in the following

Theorem 1. For any metric space M, number n > 2 and continuous function 6§ : Ry — R the

pair (1, f(-)), where L = (l1,...,1,) € (R)" and f(-) = (fi(-),..., fa(+)) : M — (R)™, belongs to
the set TIQ% (M) if and only if the following conditions are satisfied:

1) h < <lp;
2) fi(p) < -+ < fa(p) for each p € M;
3) filw) =1l forallpe M andi=1,.
4) for each i =1,...,n the function fi(-): M — R belongs to the class (*,Gs).

Note that a similar result for systems with bounded coefficients is obtained in [2].

As an important application of the stated theorem, consider the following problem. Let ®
be the set of all continuous functions ¢ : Ry — (0,+00). For an arbitrary metric space M and
a subset ¥ C @ let Q,[V](M) denote the class consisting of continuous matrix-valued functions
Q : Ry x M — R™™ gatisfying the condition
lim ((t))"! sup |Q(t,u)|| = 0 for each 1 € .

neM

t—+00
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Next, for each A € M, let Q,[¥, A](M) denote the subset of Q,[¥](M) that consists of
parametric perturbations that don’t decrease the Lyapunov exponents of the system A, i.e.

Q. [, AJ(M) = {Q € QuU|(M)| Yi=1,....,n, Ve M \(A+Q,pu) = MA)}.

The class Q,[V, A](M) is nonempty for the same reasons as class (3) is.
The problem is to describe the set of all pairs (A(A),A(A+ @, -)), where A € M,, and Q €
Q,[V, A|(M), i.e. the set

QW] (M) = { (A}, AMA+Q, ) | A€My, Q€ Qulw, (M),

for given n € N, metric space M, and set ¥ C ©.
The solution to this problem for a countable set W is stated in the following

Theorem 2. For any metric space M, n > 2 and countable set W C ® the pair (I, f(-)), where
€ (R)" and f(-): M — (R)", belongs to the set 11Q,,[V](M) if and only if conditions 1)-4) of
Theorem 1 are met.

The last result shows that all theoretically possible pairs of the spectrum of an original and
parametrically perturbed systems (with an additional condition that all the exponents of a per-
turbed system are not less than those of the original one) can be obtained even in the class of
perturbations that decay arbitrarily fast at infinity. This situation is specific for systems with
unbounded coefficients since the Lyapunov exponents of a system with bounded coefficients are
invariant under perturbations that decay faster than any exponent [4, § 8.1].
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We study the general form boundary value problem

dz(t)
o = Fta(®),z(@(®), t€ b, (1)

for the system of so called iterative differential equations (see, e.g., [1,5] and the references therein)
under the non-linear boundary conditions

O(x(t), 2(x(t))) = d, (2)

where f € C([a,b] x D x D;R"™), d € R" is a given vector, ® is a continuous n-dimensional vector
functional and there exist some n x n matrices K1, Ko with non-negative entries such that for all
t € la,b], uj,v; € D, i = 1,2 the inequality

| f(t,ur,ug) — f(t,v1,02)| < Kilug — vi| + Kalug — va| (3)

holds.
The domain D C [a,b]” will be defined in Egs. (10) and (11).
We deal only with such solutions

z:a,b] = D a, 0", (4)
of problem (1), (2), which belong to the set
$:={z e Cla,b: D) : la(t) — alts)] < Lita — tof, ¥i1,12 € [a,8]}, (5)

where L is a given diagonal matrix with non-negative entries L = diag(L1,...,Ly). On the base
of conditions (3) and (5), we obtain

}f(t, Uy, ug) — f(t,vl,vg)’ < Ki|lug — v1| + KoLjuy — v1| = [K1 + KoL |ug — v, (6)
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t € [a,b]. Thus, we prescribed some restrictions for the values of the derivative of the possible
solutions similarly to that of [5] and [1].

To study the BVP (1), (2) we will use an approach similar to [2]. Note that this technique can
be applied also in the case when, instead of (5), the condition

8 1= { € Clla bl lar,ba]") 5 [alt) = alt2)| < Lty — tal, V1,2 € [ar,br] |
is fulfilled and in addition there are given some initial functions
g € C(la1,a],D), ~€C([b,b],D).

For vectors © = col(z1,...,x,) € R" the obvious notation |z| = col(|z1],. .., |zs|) is used and
the inequalities between vectors are understood componentwise. The same convention is adopted
for operations like “max” and “min”.

I,, and 0, are the unit and zero matrices of dimension n, respectively. r(K) is the maximal (in
modulus) eigenvalue of the matrix K.

For any non-negative vector p € R™ under the componentwise p-neighbourhood of a point
z € R", we understand the set

Op(z):={€€R": |€—2z| < p}. (7)

Similarly, the p-neighbourhood of a domain 2 C R" is defined as

0,(@) = | 0,(2). ®)

zeQ)

A particular kind of vector p will be specified below in relation (11).
Let us choose certain compact convex sets D, C R™, D, C R™ and define the set

Da,b = (1*9)Z+6777 z € Dq, n€ Dy, 0 € [Oa 1}7 (9>

moreover, according to (8) its p- neighbourhood

D =0,(D,p) (10)
with a non-negative vector p = col(p1, ..., pn) € R™, such that
b—a
p= 9 5[a,b},D><D(f)v (11)

where 6|44 pxp(f) denotes the half of the oscillation of the function f over [a,b] x D x D, i.e.,

t — : ¢
(t@:y)en[}fngDXDf( ' T y) (t@,y)el[l;}l{]lxDfo( y Ly y)

5[a,b],DxD(f) = 9 . (12)

Instead of the original boundary value problem (1), (2), we will consider the following auxiliary
two-point parametrized boundary value problem
dx(t)
a !
a(

(t,z(t), z(x(t))), t € [a,b], (13)
a)=1z x(b)=n, (14)

where z and 7 are treated as free parameters.
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Let us connect with problem (13), (14) the sequence of functions
t

$m+1(taz7n) =z+ /f(Sanm(&Zﬂ?)axm(xm(S,Zﬂ?)vZﬂ?)) ds

b
i [ sz, 2, s,z ) ds

a

t—
+i— =zl tefabl m=0,12..., (15)
—a
satisfying (14) for arbitrary z,n € R™, where
t— t— t—
zo(t, 2,m) = = + b_z I — 2] = (1 - b_Z)Hﬁn, t € la,b]. (16)

It is easy to see from (16) that xo(t, z,7n) is a linear combination of vectors z and 7, when z € D,
and n € Dy.

The following statement establishes the uniform convergence of sequence (15) to some param-
eterized limit function.

Theorem 1. Let conditions (6), (11) be fulfilled, moreover, for the matrix

3(b—a)

@==75

K, K =K+ KL (17)
the inequality
r(Q) <1 (18)

hold.
Then, for all fized (z,m) € Dy X Dy:

1. The functions of sequence (15) belonging to the domain D of form (10) are continuously
differentiable on the interval [a,b] and satisfy conditions (14).

2. The sequence of functions (15) for t € |a,b] uniformly converges as m — oo with respect to
the domain (t,z,n) € [a,b] x Dy x Dy to the limit function

(IZoo(t,Z,n) = lgnoomm<t7z7n)7 (19>

m
satisfying conditions (14).
3. The function xoo(t, z,n) for allt € [a,b] is a unique continuously differentiable solution of the
integral equation

t

b
ot) ==+ [ fs,0(s)ata@))ds — ;=0 [ flsal).alal@)ds+ ;=0 -2 (@0

a

i.e., it is the solution to the Cauchy problem for the modified system of integro-differential
equations:

dx 1
o = Fta(), 22 (1) + 7— A=),

z(a) =z (21)
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where A(z,m) : Dy x Dy — R™ is a mapping given by the formula

b
AC%W)Z[n—Z]—u/f(&wa(&ZJnﬂmewO%%n%Zﬂﬁ)d& (22)

a

4. The error estimation

‘l’oo(t, Zs 77) - ZL’m(t, 2777)‘ < lsﬁo al(t)Qm(ln - Q)_l(s[a,b],DXD(f)? te [a7 b]: m >0 (23)

holds, where

t—a b—a
)<

al(t):2(t—a)<1—b . te )

—a

The following statement gives a relation of the parameterized limit function z(t,2,1) to the
solution of the original boundary value problem (1), (2).

Theorem 2. Under the assumptions of Theorem 1, the limit function
Too(t, z,m) = lim @ (t,2,7)
m—0o0

of sequence (15) is a solution of the boundary value problem (1), (2) with property (5) if and only
if the pair of parameters (z,m) satisfies the system of 2n algebraic equations

b
A(z,m):=[n—z] — /f(s,a:oo(s,z,n),azoo(asoo(s,z,n),z,n)) ds =0, (24)

O(z,n) == P(ro(t, 2,7m));, Too(Too(t,z,m)) —d=0.

We apply the above techniques to the following model BVP in R?

d“”ét(t) = (a1 ()] - ém(t) + % = fulanas,ma(@ (1), 2aea()), 1€ lab] = [0, %}
dl‘;t(t) = l’g(sz(t)) — %:El(t) . Jig(t) +t = fg ({L‘l, xTo, l’l(ml(t)), l’g(:l?z(t))), (25)

with the iterative integral boundary conditions

1/2
B (o(0).a(a(t))) = [ [ons) + a(s)] ds = 3.

iy (26)
By (2(t), 2(2(t))) = / [o1(21(s))]2 ds = ﬁ

0

Clearly, problem (25), (26) is a particular case of (1),(2) witha =0,b= 3, d = col(%, ﬁ). It
is easy to check that z1(t) = L, zo(t) = % is a continuously differentiable solution to problem
(25),(26).

One can check that all the conditions of Theorem 1 for this example are fulfilled for the following
choosing and computation of corresponding sets, vectors, matrices:

Do =Dy = {(z1,22) : —0.05 < z1 <0.3, —=0.05 <23 < 0.2}, Dgp =Dy = Dy, (27)
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p = col(0.15,0.15), Op(Dyyp) = D = {(z1,22): —0.2 <z1 <045, —0.2 <z < 0.35},

0 10 10
K= ’ KF[O 1}’ L:[O 1]’
0.25 0.25

! Q—MK— 0.15  0.01875
0.25 1%5’ 10 ~10.0375  0.1875

0.176875 0.15] _b—a 0.03546875
Ot Dxp(f) 5= [ 0.415 } N [0.15} =75 datoxn(f) = [ 0.08125 }

oo | =

K=K + KyL =

] Q) ~02<1,

In the case of Maple computations for iterative systems it is more appropriate to use instead of
(15) a scheme with polynomial interpolatlon [3,4], when 1nstead of (15), we introduce the sequence
{$m+1(t z,m)}2°_ of vector polynomials a:m_H(t z,n) = col(x! m+1 Lt z,m), J_H 5(t,z,m)) of degree
(¢+1)

1
2l (6 2,m) = amy1,50(20) + Gmg11 (2,0t + Gmarg2(zmE + - 4 ami g1 (zn)
t

=z+ / [Am,j,o(za n) + A1 (2t + Aoz, + -+ Ay g(2, U)tq} dt

a

t(]+1

b

t—a
b / ,]0 < 77 +Amj 1(2: U)t+A ,]Z(Z 77) +- '+Am,j,q(2777)tq} dt
t—a . .
+b_a[77j_zj]a tE[(I,b], m:0a1a2a"~a ]:1,2, (28)

where
Apmio(z,m) + Amji(z,m)t + Amjo2(z, n)t2 + o A gz, =12

are the Lagrange interpolation polynomials of degree ¢ on the Chebyshev nodes, translated from
(—=1,1) to the interval (a,b), corresponding to the functions

ff(’ B zm), 2l (8 2m), 2l (22 (8, 2,m)) 2y (= qH(tzn)))v j=1,2

respectively in (25). Note that the coefficients of the interpolation polynomials depend on the
parameters z and 7. On the basis of (28), instead of (24) let us define the mth approximate
polynomial determining system, which consists of four algebraic equations when j =1, 2,

AL i(zm) = [y — 2]
b

- / |:Am,j,0(zv 77) + Am,j,l('za 77)t + Am,j,Q(Z, 77)752 + -+ ATn,j:fI(Za U)tq} dt = 0’ (29)

a

O, j(zm) = @5 (a8 (02, m), 5 (1 2m), 2] (e (1 2m)), 283 (55 (8, 2,m)) ) — dy = 0.

By choosing ¢ = 3, using (28) and solving (29) (applying Maple 14) we obtain the approximate
numerical values for the introduced parameters given in table.

