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This report is a logical continuation of the previous report [15] by the same author.
For a given zero neighborhood G in the Euclidean space Rn, we consider the system

ẋ = f(t, x), x ∈ G, f(t, 0) = 0, t ∈ R+ ≡ [0,+∞), (1)

where the right-hand side satisfies the condition f, f ′
x ∈ C(R+×G) and the zero solution is allowed.

Let S∗(f) and Sδ(f) denote the set of all non-continuable solutions x of system (1), given by the
initial conditions |x(0)| ̸= 0 and 0 < |x(0)| < δ, respectively.

Definition 1. We say that system (1) (more precisely, its zero solution) possesses the following
upper-limit property:

1) stability if for any ε > 0 there exists δ > 0 such that any solution x ∈ Sδ(f) satisfies the
condition

lim
t→+∞

|x(t)| < ε; (2)

2) partial stability if for any ε, δ > 0 at least one solution x ∈ Sδ(f) satisfies condition (2);

3) asymptotic stability if there exists δ > 0 such that any solution x ∈ Sδ(f) satisfies the
condition

lim
t→+∞

|x(t)| = 0
(

⇐⇒ lim
t→+∞

|x(t)| = 0
)
; (3)

4) global stability if all solutions x ∈ S∗(f) satisfy condition (3);

5) instability if there is no upper-limit stability, that is there is an ε > 0 such that for any δ > 0
at least one solution x ∈ Sδ(f) does not satisfy condition (2) (in particular, it is not defined
on the whole semi-axis R+);

6) complete instability if there is no upper-limit partial stability, that is there are ε, δ > 0 such
that no solution x ∈ Sδ(f) satisfies condition (2);

7) asymptotic instability if there is no upper-limit asymptotic stability, that is for any δ > 0 at
least one solution x ∈ Sδ(f) does not satisfy condition (3);

8) total instability if for some ε > 0 no solution x ∈ S∗(f) satisfies condition (2).

Definition 2. Analogously to Definition 1, we say that system (1) possesses the corresponding
Perron property (stability, partial stability, asymptotic stability, global stability, instability, com-
plete instability, asymptotic instability, total instability) if it has property 1)–8) (respectively) from
Definition 1, in which the upper limits under conditions (2) and (3) are replaced by the lower
limits everywhere. Similarly, system (1) possesses the corresponding Lyapunov property if it has
respectively property 1)–8) from Definition 1, in which:
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(a) the upper limit at t → +∞ in condition (2) is replaced everywhere by an exact upper bound
over all t ∈ R+;

(b) the requirement of Lyapunov stability is added to asymptotic and global stabilities in prop-
erties 3 and 4, respectively;

(c) property (7) is replaced by negation of the resulting property (3), that is either for any δ > 0
at least one solution x ∈ Sδ(f) does not satisfy condition (3) or there is no Lyapunov stability.

We will be especially interested in particular cases of n-dimensional system (1): one-dimensional
(n = 1) and two-dimensional (n = 2) systems, autonomous system

ẋ = f(x), f(0) = 0, x ∈ G ⊂ Rn, t ∈ R+, (4)

with right-hand side f ∈ C1(G), and linear system

ẋ = A(t)x, x ∈ G ≡ Rn, t ∈ R+, (5)

defined by its continuous operator function A : R+ → EndRn.
According to the next two theorems, the Lyapunov complete and total instabilities are equiva-

lent, but this statement does not carry over the Perron instabilities and the upper-limit ones.

Theorem 1. If system (1) is Lyapunov completely unstable, then it is Lyapunov totally unstable
too.

Theorem 2. There exists a two-dimensional system (1), which is Perron and upper-limit completely
unstable, but neither Perron nor upper-limit totally unstable; moreover, it has at least one solution
x ∈ S∗(f) satisfying condition (3).

It can be seen from the following two theorems that, in the linear case, the assertion of Theorem 1
extends also to the complete and total instability of both Perron and upper-limit types, as well as
to asymptotic and global stability of any type at all.

Theorem 3. If the linear system (5) is Lyapunov, or Perron, or upper-limit completely unstable,
then it is respectively Lyapunov, or Perron, or upper-limit totally unstable too.

Theorem 4. If the linear system (5) is Lyapunov, or Perron, or upper-limit asymptotically stable,
then it is respectively Lyapunov, or Perron, or upper-limit globally stable too.

In the autonomous case, Theorem 1 can be significantly reinforced, which is what the following
two theorems do.

Theorem 5. If for the autonomous system (4) at least one of the following six properties is satisfied:
the Perron, Lyapunov, or upper-limit complete or total instability, then the other five of them are
also satisfied.

Theorem 6. If the autonomous system (4) is not, at least, Lyapunov, or Perron, or upper-limit
totally unstable, then it is both Lyapunov, and Perron, and upper-limit partially stable.

Each of the upper-limit properties occupies a logically intermediate position between its Lya-
punov and Perron analogs.

According to the following two theorems, in the one-dimensional and in the linear cases, all
the upper-limit properties are indistinguishable from the corresponding Lyapunov properties, and
under the additional condition of autonomy, also from the Perron ones.
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Theorem 7. For any one-dimensional system (1), each of its upper-limit properties is equivalent
to the analogous Lyapunov property, and in the case of an autonomous one-dimensional system, it
is equivalent to the Perron property too.

Theorem 8. For any linear system (5), each of its upper-limit properties is equivalent to the
analogous Lyapunov property, and in the case of autonomic linear system, it is equivalent to the
Perron property too.

Already in the linear case, the upper-limit properties, although they coincide with the Lyapunov
ones, can be directly opposite to the Perron ones.

Theorem 9. For each n ∈ N, there exists a linear n-dimensional system (1), which is globally
Perron stable, but both Lyapunov and upper-limit totally unstable.

If the system is not linear and not one-dimensional, then even in the autonomous case, the
upper-limit properties can also sharply contrast with both the Lyapunov and Perron ones.

Theorem 10. There exists a two-dimensional autonomous system (4), which is Lyapunov unstable,
but both Perron and upper-limit globally stable.

Theorem 11. There exists a two-dimensional autonomous system (4), which is globally Perron
stable, but both Lyapunov and upper-limit unstable.

Theorems 10 and 11 cannot be strengthened by replacing instability in them with complete
instability (and even more so with total instability, this would contradict Theorem 5). The next
theorem serves as a certain modification of Theorem 11.

Theorem 12. There exists a two-dimensional autonomous system (4), which is Perron stable, but
both Lyapunov and upper-limit unstable; moreover, all its fixed points fill some ray C ⊂ G with
origin at zero, and any of its solutions x ∈ S∗(f) with initial values x(0) ̸∈ C satisfies the relations

0 = lim
t→+∞

|x(t)| < lim
t→∞

|x(t)| = +∞.

The system from Theorem 10 is described in [2, p. 6.3], and its simplified version is in [3, § 18].
For more information on these issues, see the reports [1,4–6,9–12,14,17–19]. The proofs of the

above Theorems 1–12 are mainly contained in the papers [7, 8, 13,16,20].
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