The graphs of the zeroth (x), sixth (¢) approximation and the exact solution (solid line) to
problem (25), (26) are shown in figure.
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21 Z9 m n2
m =20 | 0.5332693 - 1073 | —0.19430321072 | 0.2491448305 | 0.1294598825
m =3 1.4024463 - 10~7 | 0.4841504 - 103 | 0.2500002840 | 0.1245609255
m=6 | 1.3907241 - 1077 | 0.4841505- 1072 | 0.2500002846 | 0.1245609251
Exact 0 0 0.25 0.125
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For a given zero neighborhood G in the Euclidean space R™, we consider a nonlinear, generally
speaking, differential system of the form

i':f(t,$), f(tvo):()a t€R+E[Ov+OO)a r € G, (1>

where the right-hand side satisfies the condition f, fI € C(R4 x G) and the zero solution is allowed.
We associate with system (1) the linear homogeneous system of its first approximation

= Az, A®)=fL(t,0), teR,, xeR", (2)

for which we do not require here the uniformity in ¢ € Ry of the natural (pointwise) smallness of
the nonlinear addition
h(t,z) = f(t,z) — A(t)x = o(x), = — 0.

Let z¢(-,x0) be a non-extendable solution of system (1) with the initial condition x (0, z0) = xo.
By Si«(f) and S4 we denote the set of all nonzero solutions to system (1) and, accordingly, the set
of all solutions to system (2).

Definition 1. Let us list three basic [1] functional K(t,u) defined on the pairs ¢ € Ry and w :
[0,t] — R™ (taking the value +00 whenever the function is not defined on the entire segment [0, ¢]),
corresponding to indicators

»x=1uv,0,p, respectively, for K=N,0,P, (3)
and describing the following properties of solutions:

1) oscillation (3 = v), if K(t,u) = N(¢,u) is the number (multiplied by 7) zeros of the function
Pyu on the interval (0, t], where P is an orthogonal projector onto a fixed line, and if at least
one of these zeros is multiple (that is, it is also a zero and derivative (Piu)’), then we assume
N(t,u) = +o0;

2) rotation (oriented, s = 0), if K(t,u) = O(t,u) = |p(t, Pou)| is module of oriented angle
©(t, Pyu) (continuous in ¢, with initial condition (0, Pyu) = 0) between the vector Pru(t) and
the initial vector Pou(0), where P, is the orthogonal projector onto a fixed two-dimensional
plane, and if Pyu(7) = 0 for at least one 7 € [0,¢], then we assume O(t,u) = 4o0;

3) wandering (» = p), if

K(t,u) = P(t,u) = / ’(’LL(T)/’U(T)’)‘ dr, u(t)#0, 7€][0,t].
0
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There are also known the other functionals that are responsible for the non-oriented or frequency
rotation [1], k-th rank rotation [2], and plane rotation [3].

Definition 2 ([4]). For each functional described in Definition 1, we define:

(a) weak and strong lower linear indicators (3) of the solution z € S.(f) defined on the whole
semiaxis Ry — by the formulas

#°(z)= lim inf ¢ 'K(t,Lz), *(x)= inf lim t 'K(¢, Lz); (4)
t—too LEAutR™ LeAutR™ ¢ 1o

(b) weak and strong lower radial indicators (3) of the Cauchy problem for system (1) with the
initial value xg € G — by the formulas
2N = li inf  t7'K L
5 (f, o) T I Ky (f, 2o, ¢, L),

— g ( )
® o) = inf lim ¢ 1K t, L
%T(f, (]) I lutR"tli T(f>$0> ) )7

where

Kr(fv x07t7L) = hirn K(t>fo( : 7Mx0)); (6)
pn—+0

(c) weak and strong lower spherical indicators (3) of the Cauchy problem for system (1) with the
initial value zg € G — by the formulas

72 = li inf  ¢+'K t, L
%s(fvx()) t_%ooLGA{AIIIJtR" S(f7x07 ) )7

< = inf lim ¢t 'K t,L
0= il B w0, L),

(7)

where
Ks(fa antaL) = K(t7mes( ' ,l‘o)), fS(tvx) = P;'f(t,(E),

P;- is a projector onto a hyperplane orthogonal to x, and the modified system
'f:fs(tax)v (t,l‘) ERy xG, (8)
is also called spherical (with respect to system (1));

(d) weak and strong upper indicators — linear 3°(x), 2°*(x), radial 3.(f,x0), 2t (f, zo0) and spher-
ical 73 (f,x0), 25(f,z0) — by the same formulas (3), (5) and (7), respectively, but with the
replacement in formulas (3)—(7) of all lower limits for ¢ — +oo and for u — +0 by upper
ones;

(e) exact or absolute varieties of the same indicators that arise when the corresponding values of
the lower and upper indicators or, respectively, weak and strong ones coincide: in the first
case, we will omit the checkmark and the cap in their designation, and in the second one —
an empty and full circle.

Everywhere below, the letters s or K mean any (corresponding) of the indicators or functionals
(3), and the top icons ~ or * are any of the icons v, ~ or o, e, respectively.

The introduction of radial and spherical indicators (as well as ball ones [4]) is due to the fact
that some solutions of the nonlinear system (1) may be defined not on the entire time semiaxis.

On the one hand, for linear systems, the linear and nonlinear (radial and spherical) indicators
are indistinguishable.
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Theorem 1. If system (1) is linear homogeneous and G = R™, then for any solution x € Si(f)
the equalities hold

K, (f,2(0),t, L) = K(f, z(0),¢,L) = K(f,Lz), t € Ry, AutR",
7, (f,2(0)) =37 (f,2(0)) = 57 (z).

On the other hand, in the nonlinear (even if autonomous) case, that coincidence is no longer
observed.

Theorem 2. If n =2 and G = R?, then for each of the following four lines of relations separately

0= 54(f,2(0)) < 2(f,2(0)) < »(z) = +o0,

0= 2.(f,2(0)) = »(x) < s(f,2(0)) < +oc,
1= 5e.(f,2(0)) > 2(f, 2(0)) > »(x) = 0,
1= 5. (f,2(0)) = »(x) > s(f,2(0)) > 0,

there exists an autonomous system (1) such that any solution x € S.(f) is defined on Ry, and all
linear, radial and spherical indicators are exact, absolute and satisfy the relations of that particular
line.

The radial wandering indicators completely coincide with the corresponding linear ones of the
first approximation system.

Theorem 3. For any system (1) and any nonzero solution x € S4 to the system of its first
approzimation (2), the equalities hold

pr(f>$(0)7t7L) = ﬁT(fax(O)ﬂfaL) = P(vat>a te R-l—a Le AUtRna
pr (f,2(0)) = p™ ().

In the two-dimensional case, a similar coincidence is observed also for the rotation indicators.

Theorem 4. If n = 2, then for any system (1) and any nonzero solution x € S to the system of
its first approzimation (2), the equalities hold

O,(f,z(0),t,L) = O,(f,z(0),t,L) = O(La,t), t Ry, Le AutR",
07 (f,2(0)) = 0" (x).

However, already in the three-dimensional (and even autonomous) case, the rotational radial
indicators, as well as the oscillation ones, generally speaking, do not match the linear ones.

Theorem 5. For n = 3 and G = R? there exists an autonomous system (1) such that for any
nonzero solution x € Sa of the system of its first approximation (2) the solution x¢(-,2(0)) is also
defined on Ry, and all the rotational and oscillation indicators are exact, absolute and for some
two-dimensional subspace S C S4 satisfy the relations

1, ze€S\{0};

= 0r(f,2(0)) = v (£,2(0)) < () = v(z) = {o v ¢S

For the linear and nonlinear radial indicators of oscillation, a similar mismatch is observed
already in the two-dimensional (albeit only in a non-autonomous) case.
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Theorem 6. For n = 2 and G = R? there exists a system (1) such that for any solution x € Sa
of the system of its first approzimation (2) the solution x¢(-,x(0)) is also defined on R, and all
the linear and radial oscillation indicators are exact, absolute and satisfy the relations

0=v(f,z(0)) <v(z)=1.

For the spherical indicators, however, no analogs of Theorems 3 and 4 above are valid (that
follows from Theorems 2 and 3).

Theorem 7. Ifn =2 and G = R2, then for each of the following two lines of relations separately

0= »(x) < 2 (f,z(0)) < o0,
1 =s(x) > »(f,2(0)) >0,

there exists an autonomous system (1) such that for any nonzero solution x € Sa of the system
of its first approximation (2) the solution xs(-,x(0)) is also defined on Ry, and all the linear and
spherical indicators are exact, absolute and satisfy the relations of that particular line.
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In the paper, for the perturbed controlled nonlinear differential equation with the constant
delay in the phase coordinates and in controls a formula of the analytic representation of a solution
is obtained in the left semi-neighborhood of the endpoint of the main interval. The novelty here
is the effect in the formula related with perturbation of the initial moment. Analogous formulas
without perturbation of the initial moment and without delay in controls are given in [1,3,4].

Let I = [0,T] be a finite interval and let 7o > 71 > 0, and 6 > 0 be given numbers; suppose
that O C R™ and U C R" are open sets. Let n-dimensional function f(t,z,y,u,v) be continuous
on I x O? x U? and continuously differentiable with respect to z, y, v and v. Let ® be a set of
continuously differentiable initial functions ¢ : I1 = [—-72,T] — O and let Q be a set of piecewise-
continuous and bounded control functions u(t) € U, t € Iy = [—6,T].

In the space R™ to each element p = (tg, 7, xo, @, u) € A =[0,T) X [11,72] x O x & x Q we assign
the delay controlled differential equation

(t) = f(t,z(t),z(t — 7),u(t),u(t —0)), te [to,T] (1)
with the discontinuous initial condition
z(t) = o(t), t€[-72t0), x(to) = wo. (2)
Condition (2) is called the discontinuous initial condition because, in general, x(t9) # ¢(zo).

Definition. Let p = (to, 7,20, p,u) € A. A function z(t) = x(t;u) € O, t € I; is called a solution
of equation (1) with the initial condition (2) or a solution corresponding to p and defined on the
interval I if it satisfies condition (2) and is absolutely continuous on the interval [tg, 7] and satisfies
equation (1) almost everywhere on [tg, T.

It is clear that the solution x(t) = x(¢; u), t € I, in general, at the point ¢y is discontinuous.
Let us introduce notations

|l = fto] + 7] + |zo| + llelly + [lull,  Ac(po) = {n € A+ | — po| < e},
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where
el =sup {lp(®)] + |o(t)| - t€ L}, |lull =sup {Ju(t)| : t € I},
e > 0 is a fixed number and o = (to0, 70, Zoo, Yo, uo) € A is a fixed element; furthermore,
to = to — too, G0 = To — oo, 0p(t) = @(t) — po(t), du(t) = u(t) —uo(t),
op = p — po = (0to, 0T, 0z0, 0¢p, du),  |ou| = [0to| + |67| + [dwo| + [[0¢l[1 + [|dul.

Remark. Let z(t; o) be the solution corresponding to o € A and defined on the interval I3, i.e.
x(t; o) is the solution of the problem

i(t) = f(t,z(t),z(t — 10),u0(t), uo(t — 0)), € [too, T,
z(t) = po(t), t€[—T2,to0), «(ton) = oo

Then, there exists a number ¢; > 0 such that to each element p € A, (uo) there corresponds
the solution x(¢; 1) defined on the interval Iy, i.e. the perturbed problem (1), (2) has the solution

Theorem 1. Let zo(t) := x(t;po) be the solution corresponding to the element py =
(too, 70, Too, L0, uo) € A and defined on the interval Iy, with tog+ 719 < T. Let § > 0 and &3 € (0,e1)
be numbers such that tog + 70 + €2 < T — 6. Then, for arbitrary

p € A, (o) = {p = (to, 7,0, 0, u) € Ay (po) = 0 < to <too}
on the interval [T — §,T), the following representation holds
x(t; p) = xo(t) + 0a™ (5 0p) + oft; pu), (3)
where
0™ (t:0p) = —[Y (too; 1) fy” + Y (too + 703 1) f1]0to — ¥ (too + 7038) fy 0T + B(t: 0ps),
B(t; 6p) =Y (toos ) 0o

too t
+ / Y (s + 10;t) fyls + 0]d¢(s) ds + [ Y (s;t) fyls]@o(s — 7o) ds|dT
too—To too

t t
+ /Y(s;t)fu[s]éu(s) ds + /Y(s;t)fv[s]éu(s —0)ds,
too too
fo = [ (too, zoo, wo(too — 70), uo(too—), uo(too — 6—)),
f1 = f(too + 70, zo(too + 70), z0o, uo(too + T0—), uo(too + 70 — 60—))
— f(too + 70, o(too + 70), po(too), uo(too + To—), uo(too + 70 — 0—)),
fylsl = fy(s,20(s), x0(s — 10), uo(s), uo(too + 10 — 6-)),
lo(t; 6p)|

=0 wuniformly for t € [T —4,T).
l6ul—0  [Op]

Next, Y (s;t) is the n X n-matriz function satisfying the equation

Yi(sit) = =Y (s;t) fu[s] = Y (s + 710;t) fyls + 70], s € [too, 1]

¥ (s:) H for s=t,
S; =
© fors > t;

and the condition

H is the identity matriz and © is the zero matrix.
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Some comments

The function dx~ (t;dp) is called the first variation of a solution z((t), t € [t19 — d2,t10 + d2]. The
expression (4) is called the variation formula of a solution. The addend

—[Y (too; t) fo + Y (too + 103 t) f1 | 6to
in (4) is the effect of perturbation of the initial moment too. Namely, here f; is the effect of the
discontinuous initial condition (2). The addend

t
- [Y(too +105t) f; + /Y(s; t) fylslo(s — m0) ds|oT
too
in (4) is the effect of perturbation of the delay 79. The expression
too
Y (too; t)dzo + / Y (s+ 705t) fyls + 10]0p(s) ds
too—T0

in (4) is the effect of perturbations of the initial vector xgg and the initial function pg(t). The
expression

/ Y (s:) [fuls)ou(s) + fulslou(s — 0)] ds

too
in (4) is the effect of perturbation of the control function wug(t).
Formula (3) allows us to obtain an approximate solution of the perturbed problem (1), (2) in
the analytical form on the interval T'— 6, 7. In fact, for a small [0u| from (3) it follows

x(t; p) = xo(t) + oz~ (t;0p), te [T —9,T].
Theorem 2. Let zo(t) = xz(t;po) be the solution corresponding to the element py =
(too, 70, Too, Y0, uo) € A and defined on the interval Iy, with tog+ 79 < T. Let § > 0 and e € (0,e1)
be numbers such that tog + 70 + €2 < T — . Then, for arbitrary
we AL (no) = {1 = (to, 7, w0, p,u) € Acy(po) : too <to < T}
on the interval [T — §,T), the following representation holds
a(t; ) = wo(t) + 62 (t; ) + o(t; 0p),
where
Szt (t;6p) = —[Y(too; t) fof + Y (too + 705 8) f1T]0to — Y (too + T3 t) 17 67 + B(¢; 6p).
Theorem 3. Let xo(t) := z(t;uo) be the solution corresponding to the element py =
(too, 70, Too, Po, uo) € A and defined on the interval I, with too + 70 < T. Let the functions
ug(t) and ug(t —0) are continuous at the points tog and top + 19. Besides, let § > 0 and 3 € (0,¢1)
be numbers such that too+710+e2 < T —38. Then, for arbitrary u € Ag,(1o) on the interval [T —6,T],
the following representation holds
a(t; p) = wo(t) + 0x(t; 0p) + o(t; o),
where
6x(t;6p) = —[Y (too; t) fo + Y (too + 70:t) f1]0to — Y (too + 70: ) f16T + B(t; 6p),
Jo = [ (too, zoo, po(too — 70), uo(too), uo(too — 6)),
J1= [ (too + 70, z0(too + 7o), Too, uo(too + 70), uo(teo + 70 — 0))
— f(too + 70, Zo(too + 70), o(too), uo(too + 70), uo(too + 70 — ).
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In the mathematical description of various phenomena and processes arising in mathematical
physics, electrical engineering, economics, have to deal with matrix differential equations. There-
fore, such equations are relevant as for mathematicians and specialists in other fields of natural
sciences. This article considers quasi-linear matrix differential equations with coefficients depicted
in the form of absolutely and uniformly convergent Fourier series with slow variable in a sense
coefficients and frequency (class F'). The differences of the diagonal elements of the matrices of the
linear part are pure imaginary, that is, we are dealing with a critical case. But between these diag-
onal elements assume certain relations that indicate the absence of resonance between the natural
frequencies of the system and frequency of external excitation force. The problem is considered
establishing signs of existence in such an equation of solutions class F'. By means of a number of
transformations the equation is reduced to the equation in noncritical case, and the solution of the
class F' of this equation is sought by the method of successive approximations using the principle
compression reflections. Then based on the properties of the solutions of the transformed equation,
conclusions are drawn about the properties of the initial equation.

1 Basic notation and definitions

Let
G(eo) = {t,e: te R, € (0,e0), 0 € R }.

Definition 1.1. We say that a function p(t, ) belongs to the class S(m;eg), m € N U {0}, if:
(1) p: G(eo) — C;
(2) p(t,e) € C™(G(e0)) at t;
d*p(t,e)
(3) —aE = efpr(t,e) (0 <k <m),

m
def
Iplls(mien) = 3 sup |pi(t,€)] < +o0.
k=0 G(c0)

Definition 1.2. We say that a function f(t, e, 6(¢, <)) belongs to the class F/(m;eg; 0) (m € NU{0}),
if

F(te,0(te)) = Y falt,e) exp(inb(t,c)),

n=—oo

and

(1) fult;e) € S(m,e0) (n € Z);
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(2)
def
Hf”F(m;so, E an”S (m;e0) < +00;

n=—oo

3)

t

O(t,e) = /go(T,e) dr, peRT, ¢ e (m,ep), G@gﬁ)gp(t,e) =@ > 0.
0
Definition 1.3. We say that a matrix A(t,¢) = (a;(t,€)), ;.7 Pelongs to the class Sz(m;eo)
(m e NU{0}), if ajr € S(m;eo) (j,k=1,N).
We define the norm

HA(t7€)HSQ(m i€0) — 1I<n3%X Z Hajk t €) HS (m;e0)

Definition 1.4. We say that a matrix B(t,,0) = (b;x(t,€,0)), ,_7 5 belongs to the class F5(m; eo; 0)
(m e NU{0}), if bjr(t,e,0) € F(m;ep;0) (j, k= ).
We define the norm

||B(t7€79)HFQ(m;80;9) = max Z ”b]k t g, e)HF (m;e0;0) -

2 Statement of the problem

Consider the matrix differential equation:

dX
dt

where X is an unknown square matrix of order N, belonging to some closed bounded domain
D c CVN*N where CN*¥ is the space of complex-valued matrices of dimension N x N, A(t,¢),
B(t,e) belongs to the class Sa(m;eq), P(t,e,0) belongs to the class Fy(m;eg;0). ®(t,¢,0,X) is a
matrix function belonging to the class o(m;eg; 6) with respect t, e, 0 and continuos with respect X
in D. u are real parameter.

We denote )\}(t,a), )\?(t,a) (j = 1,N) — eigenvalues, respectively, of matrices A(t,e), B(t,¢),
for which the following conditions are satisfied:

— A(t,e)X — XB(t,e) + P(t,,0) + ud(t,e,0, X), (2.1)

19,

Gl&f)) ‘)\Jl-(t,s) — Ap(t,e) — inp(t,e)| > by >0,

G}g) ])\?(t,a) — A(t,e) — inp(t,e)| >by>0VneZ jk=1,N, j#k.
20,

)\}(t,a) — ALt e) = iwjk(t,€), wjk(t,e) €R,
Gi%lf) ]wjk(t, g) — mp(t,s)| >by>0VneZ, j,k=1,N.
€0

We study the problem on the existence of particular solutions of classes Fy(mq;e1;0), mp < m,
g1 < g of equation (2.1). The condition 2° shows that in this case we are dealing with a critical
case.
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3 Auxiliary results

Lemma 3.1. Let
dx

dt

be a given scalar linear non-homogeneous first-order differential equation, where \(t,e) € S(m;e),

Gi%lf) [ReA(t,e)| =~ >0, and u(t,e,0) € F(m;ep;0). Then equation (3.1) has a unique particular
€0

= At,e)x + u(t,e,0(t,¢)) (3.1)

solution x(t,e,0) € F(m;eo;0). This solution is given by the formula:

t t

x(t,e,0(t,e)) /u7’€07’€ exp(/k(s,s)ds)dr,

T T

where

—o0 if ReA(t,e) < —y<0,
+oo if ReA(t,e) >~ >0.

Moreover, there exists Ky € (0,+00) such that

[t &, O)l F(mizoi0) < Kollults &, )l pimieo0)-

Lemma 3.2. Let equation (2.1) satisfy the next conditions:
1) there exist matrices Ly(t,e), La(t,€) € Sa(m;eg) such that

(a) |det Li(t,e)] > ap >0 (k=1,2);
(b) L7Y(t,e)A(t,e)Li(t,e) = Di(t,e) = (A3 (t,€)); ket v

(C) LQ(t75)B<t7€)LQ_1(t7€) = Dg(t,&“) = (d?k<t7€))j,k:ﬁ7

where D1, Ds are lower triangular matrices, belonging to the class Sa(m;ep),
dj;(t,e) = Aj(t,e), diglt,e) = Mi(te).
Then by using the transformation
X = Ll(t, €)YL2 (t, 6)

equation (2.1) leads to the form:

dY
o Di(t,e)Y =Y Dsy(t,e) —eHi(t,e)Y —eY Ha(t,e) + Fi(t,e,0) + u®i(t,e,0,Y), (3.2)
where
1 dLq(t 1 dLo(t
H(t.e) = ~ Ly (t,e) AL g1, e) = Qd(tE)LQI(t,s),

Fi(t,e,0) = L7 (t,e)F(t,e,0) Ly (t,¢),
Dy(t,6,0,Y) = Ly (t,e)®(t,¢,0, Li(t,e)Y La(t, €))Ly  (t,€).

Lemma 3.3. Let a linear matriz equation be given

d;( <D1t6 ZButh@ )X X<D2t5 ZBmteO )’ (3:3)
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Di(t,€), Da(t, ) — the same as in Lemma 3.2, By(t,e,0), Bo(t,e,0) (I =1,q) belong to the class
Fy(m;ep;0), p € (0,1) is a small real parameter. Then for sufficiently small values p there exists
transformation

X = (E + i Qu(t,e, H)NI>Y(E + i Qu(t e, 9)ul),
=1 =1

where Q1;(t,e,0), Qa(t,e,0) (I =1,q) belong to the class Fa(m;eg; ), which leads equation (3.2)
to the form

dy ! ! < ! q+1
E = (-Dl (t7 5) + Z Ull(ta 6)“ +e Z ‘/ll(ta &, 9)# + 41 (t7 &, 6’ :U’))Yi

=1 =1
q q
- Y(Dz(t, )+ Z Usi(t, )l + ¢ Z Var(t,e,0) ' + T Wa(t, e, 0, ,u)),
=1 =1

where Uy (t,e), Uy (t,e) (I = 1,q) are diagonal matrices which belong to the class Sa2(m;eo), Vi,
Vor, Wi, Wy (I =1,q) are square matrices which belong to the class F(m — 1;£¢;0).

Lemma 3.4. Let a matriz-function ®1(t,e,0,Y") in equation (3.2) have in D* continuous derivatives
with respect to'Y in the sense of Frechet up to order 2q + 1 inclusive, and if Y € Fa(m;eo;0), then
these derivatives are also from the class Fa(m;eo;0). Then there exists po € (0,1) such that for all
w1 € (0, o) there exists the transformation

Y = \Ill(tagvea M) + \DZ(ta57 97”)2\113(t7579a :u)7 (34)

where Z € D** C CNXN’ ‘1’1(75,5,0,,[1/),\1’2(75, 879)/1’)7\1’3@78’9’”) € F2(m;50;9)f which leads equa-
tion (3.2) to the form:

Z—f = (D1(t, e)+ Z Unl(t, E)MZ>Z - Z(DZ(tv )+ Z Ual(t, 5)“l>
=1 =1

+eK(t,e,0, 1) + p*C(t,e,0,n) +eVi(t,e,0, u)Z — eZVa(t,e,0, 1)
+ Nlﬁ_l (Rl(tv & 9) N)Z - ZR?(tv & 0? M)) + ,U(I)Q(t: €, 97 Z, M)a (35)

where K € Fy(m — 1;e0;0), Uy, Uy € Sa(m;eg), Ry, Ra, C € Fa(m;eo;0), Vi, Vo € F(m — 1;e0;0),
matriz-function ®o belong to class Fa(m;eo;6) with respect t, €, 0, continuously differentiable in
the sense of Frechet with respect Z and contains terms of at least second order with respect to Z.

4 Basic results

Theorem 4.1. Let equation (3.5) be such that there exists o € N (1 < qo < N) such that

inf
G(eo)

Re (s (t:2))is — Uz (t2)e) | = b0 > 0 (o =TV,

and for alll =1,q0 — 1 (if qo > 1):
Re ((Uu(t,€))j; — (Ua(t,€))er) =0 (j,k=1,N).

Then there exists us € (0,1), e1(pn) € (0,e0) such that for all p € (0,pus), € € (0,e1(n)) there exist
a particular solution of equation (3.5) which belongs to the class Fo(m — 1;e1(n); ).
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Theorem 4.2. Let equation (2.1) be such that the following conditions are met:

1) conditions 1°, 20;

3

(1)

(2) conditions of Lemma 3.2;

(3) equation (3.2) satisfies the conditions of Lemma 3.4;
)

(4) equation (3.5) satisfies the conditions of Theorem 4.1.

Then there exist pa € (0,1), ea(p) € (0,e0) such that for all pn € (0, pa) and for all € € (0,e4(p))
there exist a particular solution of equation (2.1) which belongs to the class Fo(m — 1;e4(p);0).



190 International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia
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A class of singularly perturbed differential equations (SPDE) with turning points is an effective
model for the studies of various physical phenomena. There is a wide spectrum of papers devoted
to the investigation of such problems and to the construction of the uniform asymptotic of the
solution. This spectrum of SPDE is represented by R. Langer, W. Wasow, C. Lin, S. Lomov etc.
Generalization on the class of systems of SPDE in the above-mentioned direction of the research is
a relevant problem also nowadays.

In the paper [5], a system of SPDE with a stable turning point has been considered. In this
case we have used the apparatus of Airy-Dorodnitsyn functions [1,3]. An unstable turning point
assumes a use of the following Airy-Langer functions:

TW =W"=W"(t) —tW(t) = 0.
Let us consider a system of SPDE with a stable turning point (SSPDE):
eY'(z,e) — A(z,e)Y (z,¢) = H(z), (0.1)

where
A(z,e) = Ap(x) + €A1 (x),

is a known matrix where

0 0 0 010
Ao(z)=[ 0 0 1], Ar=[0 0 0],
—b(z) —a(z) 0O 0 00

when ¢ — 0, x € [-4,0], Y(z,e) = Yi(z,e) = col(y1(z, ), y2(x, €),ys(x,€)) is an unknown vector
function, H(z) = col(0,0, h(z)) is a given vector function.
The system to be studied here (0.1) will be investigated under the following conditions:

(1) a(z),b(z), h(z) € C>[-4;0];
(2) a(z) = za(zx), a(x) = 3z, b(x) = 3z + 20, h(z) = 6x + 2.
The scalar reduced equation for this matrix will be
ra(z)w' (z) + b(z)w(x) = h(x). (0.2)

The analysis of such kind of problems and construction of uniform asymptotic solution on a
given segment with a turning point brings certain difficulties and problems in the construction of
asymptotic forms [3].

The characteristic equation that corresponds to the SP system (0.1) is as follows:

-\ 0 0
|A(z,0) = AE|=| 0 A 1| ==X —za@)r=0.
—b(x) —a(z) —A

The roots of this equation are: A\; = 0, Ag,3 = ++/za(x).
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1 Regularization of singularly perturbed systems
of differential equations

In order to save all essential singular functions that appear in the solution of system (0.1) due to

the special point

-2
t=p = gO(%),

where p = €3, exponent p and regularizing function ¢(z) are to be determined. Instead of Y (x,¢)

function Y (z, ¢, £) transformation function will be studied, also the transformation will be performed

in such a way that the following identity is true
Yk(m,t,a)’tzg_w(x) = Yi(z,¢),
which is the necessary condition for suggested method. The vector equation (0.1) can be written as

017(3:, ta 6) 3 627(1', t? 6)
/
ot e ox

We describe the space of functions in which it will be possible to construct a uniform asymptotic
solution of the transformed system (1.1)

le = Oélk(.’E)Ai(t) + ﬂlk(l')Ai/(t), DQk = Oégk(x)Bi(t) + 6752k(1‘)Bi/(t),
D3y, = fe(x)v(t) + 7 gr(2)V'(t),  Day = wi(),
where (), Bir (), fr(2), gr(2), wi(z) € C>[—4,0].
Here functions Ai(t), Bi(t) are the Airy-Langer functions, v(t) is an essentially special func-
tion [3].
The element of this space has the form

LYy (2, t,e) = g — Az, e)Yi(z, t,e) = H(x). (1.1)

2
Vi(w, t,e) =Y [ain(@)Ui(t) + Biu (@)U} ()] + fr(@)v(t) + &7 gu(@)/ (£) + wi(x).
i=1

Denote the Airy-Langer functions as U;(t) = Ai(t), Ua(t) = Bi(t).

Now we have to investigate how the transformed operator EE acts on the elements of the Space
of non-resonant solutions Dy and Dq. Let us write the obtained result in the form of the following
vector equations

Ui(t) : an(@, €)' (2) — [Ao(2) + 4P Ar] il €) = =1 By (),

Ui(t) : Br(z, e)p(x)¢ () — [Ao(x) + M3A1]ak(x, g) = — Pz, €). (1-2)

2 Construction of formal solutions of a homogeneous
transformation system

The unknown coefficients of the vector equations (1.1) are sought as following vector function series
(i=1,2):

+oo +oo
ag(z,e) = Z/ﬂ"akr(az), Br(x,e) = Zurﬁkr(w). (2.1)
r=0 r=0

At the moment, the regularizing function has not yet been defined; therefore, it will be defined
as a solution of the problem

() = (Z’O/JTW)
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The regularizing function of such kind has been considered in [2,4]. Due to such a choice of the
regularizing variable det ®(x) = 0, there is a nontrivial solution of the homogeneous system (1.1)
that is

Zyo(w) = 001071(0 Biso(x), —@(x)wl(w)ﬁno(ﬂﬁ),(),&20(96)7&30(%))7 (2.2)

1
"¢ (x)
where By (x), i = 1,2, i =1,2,3 are arbitrary up to some point and sufficiently smooth functions
at x € [—4;0].

Two linearly independent solutions of the system (1.1) are

(x,t,€) Ze Qigr (T )—1—63611(;7»(3: e)Ul(t)], i=1,2, (2.3)

where a;i,. () = col(aj1r (), aior (), aysr () and Bk, () = col(Birr(x), Bizr(x), Bisr(z)) are known

vector-functions.

Thus, gradual solving of systems of equations t = ¢ 5. o(z), i = 1,2, then gives two formal

solutions of the transformation vector equation
> 1 2
Die,e” = > o @V o) + @V Ro@))]. (24)
r=0

The third formal solution of the homogeneous vector equation (0.1) is then constructed as the
series
[e.9] o0
€)= Zarwr(x) = colon(Za’"wlr ZE war (T Z e"wsp(z ) (2.5)
r=0 r=0

3 Construction of formal partial solutions

To construct a partial solution of the SSPDE (0.1), let us analyze how transformation operator
operates L. on an element from the space of non-resonant solutions Ds, and Dg,.. The result is
written in the form

Lo(fi(w,e)v(t) + pgr(, )V (1) + wi(x, €))
= pfr(z, )¢ (@)v(t) + gi(x, €)@’ (x)p(x)v (t) — Alx,e) fr(w, e)v(t) — pA(x,e)gn(x, )/ (t)
+ 1P fr@)v(t) + il gh (@) (1) + i (@) (@)™t + i (2) — Az, e)wi (@) = H(z).

Therefore, the partial solution of the transformation vector equation (1.1) is then defined as
the series

part $ t, 5 ZS fkr +539kr +ZE Wkr

2

Narrowing the solution, when t = €73 - ¢(x), the series

Toor (0,6:8) = 3" a6 - o) + £ 2) M}Zwkr (1)
= a(=F - ple))

is a formal partial solution of the SSPDE (0.1).
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4 Estimation of the remainder terms of the asymptotic solution

In this paper we have considered the case of an unstable turning point. In this case the remainder
terms of the solution have characteristic differences in comparison with the case of a stable turning
point [3]. Let us write the formal solution of the transformed problem (1.1) in the following form:

aikr($7 5) = O‘ikr(xa 5) + 5q+1§o¢(q+1) (l’, 6)7 (41)
Bitr (2,€) = B (@, ) + 7 g1y (2, ),
where agg(z,¢) and Sig(z,e) are partial g-sums of the series (1.1), e't9¢,,41)(z,€) and

51+q£5(q+1)(:17, ¢) are the remainder terms.
Let us write the main result of this paper in the following theorem.

Theorem. Let for the SPDE system (0.1) the conditions (1) and (2) take place. Then for suffci-
ctently small values of the parameter € > 0:

e three linearly independent solutions of homogeneous transformed vector equation (1.1) can be
built in form of series (2.1) and (2.5);

e narrowing these solutions at t = 75 () is the formal asymptotic solution of the homoge-
neous SPDE system (0.1);

e partial solution of the nonhomogeneous SPDE system (0.1) constructed with the series (3.1);

e for the remainder terms of the asymptotic solutions (4.1), (4.2) estimations are valid.
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Consider the equation

' = p(t)z + g(t)a, 1)

where p,g : R — R are w-periodic locally Lebesgue integrable functions, w > 0. By a solution to
equation (1), as usual, we understand a function = : R — R which is locally absolutely continuous
together with its first derivative and satisfies (1) almost everywhere in R.

We first introduce the following definitions.

Definition 1. We say that the pair (p,g) belongs to the set V™ (w) (resp. V*(w)) if, for any
function w : [0,w] — R which is absolutely continuous together with its first derivative and satisfies

u"(t) > p(t)u(t) + g(t)u'(t) forae. te[0,w], u(0)=u(w), u(0)>u(w),
the inequality
u(t) <0 for t €[0,w] (resp. u(t)>0 for t € [0,w])
holds.

Remark 1. In the related literature, the fact that (p,g) € V™ (w) (resp. (p,g) € VT (w)) is often
called maximum (resp. anti-maximum) principle for the periodic problem

o’ =p(t)r +g(t)a"s  2(0) = z(w), 2'(0) = 2'(w). (2)

Moreover, the relationship of the classes V™ (w) and V1 (w) with a sign of the Green’s function of
(2) is known.

Definition 2. We say that the pair (p, g) belongs to the set Vy(w) if the homogeneous problem (2)
has a positive solution.

Definition 3. We say that the pair (p, g) belongs to the set D if any non-trivial solution to equation
(1) has at most one zero in R.

The aim of this note is not to provide conditions guaranteeing that the maximum (resp. anti-
maximum) principle holds for (2). Let us mention only that such effective conditions are derived,
e.g., in [1,3,5] (see, also [2,4] for the case of g(t) = 0).

Below we discuss the stability and asymptotic properties of solutions of equation (1), if the pair
(p, g) of the coefficients in (1) belongs to each of the above-defined classes.
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Theorem 2. Let (p,g) € V™ (w). Then, there exist ui, 2 > 0 and positive linearly independent
solutions x1, xa to equation (1) such that

w

1
N2—,u1=/g(s)ds
w

0

and
z1(t) = et w1(t), wm(t) = eh2t wa(t)  for t € R,

where @1, p2 € AC(R) are w-periodic functions; equation (1) is unstable.

w
Proposition 3. Let [ g(s)ds > 0 and there exist a positive solution x to equation (1) satisfying
0

x(t) =e M o(t) for t €R,

1
loc

where p >0 and ¢ € AC,.(R) is an w-periodic function. Then (p,g) € V™ (w).

w
Proposition 4. Let [ g(s)ds <0 and there exist a positive solution y to equation (1) satisfying
0

y(t) ="t (t) for t €R,
where v > 0 and ) € AC},.(R) is an w-periodic function. Then (p,g) € V™ (w).
Following [4, Definition 13.1], we introduce the definition.

Definition 4. Equation (1) is said to be strongly exponential dichotomic, if there exist p,v > 0
and linearly independent solutions z, y to equation (1) such that the functions

tesefa(t), tee iyt
are positive and w-periodic on R.
Corollary 1. Equation (1) is strongly exponential dichotomic if and only if (p,g) € V™ (w).
Theorem 5. Let (p,g) € Vo(w). Then, the following conclusions hold:

w
(1) If [g(s)ds > 0, then equation (1) has linearly independent solutions x1, xa such that x; is
0

a positive w-periodic solution and xs is a positive solution satisfying

z(t) = et p(t) for t € R,

/wg(S) ds
0

and ¢ € AC},.(R) is an w-periodic function; equation (1) is unstable.

where

M:

€~

w
(2) If [g(s)ds = 0, then equation (1) has linearly independent solutions x1, T2 such that i is
0

a positive w-periodic solution and xo is a solution, with exactly one zero in R, satisfying

lim z5(t) = —oo, lm x5(t) = 4o0;
t——o0 t—+o0

equation (1) is unstable.
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w
(3) If [g(s)ds < 0, then equation (1) has linearly independent solutions x1, xo such that xy is
0
a positive w-periodic solution and xo is a positive solution satisfying

x(t) =e " p(t) for t €R,

/w g(s)ds
0

and ¢ € AC}, (R) is an w-periodic function; equation (1) is stable.

where

==

gl

Theorem 6. Let (p,g) € VT (w)ND = ItV (w) ND. Then, [g(s)ds # 0 and the following
0

conclusions hold:

w
(1) If [g(s)ds > 0, then equation (1) has a positive solution xq satisfying
0

lim zo(t) =0, lim x0(t) = +o0

t——o0 t—+00

and, moreover, every solution x to equation (1) has at most one zeros in R and satisfies

thm z(t) =0, tlgrnoo |z(t)] = 4005

——00

equation (1) is unstable.
w
(2) If [g(s)ds <0, then equation (1) has a positive solution xq satisfying
0

lim x0(t) =400, lim x0(t) =0

t——o0 t——+o0

and, moreover, every solution x to equation (1) has at most one zeros in R and satisfies

lim |z(t)| = 400, lim x(t) = 0;
t——o00 t—+o00

equation (1) is asymptotically stable.

Theorem 7. Let (p,g) € IntV*t(w) \ D. Then, every non-trivial solution to equation (1) is
oscillatory in the neighbourhood 400 as well as —oo and the following conclusions hold:

w
(1) If [g(s)ds > 0, then every non-trivial solution x to equation (1) satisfies
0

tll{lloo$(t) =0, lirllilsop z(t) = 400, lgglﬁrolofm(t) = —00;

equation (1) is unstable.

(2) If [g(s)ds =0, then every solution to equation (1) is bounded; equation (1) is stable.
0

w
(3) If [g(s)ds <0, then every non-trivial solution x to equation (1) satisfies
0
I}SI—I:E&p x(t) = 400, lgl_r)lj&fx(t) = —00, tl}inoom(t) =0;

equation (1) is asymptotically stable.



International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia 197

Acknowledgement

The research has been supported by the internal grant FSI-S-20-6187 of FME BUT.

References

[1] I. V. Barteneva, A. Cabada and A. O. Ignatyev, Maximum and anti-maximum principles
for the general operator of second order with variable coefficients. Appl. Math. Comput. 134
(2003), no. 1, 173-184.

[2] A. Cabada, J. A. Cid and L. Lépez-Somoza, Mazimum Principles for the Hill’s Equation.
Academic Press, London, 2018.

[3] R.Hakl and P. J. Torres, Maximum and antimaximum principles for a second order differential
operator with variable coefficients of indefinite sign. Appl. Math. Comput. 217 (2011), no. 19,
7599-7611.

[4] A. Lomtatidze, Theorems on differential inequalities and periodic boundary value problem for
second-order ordinary differential equations. Mem. Differ. Equ. Math. Phys. 67 (2016), 1-129.

[5] E. L. Tonkov, The second order periodic equation. (Russian) Dokl. Akad. Nauk SSSR 184
(1969), 296-299.



198  International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

Boundary Value Problems
for Implicit Fractional Differential Equations at Resonance

Svatoslav Stanék
Department of Mathematical Analysis, Faculty of Science, Palacky University

Olomouc, Czech Republic
E-mail: svatoslav.stanek@upol.cz

1 Introduction

Let T' > 0 be given, J = [0,T], and ||z| = max{|z(¢)| : ¢ € J} be the norm in C(J).
We discuss the implicit fractional differential equation

Du(t) = a(t) D ult) + f(t,u(t), Du(t)) (1.1)

together with the boundary condition
w(0) = 3 cxulon), (1.2)
k=1

where 0 < B < a <1,ac C(J), f € C(JxR?), D denotes the Caputo fractional derivative and

neN,0<p <p2<--<pp<T,cp>0, > ¢ = 1. Further conditions for a, f will be specified
k=1

later.

Definition 1.1. We say that u : J — R is a solution of equation (1.1) if u,“D*u € C(J) and (1.1)
holds for t € J. A solution u of (1.1) satisfying the boundary condition (1.2) is called a solution of
problem (1.1), (1.2).

We recall the definitions of the Caputo fractional derivative and the Riemann—Liouville frac-
tional integral [1,2]. The Caputo fractional derivative DYz of order v € (0,1) of a function
z:J — R is given as

¢

DIz(t) = io/m (z(s) — z(0)) ds,

and the Riemann—Liouville fractional integral I7x of order v > 0 of a function z : J — R is
defined as

¢ e
I"z(t) _O/(tf(’y);x(s) ds,

where I' is the Euler gamma function. It is not difficult to verify that

O<y<p<l, z,DzeC(J)=Dz(t)=I""TDlr(t), te.J. (1.3)
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Remark 1.1. It follows from (1.3) that u is a solution of (1.1) if and only if it is a solution of the
implicit equation
Du(t) = a(t) I PDYu(t) + f(t,u(t), Du(t)).

We note that for n =1, ¢; = 1 and p; = T, the boundary condition (1.2) reduces to the periodic
condition x(0) = z(T).

Problem (1.1),(1.2) is at resonance, because each constant function u on J is a solution of
problem D% = a(t)DPu, (1.2).

We suppose that the functions a, f satisfy the conditions:

(Hy) a(t) <0forteJ.
(H2) There exist D, H € R, D < H, such that

f(t,D,y) >0 for teJ, y<0,
f(t,H,y) <0 for teJ, y>0.

(H3) There exists L > 0 such that
‘f(tvwayl) - f(t,I‘,yQM < L’yl _y2| for t € J, x € [C7D]7 Y1,Y2 € R,

and

T8
er”“” +L<1.

(=B +1)
The aim of this paper is to study the existence of solutions to problem (1.1), (1.2). The existence
result is proved by the initial value method. To this end we first introduce an operator F : C(J) —
C(J). We prove that for each ¢ € [D, H] the initial value problem “D“x(t) = Fx(t), 2(0) = ¢ has a
solution on J and all its solutions x satisfy D < x < H on (0,7]. Let C be the set of all solutions
to this problem for ¢ € [D, H]. We prove that there exists at least one u € C satisfying (1.2) and u
is a solution of problem (1.1),(1.2).

2 Operator F and its properties

Let f*:J x R? be defined as

f(t7H7y) if $>Ha
f*(t,x,y)z f(tyxvy) if l’G[D,H],
f(t,D,y) if x <D

for t € J and y € R. Then f* € C(J x R?),

f*(t)$7y)>0 lftEJ, -TS-Du ?/§07

* . (2.1)
fftz,y) <0 if ted x>H, y>0,
|5z, y1) = [ (6, y2)| < Lyt —w2l, t€J, z,y1,02 €R, (2.2)
and
|f*(t,z,0)| < M, teJ, xR, (2.3)
where

M =max {|f(t,z,0)|: t € J, z € [D, H]}.
The following result is proved by the Banach fixed point theorem.
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Lemma 2.1. Let x € C(J). Then there exists a unique solution w € C(J) of the equation
w(t) = a(t)I°Pu(t) + £ (4 2(t), w(t)). (2.4)

Keeping in mind Lemma 2.1, for each x € C(J) there exists a unique solution w € C(J) of
equation (2.4). We put w = Fz and have an operator F : C(J) — C(J) satisfying the equality

Fax(t) = a(t)I* P Fa(t) + f*(t, z(t), Fz(t)) for t € J, =€ C(J). (2.5)
The properties of F are given in the following two results.

Lemma 2.2. F:C(J) — C(J) is a continuous operator and

M
|Fell < =5, w€CO),

Q
where M is from (2.3) and Q from (Hs).
Lemma 2.3. Ifu € C(J) is a solution of the equation
Du(t) = Fu(t), (2.6)
then u is a solution of the equation
Du(t) = a(t)DPult) + f*(t, u(t), Du(t)). (2.7)

Proof. Let u € C(J) be a solution of (2.6). Then Fu € C(J) and so D*u € C(J). Hence, by (2.5)
and (1.3) (see Remark 1.1),

D% = a(t) I PFu+ f*(t,u, Fu)
= a(t)[*PD% + f*(t,u, D) = a(t)DPu + f*(t,u, D).

As a result u is a solution of (2.7). O

3 Initial value problem
We investigate the initial value problem

DYu(t) = Fu(t), (3.1)
u(0) = ¢, (3.2)

where ¢ € R. It is easy to check that u € C(J) is a solution of problem (3.1), (3.2) if and only if u
is a fixed point of the operator L. : C(J) — C(J), Lex(t) = ¢+ [“Fx(t).

The following existence result is proved by the Schauder fixed point theorem.
Lemma 3.1. Let ¢ € R. Then problem (3.1),(3.2) has at least one solution.
For ¢ € R, let S(c) be the set of all solutions to problem (3.1), (3.2). By Lemma 3.1, S(c) # @.

Lemma 3.2. Let ¢ € [D, H] and x € S(c). Then

D <x(t) < H for te (0,T). (3.3)
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Proof. By Lemma 2.3, “D%x(t) = a(t)DPz(t) + f*(t, z(t), D« (t)), t € J. Suppose that max{z(t) :
te J} =x(§) > H for some & € (0,T]. Then it follows from the maximum principle for the Caputo
fractional derivative [3, Lemma 2.1] that

z(§) — z(0)
(1 —7)

z() —c

Dx(t) ‘t:g > m

7= §7>0 for v e (0,1).

Hence (see (Hy) and (2.1)),
a(€)DPa(t)] _ + [ (€ 2(€), D (1) _) <0,
contrary to Dz (t)|—¢ > 0 and
Dw(t)] e = al©)D ()], + £*(& u(©), D x(1)],_,).

Therefore < H on (0,7]. Similarly, for z > D on this interval. O

4 Problem (1.1),(1.2)

Let
c= J S.

c€[D,H|

Then C # &, C is a compact subset in C'(J) and, by Lemma 3.2,
D <z(t)< H for t € (0,T], z€C. (4.1)

Theorem 4.1. Let (Hy)—(Hs) hold. Then problem (1.1), (1.2) has at least one solution u and
D <u(t) < H forte (0,T].

Proof. Suppose that

n

x(0) # crx(py) for x € C. (4.2)
k=1

Let

¢t ={zes): 2(0) <Y aalon},
k=1

X+:{c€ [D,H]: C;"#@}, x = [D,H]\ x".

We observe that if ¢ € x~ and z € S(c), then x(0) > > cgx(pg). Since, by (4.1), S(D) = C}
k=1

and C;} = @, we have D € x* and H € xy~. Hence xy™ and y~ are nonempty sets. We can
prove that x* and x~ are closed in [D, H]. Hence the compact interval [D, H] is the union of two
nonempty, closed and disjoint subsets x*, x~, which is impossible. Thus assumption (4.2) is false,

and therefore there exists w € C such that u(0) = > cpu(pg). Since, by (4.1), D < u < H on

k=1
(0, T}, we have
FE(tu(t), Du(t)) = f(t, u(t), Du(t))
for t € J. As a result u is a solution of problem (1.1),(1.2). O
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Example 4.1. Let T =1, ne N, r € C(J), a(t) =t(t — 1) and
ft,z,y) =r(t) — 2* 1 +sinx — (1/2) arctan y.

Then ||a|| = 1/4 and the functions a, f satisfy (Hy)-(Hs) for H > **+/||r||+1, D = —H and
L =1/2 since I'(v) > 4/5 for v € [1,2]. By Theorem 4.1, there exists a solution u of the equation

1
D = t(t — 1)DPu+r(t) —u? ! +sinu — 3 arctan ‘D%u,

satisfying the boundary condition (1.2) and D < u < H on (0, 1].
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In this paper, we are concerned with the existence and uniqueness of weak and strong solutions
to stochastic functional differential equations in a Hilbert space of the form

du(t) = [Au(t) + f(us, ye)] dt + o (us, ye) dW (1),
dy(t) = g(ut,yt) dt, t>0, (0.1)

’U,(t) ot ) y(t) = w(t)v € [—h,O], h > 0.

Here uy = u(t+0), yr = y(t+0), 0 € [—h,0], A is an infinitesimal generator of an analytic semigroup
of bounded linear operators {S(¢) : t > 0} in a separable Hilbert space H, W (t) is a Q-Wiener
process on a separable Hilbert space K, u(t) is a state process, the functionals f and g map the
space of functions continuous on [—h,0] into H, ¢ maps the same space into a special space of
Hilbert—-Schmidt operators. Finally, ¢, : [—h,0] — H are the initial condition functions.

Functional differential equations are mathematical models of processes whose evolution depends
on their previous states. The paired stochastic equations of type (0.1) arise in various applications;
for instance, the bidomain equation (defibrillator model), the Hodgkin—-Huxley equation for nerve
axons, the nuclear reactor dynamics equation, etc. These equations are characterized by the fact
that one of them is a partial differential equation (infinite-dimensional), and the other is an ordinary
one (finite-dimensional). The nonlinearities in such equations do not satisfy the Lipschitz condition,
which complicates the proof of the existence and uniqueness. However, as a rule, the right-hand
sides of these equations satisfy some monotonicity conditions, which makes it possible to apply
Galerkin approximations. This method is the main technique for obtaining the existence and
uniqueness of weak solutions in this paper.
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1 Preliminaries and main results

Let K and H be two separable Hilbert spaces and let V' C H be a reflexive Banach space with the
dual space H'. By identifying H with its dual H’, we have V. C H = H' C V', where the inclusions
are assumed to be continuous and dense. (V, H,V’) is called a Gelfand triple. Let the norms in
V,H and V' be denoted by || - [lv, || - || and || - ||y, respectively. The inner product in H and
the duality scalar product between V and V' will be denoted by (-, -), and (-, -). The norm and
inner product in K will be denoted by || - ||k and (-, - ), respectively.

Let (Q, F, P) be a complete probability space equipped with the normal filtration {F; : ¢t > 0}
generated by the Q-Wiener process W on (2, F, P) with the linear bounded covariance operator
such that tr @ < oo. We assume that there exist a complete orthonormal system {e} in K and a
sequence of nonnegative real numbers A; such that

oo
Qep = Mper, k=1,2,..., and » X < oo.
k=1

The Wiener process admits the expansion
oo
W(t)=> /A Br(t)e,
k=1

where [ (t) are real valued Brownian motions mutually independent on (2, F, P).

Let Uy = Q% (U) and LY = Lo(Uy, H) be the space of all Hilbert-Schmidt operators from Uy to H
with the inner product (®, W) 9 = tr[®QV*] and the norm [|®| g, respectively. C':= C([—h,0]; H)
is the space of continuous mappings from [—h, 0] to H equipped with the norm ||ul|c = sup [[u(0)]],

—h,0

and L%, := L*((—h,0); V) is the space of V-valued mappings with the norm

0
Jullzy = [ (ol at.
—h

We impose the following conditions on the operator A:

(A1) A is a linear operator with domain D(A) dense in H such that A:V — V.
(A2) For any u,v € V there exists o > 0 such that
[{(Au, v)| < affully - [|vfv-
(A3) A satisfies the coercivity condition: there exist constants § > 0 and 7 such that
(Av,v) < =Bllv[l}, +4llvl*, YveV.
Conditions on nonlinearities:
(N1) f and g are mappings from C' N L%/ x C to H, and ¢ is a mapping from C' N L%/ x C to Lg.

(N2) (Growth condition) There exist positive constants a > 0 and v > 1 such that

0
i
5.0+ ot <a(1+ ([l ar) + 11z + i)
“h

and

lo(é,9)IIZg < a(1+ 0l1E + [112)-
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(N3) (Local Lipschitz condition) For any N > 0 there exists a constant K > 0 such that

1F(6,9) = (&1, w0)lI* + l9(d, %) — 9(d1,v1)|* + llo (6, 9) — o(¢1,91) 17

< Kn(ll¢ = arllé + 1 = vallZ)
for any ¢,¢1 € C'N LY, and 9,41 € C with |[¢]2 + [0]& < N, [|91]E + [[n ]2 < N.
(N4) (Coercivity condition) There exist constants 5 > 0, A and C; such that

(46(0), $(0)) + (£(¢, ), (0)) + (9(¢,¥),%(0)) + llo(d, %) 7g
< —BlleO)IF + A(llllE: + [[¥]E) + Cr.
(N5) (Monotonicity condition) For any ¢, ¢ € C N L} and v, ¢ € C, we have
2(A(#(0) = ¢1(0), ¢(0) = 61(0))) + 2(f (¢, ) — f(b1,%1), 6(0) — ¢1(0))
+2(9(9,) — 9(61,91),9(0) = ¥1(0)) + [|o(6, ) — (@1, 1) |7
< (6 = oulE + Il = vnliZ)

for some constant § > 0.

Let ¢(t) € CNLZ and ¢(t) € C, t € [—h,0].
Let Q7 = [0,7] x €.

Definition. We call an Fi-adapted random process (u(t),y(t)) € V x H a weak solution of the
initial problem (0.1) on [0, 7] if:

(1) u(®) = o(t), y(t) = (1), t € [=h,0];
(2) uwe L2(Qr,V), y € L*(Qr, H);

(3) for any v € V and z € H, the equations

((Au(s),v) + (f(us,ys),v)) ds + [ (o(us, ys) AW (s),v),

c>\W

hold a.s. for each t € [0, T].

Theorem 1.1 (Existence and uniqueness). Suppose that conditions (Al)-(A3) and (N1)—(Nb)
hold. Then, for every ¢ € C'N L%/ and ¢ € C, the initial problem (0.1) has a unique weak solution
(u(t),y(t)) on [0,T] such that

u € LA(Q;C([0,T); H)) N L*(Qp, V), y € L*(Q,C([0,T); H)).

Moreover, the energy equation holds:

a1 + ly @1 = [u(0)I* + (0]

t

42 [ ((A40(6),0(6)) + (F (), 0() + oo ). ()

0

¢
/”O‘ Us, Ys ”LO ds+2/ o (us,ys) AW (s),u(s)). (1.1)
0
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2 Proof of the main result

In this section, we provide the sketch of the proof of Theorem 1.1.

Proof.

Uniqueness. Suppose that (u(t),y(t)) and (u'(t),y'(t)) are two weak solutions of the initial problem
(0.1). Then, in view of (1.1) and condition (N5), we can easily show that

E|u(t) — u' ()]* + Elly(t) — y' 0)|I* = 2E/ (Alu(s) = u'(5)), u(s) — u'(s))) ds
0

+ QE/ usays - f(uivy;)au(s) - ul(s)) + (g(U37ys) - g(u;’y;)ay(s) - yl(s))] ds
0

t t

2
+E [ () - olul )7y ds < 5B [ (lus = abl+ e - 412 ds. (2:1)
0 0

In what follows, we will need the following obvious statement.

Lemma. The following inequality holds:

E sup (|lulle + Ilyell?) < E(lelE + [1018) +E sup (Ju@)]® + [y@)]*). (2.2)
t€[0,T] t€[0,T]

So, taking into account (2.2), from (2.1) we obtain

t
sup E(|Ju(s) — u(s)]2 + ly(s) - / sup B(fur — ull2 + [lyr — 5212 ds
s€[0,T7] 0 T7€(0,s]
t
/ sup B(u(r) o (D) + ly(r) o' ()" ds
TE s
0

which, by Gronwall’s inequality, yields

E(|lu(s) —u'(s)II” + [ly(s) — ' (s)]|*) =0, Vte[0,T],
which establishes the uniqueness.
Ezistence. We will prove the existence by using Galerkin approximations.

Step 1. Finite-dimensional case. Approximate solutions.

Let {v;} be a complete orthonormal basis for H with vy € V, and let H,, = span{vy,...,v,}.
Suppose that P, : H — H,, is an orthogonal projector such that

P,h = Z(h,vk)vk for h € H.
k=1

We extend P, to the projection operator P, : V! — V! defined as

n
Plw= Z(w,vk>vk for we V'
k=1
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Obviously, V,, = H, = V..
Let K, = span{ey,...,e,}. We denote by II,, a projection operator from K to K, such that

n

II,a = Z(a, ek )ek-

k=1

Let us introduce the following notation:

A'u= P Au, (¢, 0) = Puf(d,¥), ¢"(,%) = Pagle, ), 0"(6,¥) = P"o(¢,7),

foruGV,gbeCﬁL%/, and ¢ € C.
We consider the approximate equations to equations (0.1):

du(t) = [A"u”(t) + f"(uy, yf)] dt + o™ (uy,yi') dW" (),
dy"(t) = " (ui, yi') dt, (2.3)
u"(t) = Pag(t), y"(t) = Puip(t), te€[-h,0]

for t € [0,T], where W"(t) = 11, W (t).

The above equations can be regarded as It6 equations in R™. It can be shown that, under
conditions (N1)—(N5), the coefficients f™, o™ and g" of these equations are locally bounded and
Lipschitz continuous and monotone. Hence, (2.3) has a unique solution (u"(t),y™(t)) in V;, on any
finite time interval [0, T']. Moreover, it satisfies the property u™ € L%(Q, C([0,T]; H)) N L?>(Qr, V)
and y" € L*(Q,C([0,T]; H)).

Step 2. A priori estimate.

Next, we will establish a priori estimates with some positive constant A:

T

E sup ([[u"@®)|* + [ly" ()]) +/EHU”(8)H%/ ds < A. (2.4)
te[0,7)
0
Step 3. Weak limits.
It follows from (2.4) that there exists subsequences, denoted for convenience by u™ and y” such
that u" — u weakly in L2(Qrp, V) and y" — y weakly in L?(Qp, V). Next, we justify the passage
to the limit in the finite-dimensional equation, which proves the theorem. O
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Consider the third order differential equation

y" = ap(t)yL(y), (1)

where ap € {—1,1}, p: [a,w[—]0,400[ is a continuous function, —0o < a < w < +o0, L : Ay, —
10, +00[ is a continuous function slowly varying as y — Yp, Yp is equal to either zero or +oo, and
Ay, is a one-sided neighborhood of Y.

In the case where L(y) = 1, Eq. (1) is a linear third-order differential equation. The asymptotic
behavior of its solutions as ¢t — 400 (the case w = +00) is investigated in details (see, for example,
the monograph [6, § 6, p . 175-194]).

Eq. (1) is a special case of the n-th order equation with regularly varying nonlinearity which
was studied in work [2] (see also [3,4]). However, the results of this work did not cover the case
of an equation that is asymptotically close to linear. Some results on the asymptotic behavior of
solutions of equation (1) were obtained in [5].

A second-order differential equation with a similar right-hand side was studied in paper [1].

The purpose of this work is to establish necessary and sufficient conditions for existence, as
well as asymptotic representations of P, (Yp, Ag)-solutions of the differential equation (1) in special
cases, when Xy € {0, 1, +00}.

Definition 1. The solution y of Eq. (1) is called P, (Y0, \o)-solution, where —oo < g < +o0, if it
is defined on the interval [tp,w[ C [a,w| and satisfies the conditions

Yy« [to, w[— Ay, ltiTIBy(t) =Y,

. ither 0 ) [y"(t)]2
limy® () = { & © (k=1,2), lim Ly
gm0 = 100  FTLY monm g =

According to the properties of slowly varying functions (see [7]), for any function L : Ay, —
10, +00[, slowly varying as y — Yj, there exists a continuously differentiable, slowly varying as
y — Yy function Ly : Ay, —]0, +o00[ such that

/
im 29 ana im0 2)
y—Yo Lo(y) y—Yo LO(y)
YyEAY, yEAY,

We set
[b, Yo[, if Ay, is a left neighborhood of Y,

Ay, = Ay, (b) =
Yo Yo () {]Yo, b], if Ay, is a right neighborhood of Yj,

where a number b € Ay is such that

bl <1l as Yp=0, b>1 (b<—1) as Yy =400 (Yp= —00).
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We introduce the following notation

po, if Yo = Foo,

= sign b, =
Ho g M1 {—Mm i Yy =0,

that define respectively the signs of the P, (Yp, Ag)-solution and its first derivative in some left
neighborhood of w. We also need the following functions

Yo
Y b, if cfs = Fo0,
s / sLh(s)
(D(y) :/ 1 , B = Yo
’ sL3(s) ‘ ds
Yy, if . = const,
sL3(s
b
¢ t t
t, if w =400, 1
w,(t) = ILi(t) = T)dr, Iy(t) = 3(7)dr,
(1) vaﬁw<+m’ ﬂ)‘JM) 2 (1 J@()
1 2

where each of the integration limits A; € {w;a} (i = 1,2) is chosen so that the corresponding
integral tends either to zero or oo as ¢t T w.
The function @ is strictly monotone and differentiable on Ay;. For it there is a continuously
differentiable and strictly monotone inverse function ®~! : Az (c) — Ay, for which
lim @7 1(2) =Yy, Z= lim ®(y),

z—7 y—Yo

where

A if 0
ap = fleZl w0 g
]Z,C], if po <0,

Theorem 1. Let the function L(®~1(z2)) be a regularly varying as z — Z of index . Then for the
existence of P,(Yy, 1)-solutions of equation (1) it is necessary and, if function p : [a,w[—]0, +00]
1s continuously differentiable and there is the finite or equal 00

Wl

o (PHOL (@ oo (1))

lim = : (3)
T pS (LG (D Yo 2(t))

where Ly : Ay, — 0,400 — is continuously differentiable and slowly varying function as y — Yp
with properties (2), then it is sufficient that

ltiTrgww(t)p%(t)L% (@ Y (aola(t)) = 00, g lim Iy(t) = 2 (4)

and the following inequalities
appopr >0, pIa(t) >0 when t €la,w] (5)

are satisfied, where p* = popy sign ®(y) when y € Ay,. Moreover, each of these solutions admits
the following asymptotic representations

D(y(t) = aola()[L +o(1)] as t T w,

3(1) L3 (BN aola(t))[1 + 0(1)] (k=1,2) as t T w.
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If conditions (4), (5) are satisfied and there is the finite or equal oo limit (3), then for ap = 1
there exists a three-parameter family of P, (Yo, 1)-solutions with the asymptotic representations (6)
in the case when p* > 0 and a two-parameter family in the case when pu* < 0, and for ag = —1 —
a one-parameter family of such solutions in the case when p* > 0.

The next three theorems are devoted to the cases when Ao = 00, Ag = 0. They are established
on the condition that slowly varying function L at y — Y{ satisfies the S conditions.

Definition 2. The slowly varying as y — Y function L : Ay —]0, +oo[, where Y is equal to either
zero or £0o, and Ay is a one-sided neighborhood of Y satisfies the S, if

L(pel oMy = L)1+ o(1)] as y =Y (y € Ay),
where p = signy.
Theorem 2. Let L satisfy S. Then for the existence of P, (Yo, £00)-solutions of equation (1) it is
necessary and sufficient that
pop T (t) >0 when t €la,w], o ltlTrS]ﬂw(t)\ =Y, (7)

w

lim p(t) 5 ()L (o (1) = 0. / p(r)m2(7) Lo (7)) dr = +o0, ®)

where ay € [a,w[ is such that pom>(t) € Ay, when t € [a1,w[. Moreover, each of solutions admits
the following asymptotic representations

t

Iny(1)| = 21 o (1) + / p(r)m3(7) Lpom2 () dr [1+ o(1)] as t 1w, (9)
O 3=k ) (k=12 as t 1w, (10)

YD (1) 7o)

If conditions (7), (8) are satisfied, then there is a three-parameter family of P, (Yy, £00)-solutions
with the asymptotic representations (9), (10) in the case of w = 400, and a one-parametric family
of these solutions with the same representations when w < +00.

Theorem 3. Let L satisfy S and conditions (7), (8) hold. In addition, let the function p : [a,w[—
10, +00[ be continuous and differentiable and such that there is a finite or equal +00

/
t
lim 7P ®) .
o p(t)
Then for each P,(Yy, 00)-solutions of the differential equation (1) the place asymptotic represen-
tations

t

infy(0)] = 2t ()] + G [ PO Llor (7)) dr [L+ o] as t1

al

(D)~ )

take palce.

yO _ 1 [3—k+ 5 p(mO LGnom2 (D)L +o(V]] (k=1,2) as t 1w
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Theorem 4. Let L satisfy S. Then for the existence of P,(Yy,0)-solutions of equation (1) for
which there is a finite or equal oo

lim ——/——=

it is necessary and sufficient that

pop Ty, (t) >0, where t €la,w(, o 1t1Tr5Jl|7Tw(t)| =Y, 1tlm ijgltztp)(t) -2, (11)
lm PO O Lol o) =0, [ pr)m (Lol dr =+, (12)

where ay € [a,w[ is such that uo|m,(t)| € Ay, when t € [a1,w[. Moreover, each of solutions admits
the following asymptotic representations

Infy(?)] = In |my,(t)] ao/P(T)Wi(T)L(MOIM(T)I)dT [1+o(1)] as t 1w, (13)

al

v _Lrol) Dy ()L (ol (9]) [1+ o(L)] as 1 w. (14)

y(t) — m(t) T ()

If conditions (11), (12) are satisfied, then there exists a two-parameter family of P, (Y, 0)-solutions
with the asymptotic representations (13), (14).
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In the paper, Filippov’s type theorems on the existence of an optimal element [2] are given for
the nonlinear optimal control problems with delays in the phase coordinates and commensurable
delays in controls. Unlike considered in [1,3,5-9], here under element is implied the collection of the
final moment ¢, the delay parameters 7;, 7 = 1,..., s containing in the phase coordinates, the initial
vector xg, the piecewise-continuous initial function ¢(¢) and measurable control function u(t).

Let I = [to,T] be a fixed interval; let 75; > 73 > 0, i =1,...,s and §, > --- > 6; > 0 be
given numbers. Suppose that O C R™ is an open set and ® C O and U C R" are compact sets; the

function f(t, xo,x1,...,2s, ug, u1, ..., up) is continuous on the set I x O3 x U'*P and continuously
differentiable with respect to x; € O, i = 0,1,...,s; denote by A the set of piecewise-continuous
functions ¢ : [tog — 7,to] — P, where 7 = max{7a1, ..., 725}, satisfying the conditions:

(a) for each function ¢(t) € A there exists a partition tg — 7 =&y < & < -+ < g1 = to of the
interval [ty — 7, to] such that the restriction of the function ¢(t) satisfies Lipschitz’s condition
on the open interval (§;,&41),1=0,1,...,k, ie.

‘(70(81) - @(82)’ < L|81 - 82‘7 V81,82 € (§i7§i+1)a i = 0717"'7k;

(b) the numbers k and L do not depend on ¢(t). By © we denote the set of measurable functions
w:[to—6p,T] = U. Let

gi + I X [T11,To1] X -+ X [T1s, T2s] X Xo X O—=RY, i=0,1,....,1
be continuous functions, where Xy C O is a compact set. In the space R™ to each element
w = (t1,71,...,Ts,T0, p(t),u(t)) € W = (to, T] X [T11,T21] X -+ X [T1s, T2s] X Xo X A x Q
we assign the differential equation with delays in the phase coordinates and controls
i(t) = f(t,z(t),z(t —71),..., 2t — 7),ult),u(t — 61),...,u(t —6,)), t€[to,t1] (1)
with the initial condition
x(t) = p(t), tefto—T,t0), z(to) = xo. (2)
Definition 1. Let w = (¢t1,71,...,7s, o, @(t),u(t)) € W. A function z(t) = z(t;w) € O, t €

[to — T,t1], is called a solution corresponding to the element w, if it satisfies condition (2) and is
absolutely continuous on the interval [to,¢1] and satisfies Eq. (1) almost everywhere on [to, t1].
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Definition 2. An element w € W is said to be admissible if there exists the corresponding solution
x(t) = z(t; w), satisfying the condition

g(t1, 71, ..., Ts, 2o, x(t1)) =0, where g = (g1,...,q)- (3)
By Wy we denote the set of admissible elements. Now we consider the functional

J(w) = go(t1, 11, .., Ts, o, z(t1; w)).

Definition 3. An element wy = (t10, 710, - - - s Ts0, 00, Po(t), uo(t)) € Wy is said to be optimal if
J = inf J(w). 4
(wo) = inf () (1

(1)—(4) is called the control problem with delays in the phase coordinates and controls.
Theorem 1. There exists an optimal element wg € Wy if the following conditions holds:

1) there exist a number h > 0 such that 6; = ih, i = 1,...,p — commensurability of delays 0;,
1=1,...,p,

2) T =tg+ mh, where m is a natural number with m > p;
3) Wo # @;
4) there exists a number M > 0 such that for an arbitrary w € Wy,
lz(t; w)| < M, t € [to,t1];
5) for each fized t € [to,to + h| and z; = (wo;, 14, ..., Ts) € OIS i =0,1,...,m — 1 the set
Vf(t; 20y R1yeens Zm—l)

( f(tu ZO,U(),U_l,...,U_p)
f(t + h, z1, U1, Ug, U_1, . . - ,u,p+1)

F(t+ph, zp, Up, up—1,. .., up)
ft+ 4+ Dh, zpp1, Upr1, Up, .., U1)

f(t + (m - 2)h, Zm—2, Um—2,Um—3, - - - 7um—p—2)
f(t + (m - 1)h7 Zm—1, Um—1, Um—-2, . - . uum—p—l)
L €U, i=-p,...,—1,0,1,...,m—1 }

1§ convez.

Remark. Let U be a convex set and
f(t,xo, 21, .., Ts, U0, UL, ..., Up) = ZAZ-(t, Oy XLy - ey Tg) Uy

Then the condition 5) of Theorem 1 holds.
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Now we consider an optimal problem with the integral functional and with fixed ends

i(t) = f(t,z(t),x(t —71),..., 2t — 7),ult),u(t — 61),...,u(t —06y)), tel, (5)
z(t) = (1), t€to—T,t0), z(to) =z0, z(t1)=2z1, (6)
t1
/fg(t, 2(),2(t — 7).yt — 7o) ult),ult — 01), ... ult — 0,)) dt — min. 7
to
Here fo(t, 0, @1, .., Ts, U0, UL, - - -, Up) : I x O1FSx UMP — R is a continuous function, zg, 71 €

O are fixed points. For the problem (5)—(7) by Qo we denote the set of admissible elements
q=(t1,71,..., 75, 0(t), u(t)) € Q@ = (to, T] X [T11, 721] X -+ X [T1s, T2s] X A x Q
and by

q0 = (10, 7105 - - -, Ts0, P0(t), uo(t))
we denote an optimal element( see Definitions 2 and 3).
Theorem 2. There exists an optimal element qy € Qo if the conditions 1) and 2) of Theorem 1
hold. Moreover: Qo # ©@; there exists a number M > 0 such that for an arbitrary q € Qo we

have |x(t;q)] < M, t € [to,t1]; for each fived t € [to,to + h] and z; = (i, ..., Ts) € O i =
0,1,...,m —1 the set Vr(t; 20,21, ..., 2m—1) is convez, where F' = (fo, f).

It is clear that Theorem 2 is valid also for a problem with the free right end. Below we give an
example which shows that for the existence of an optimal element the convexity of the set Vi is
essential.

Example. Consider the optimal control problem

i(t) = —x(t — V2) +u(t) +u*(t — 1), t€[0,2],
x(t) =0, t€[—v2,0), 2(0)=0; wu(t)=1, te[-1,0), u()eU=][-1,1], te[0,2],

2
/[m(t) —t]*dt — min.
0
Here under an element is implied only control function u(t) € 2. For a given ¢ = 2,3,... we

shall decompose the interval [0, 1] into intervals I;, j = 2,...,4, of length 1/i. Define the control
ui(t), t e [0,2]:

u;i(t) = v;(t), te|0,1];

u;i(t) =0, te (1,\@];

uz(t) =t \/55 te (\/§a2]7
here v;(t) is a control oscillating between +1 and —1, i.e.

’Ui(t): 1, tel, ’Ul'(t):—l, te l,

etc. Furthermore,

lim 2(t;u;) = zo(t) =t uniformly in [0, 2]
11— 00
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and by Gamkrelidze’s approximation lemma [4] the sequence of Dirac measures Oui(t), 1= 2,3, .,
t € [0,1] weakly converges to 3 6_1 + 3 641. It is easy to observe that the trajectory zo(t), t € [0,2],
minimizing the functional corresponds to the control

0, t €0,1],
up(t) =< 1, te (1,v2],
t+1-v2, te(v2,2].

But ug(t) & [~1,1], t € (v/2,2], i.e. it is not an admissible control. Consequently, in the considered
example, there is no optimal element since the set

. o F(taz(]’u()’ufl) . ) -
VF(t,ZQ,Z’1> = {(F(t—i— 1,21,U1,U0) DU € [ 1,1], 1 =—1,0,1

is not convex. Here z; = (z¢;,x1;), ¢ = 0,1 and

(oo — t)? (zor —t —1)?
F 1) = F 1 = .
(t, 20, o, u-1) (—x10+u0+u21 » Fl+Lauu)={ 5 40 1
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Solutions of ordinary differential equations with the Hukuhara derivative [1], [2, p. 14] are com-
pact convex sets for every value of the independent variable. The geometric characteristics of these
sets can be considered as functions of the independent variable. The study of these functions is of
particular interest. For example, in the paper [4] the radii of inscribed and circumscribed spheres of
solutions of linear time-invariant differential equations were considered and their Lyapunov expo-
nents were calculated. The paper [3] gives a complete description of linear time-invariant differential
equations with the Hukuhara derivative that preserve polytopes, i.e., of equations such that any
solution of them that is a polytope for the initial value of the independent variable remains a
polytope for all subsequent values.

This report examines other geometric characteristics of solutions. But before formulating the
obtained result, let us give some necessary definitions. By Q(RY) we denote the family of all
nonempty bounded subsets of the space R?. The set of all nonempty convex compact subsets of
the space R? is denoted by K (R?).

Definition 1. A set X C K. (R?) is called a set of constant width if the length of the orthogonal
projection of X onto an arbitrary line equals the same value w(X) that is called the width of X.

Definition 2. A set Z % {z+y: ze€X, yeY}is called the Minkowski sum of two subsets X,
Y C R

Generally speaking, for arbitrary real matrices A and B consisting of d columns and a set
X C R? we have (A + B)X # AX + BX.

Definition 3 ([1]). A set Z C R? is called the Hukuhara difference of X, Y C R? and denoted by
Z=X-Y,#X=Y+2.

By B o {z € RY: ||z|| < 1} we denote the closed ball of unit radius centered at the origin.
Definition 4. The Hausdorff distance h(-, -) on the set Q(R?) is the function

WX, Y)Y inf{r>0: XCY+rB, YCX+rB}, X, YeQR?

According to Hahn Theorem, the pair (Kc(]Rd), h) is a complete metric space. By I C R we

denote an arbitrary open interval that may be unbounded.

Definition 5 ([1]). A mapping X : I — K.(R?) is called differentiable by Hukuhara at a point
to € I if there exist limits

lim X(to + At) — X(to) , lim X(to) — X (to — At)
At—+0 At At—+0 At
and these limits are equal to each other. In this case, the common value of these limits, which is

obviously a convex compact set, is denoted by Dy X (t9) and called the Hukuhara derivative of the
mapping X at the point ¢g.
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Consider the linear differential equation

DyX = zn:Ai(t)X, X(t) € K.(RY), t>0, (1)
=1

with piecewise continuous d x d-matrices of coefficients A4;(-), 1 <i < n. We say that equation (1)
preserves sets of constant width if for any its solution X (-), such that X(0) is a set of constant
width, it follows that X (¢) is a set of constant width for all ¢ > 0. Naturally, the problem arises of
obtaining a necessary and sufficient condition for equation (1) to preserve sets of constant width.
The complete solution of the problem is given by the following theorem.

Theorem. FEquation (1) preserves sets of constant width if and only if there exist piecewise con-
tinuous function ai(-),a2(-),...,an(+) : [0,00) = R>q, such that the following equalities hold

AOTA() =o()E, 1<i<mn, t>0.
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In this paper we consider a parametric family of non-autonomous dynamical systems defined on
a compact metric space and continuously depending on a parameter from some topological space.
For any such family, we study the asymptotic e-capacity of its dynamical systems as a function of
the parameter from the standpoint of the Baire classification.

As a measure of “massiveness” of a compact metric space (X,d), A. N. Kolmogorov in the
paper [1] introduced the notion of e-capacity which is defined as the maximum number of e-
distinguishable elements in X. Using this notion, we give the definition of the topological entropy
of a non-autonomous dynamical system [2].

Let F = (f1, f2,...) be a sequence of continuous mappings from X to X. For any positive
integer n, denote by F,, the subsequence (f,, fnt1,--.) of the sequence F. Along with the original
metric d we define on X an additional system of metrics

d (z,y) = max d(f (@), £71(9);

(f = far-ry o 0 fu, [ =idx), zye X, kneN

For any k € N and ¢ > 0, we denote by Ny4(Fp,¢,k) the maximum number of points in X such
that their pairwise dkF”—distances are greater than . Such a set of points will be called (F,,¢, k)-
separated. Then the e-capacity hq(F, ) and asymptotic e-capacity hj(F,e) of the non-autonomous
dynamical system (X, F) are defined by the equalities

— 1
hq(F,e) = lim — In Ng(Fy, e, k), (1)
k—oo k
1
hy(F,e) = sup lim limsup — In Ng(F,, €, k). (2)
neNe—=0 koo k

It follows directly from formulas (1) and (2) that
hd(fv 5) < hfl(fv 5)

holds for any sequence F. As the following example shows, quantities (1) and (2) may not coincide.
Let us equip the set Q9 of two-sided sequences

r=(..,7_9,7_1,%0,T1,T2,...), Tx € {0, 1},
with the metric

d 0 if ©=uy;
0. (7,9) = o—min{|il: £y} i .
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Note that the resulting metric space (€2, dq,) is compact and homeomorphic to the Cantor set on
the segment [0, 1] with the metric induced by the standard metric of the real line. Let o : Q5 — 9
stand for the left shift by one element:

a((...,w_l,xo,xl,...)) = (...,xo,wl,mg,...),

and y : Q2 — Q9 be the map that takes any element from 2o to the sequence of zeros:
x((...,xz—1,20,21,...)) = (...,0,0,0,...).
Then for the sequence F = (x,0,0,...) and £ < 1/2 we have
ha(F,e) =0<1In2 = hy(F,e).

Note that in this example the equality

1
hy(F,e) = limsup Z In Ny(Fs, e, k)

k—oo

holds from which we obtain

1
hy(F,e) = maxlimsup — In Ny(F,, ¢, k).
neN oo Kk
In the general case, as the following example shows, the supremum over n in formula (2) cannot
be replaced by the maximum.
Let Ay be the set of infinite matrices of the form

ail ai2 ais
4 ag1 age a3 ...
~—lasz1 a3z asz3 ... |°

where a;; € {0,1}; on this set we introduce the metric

0 if A= B;

dA2 (A7 B) = {2_ min{max{i,j}: a;;#bi;} if A 75 B.

Consider the sequence F = (f1, fa,...) of continuous mappings As — Ag defined by

ail a2 aig ... 1141 A12+1 A13+1
as1 @92 a3 ... 0 0 0
f1 az] asz ass ... = 0 0 0 N
a1 a2 aiz ... a11+1  G1241 A13+1
a1 Q22 a3 ... a2142 G2242 A2342
f2 az; azz assz ... = 0 0 0 N A

It follows that for all n € N and € < 1/2, the inequality

— 1
+00 = hj3(F) > max lim Z In Ny(Fp, €, k)

1<m<n k—oo
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hOICEc;r a given metric space M and a sequence of continuous mappings
F=(fr,fa,---), fi: MxX =X, (3)
we form the functions
p— ha(F(u, -),¢€), (4)
p— hg(F(p, -).e). (5)

It was proved in [3] that for any metric space M, compact metric space X and sequence of mappings
(3) function (4) belongs to the second Baire class and in general does not belong to the first Baire
class. Recall that the zeroth Baire class on a topological space M consists of all continuous
functions, and for any positive integer p functions of the p-th Baire class are the functions that are
pointwise limits of sequences of functions belonging to the (p — 1)-th class.

In the same paper [3] it was proved for a complete metric space M that the set of points of
upper semicontinuity of function (4) is an everywhere dense Gs-set.

In this paper similar results are obtained for function (5).

Theorem 1. For any sequence of mappings (3), function (5) belongs to the second Baire class.
Furthermore, its set of points of upper (lower) semicontinuity is a Ggs-set (an Fys-set).

Theorem 2. If M = X = Qq, then there exists a sequence of mappings (3) such that for any
e € (0;1/4] function (5) does not belong to the first Baire class on the space M.

Theorem 3. If a space M is complete, then the set of points of upper semicontinuity of function
(5) is an everywhere dense Gg-set.
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Abstract

In this short communication, we will introduce the notion of quaternion hyper argument to
construct the non-commutative quaternion hyper argument space. By virtue of the structure of
the Hilger complex plane and hyper argument space theory, we establish a theoretical framework
of the quaternion hyper-complex space in which the new quaternion hyper-complex exponent,
the hyper-complex logarithm are introduced. Note that the quaternion exponential functions
introduced here is a solution of the linear homogeneous dynamic equation z2(t) = f(t)z(t)
under the non-commutative quaternion function f.

1 Quaternion hyper argument space and calculus

The notion of quaternion was introduced by Hamilton in 1843, which provides a type of hyper-
complex numbers and extends the filed C of the complex numbers to a novel non-commutative
division ring under the addition and multiplication operation. The study quaternion dynamic
equations becomes a hot topic and some basic results were established on time scales by Wang and
Agarwal et al. (see [1-6]).

In the literature [4], some important notions of the hyper-complex polar form of the quaternion
numbers and a notion of the quaternion hyper argument are presented as follows.

Definition 1.1 ([4]). Let ¢ = qo + q1i + q27 + @3k € Q, cos?,sin? : R x R x R — C, we define the
quaternion polar form of ¢ by

gi= ’q‘earg@(Q) = 1q/e® = |q| [cos@@ + sin@ 0j],
where

0= (01,09,0%%, qo,q1,02,03 € R, 01,0 € (=m,7], 09 € [0, 7],

c0s? O = cos M) cos ) + sin O cos 9(3)1', sin? © = cos 0 sin 0@ + sin 6 sin 035,

and 0, 02, 9(3) gatisfy the following conditions:
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(i) cos o) = \/quO—i—iqz and sin V) = qgl—l—qQ if go 4+ qui # 0; 0N = 0 if go + q1i = 0;
0T a 0T
q2 a3

and sin @ =

Va5 + 63 Va3 + a3

/T2 /T2
(iii) cos#®) = q(’)q—‘l-ql and sin #®) = C]Tq?—(]g if ¢=£0; 00 =03 =9B) =0 if g =0,

(ii) cos 9 = if gof + sk # 0; 02 =0 if goj + g3k = 0;

we call © the quaternion hyper-principle argument. Generally, we define the quaternion hyper
argument Arg?(q) of ¢ satisfying

eAre@) = T = ¢osQ T + 5in® 17,
where T = (a(V),a® a3)Q c T, and
I, = {T | cos?O +5sin?Oj = cos® T + sin® Tj}.

Remark 1.1. Let

() (2 (3))Q D 7@ 5@

q = |gle' . p=|plel

then
argQ(qp) # (9(1) + 7(1)’9(2) + 7(2)’ 03 4 7(3))(@

in general.
Remark 1.2. Let
arg?(q) = (01,0,09)2, arg®(g) = (v(1V,7®), 1),

then
o) 4 7(1) =0, ‘g(2) _ V(Z)’ — 7 and 6 = 7(3)‘

Remark 1.3. Note that the quaternion hyper-principle argument
arg®(q) = (6,92 9B)Q

is unique for each fixed gq.

Remark 1.4. Let

argQ(q) — (g(1)79(2)79(3))<@ and ArgQ(q) _ (a(l)’a@),a(i%))(@’ ni,ne,nz € 7,

then
oM =00 fonir, a® =609 4 2nomr,  a® =604 4 2ngr,
or
al) =00 1 ony7, a@ =0@ oy +mr, o = —00) 4 2ngm,
or

oM =00 yopr 471, o =0? 4 omer+7, a® =600 4 2mgr + 7,

etc., this indicates that I'; is an infinite set.
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Remark 1.5. Note that

{a] ae @ arg®(q) = (0M,6,09)2, 0 — 0} —C

" {a] a€ @, arg%(q) = (6M,6,64)2, 6 =0, 6V =0 or v} =R
Moreover,
(OW0P0N _ 6Wi i p3) _ g,
geR and @070 1 jf g — g1 — o,
(000000 _ 0is 1 p(3) _ g

Remark 1.6. Note that for argQ(q) = (61,6, §B)HQ it follows that
g=a+bj= \a|e€(1)i + |b\69(2)ij = |q| (ee(l)i cos 03) + ¢ sin 6(3)]'),

where a,b € C.

2 The quaternion hyper-complex space

Definition 2.1 ([4]). Let h >0, Q = Cy x Ca, g = (g0 + q17) + (g2 + g31)j € Q, g0 + q17 € C; and
g2 + g3t € Cy. Then C; is called the sub-complex plane of the quaternion hyper-complex space,
and Cs is called the imaginary-complex plane of the quaternion hyper-complex space. Moreover,
we define the Hilger quaternion number set as

Qhrz{qu: q#—%}-

Let ¢ = a+bj € Qu, a,b € C, ) = Imy(a), #?) = Imy(b), 6©) = Imy(|a| + |blj), then the
schematic diagram of the quaternion hyper-complex space is showed by Figure 1. For h = 0, then

Qo =Q.
Now, let
In |1+ hq| for >0, %-arg@(1+hq) for h >0,
X, (q) = h Ap(q) = )
% for h =0, lim — - arg@(1 + hq) for h =0,
h— h

we introduce the hyper-complex cylinder transformation fg :Qp — Zg by

In|l+h 1
n]}—:—q[ + 7 arg®(1 4 hq) for h >0,
§2(9) = x,(q) + An(g) = .
qo + lim = - arg®(1 + hq) for h =0,
h—0 h

where
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o> (g2, q3)

The imaginary-complex plane C-

0 =TImy(a), 62 =Imy,(b), 6 = Im,, (|a| + |b|5)

The quaternion hyper-complex space

Figure 1. The geometric diagram of the quaternion hyper-complex space.

Remark 2.1. Let h > 0, the Hilger complex numbers C;, = {z € C| z # —%}, then C, € Qp. In
fact, let p,g € @ and arg®(g) = (81,6, 09)2, arg®(p) = (v, 4, 1®)E. we have

arg?(g) @q arg®(p) = 0Wi+ 51,
arg?(q) S arg®(p) = oM — ~Myg,
b-arg®(q) = bW,

where b € R and (%) = ) = 4(2) = ~() = 0, it means that the operations @q and ©g will turn
into the classical operations + and — when 03 = 03 = ~(2) = ~v3) = 0, by Remark 1.5, we can
obtain Cj C Qy,.

Next, we will introduce the quaternion hyper-complex logarithm in the quaternion hyper-
complex space.

Definition 2.2 ([4]). Let ¢ € Q, ¢ # 0. We define the quaternion hyper-complex logarithm by
Log®(q) := Ing| + arg®(q).
Remark 2.2. Note that ¢08%(@) = q for any nonzero quaternion number ¢ € Q. In fact,
elos®(a) — elnlaltare®() — clnlalpars®(@) — |g|ears®(@) = ¢
Remark 2.3. Let ¢,p € Q,
arg(q) = (01,6%,6%)2 and arg®(p) = (y\V,7?,7),

then
Log®(gp) = In|g| + In|p| + (01,03, 08 gg (V) 4 4B)H)Q,
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3 The quaternion hyper-complex exponential function and
dynamic equation on time scales

Definition 3.1 ([4]). Let t,s € T, f: T — Q, 1 + u(t)f(¢t) # 0 for any ¢t € T", then we define
Z(t,to) and z(t, o) as follows:

t t
N J R REDIOL Az [ s arg@(14u(7) £(7) AT
(i) Z(t,s) :=e* #) s 1o if u(7) > 0 for any 7 € [s, t]r.

(ii) If liH(l) L argQ(1+uf(t)) = ©(t) and O(t) is an integrable quaternion hyper argument function,
u—>
then we define . .
_ J fo(r)dr+ [ O(r)dr
z(t,s) :=es s
if u(7) =0 for any 7 € [s,t|r, where f(t) = fo(t) + f1(t)i + f2(t)j + f3(t)k.

Generally, Based on the hyper-complex cylinder transformation fg( f Qp — Zg by

&2 (F(8) = X, (F (1) + Ay (f (1))

i In |1 +M/Zt()t)f(t)! n pjt) carg@(1 4+ p(t) f())  for u(t) >0,

fo(t) +O(1) for p(t) =0,

we define the quaternion hyper-complex exponential function by

t t t
€2 (f(n) Ar A FE) AT+ Ay (f(7) AT
e9(t,5) = oL S _ I S B '

The following result is valid.

Theorem 3.1 ([4]). Let s,r,t €T, f: T = Q, 1+ u(t)f(t) # 0 for any t € T*. Then

(ii) e%(t,r)e(%(r, s) = e(%(t, s);

(i) (ef(t,5))® = (D)} (t,5);
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