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We are interested in the existence and non-existence of a positive solution to the periodic
boundary value problem

u′′ = p(t)u− h(t)

uλ
+ µf(t); u(0) = u(ω), u′(0) = u′(ω). (0.1)

Here, p, h, f ∈ L([0, ω]),
h(t) ≥ 0 for a. e. t ∈ [0, ω], h(t) ̸≡ 0,

λ > 0, and a parameter µ ∈ R. By a solution to problem (0.1), as usual, we understand a function
u : [0, ω] → ]0,∞[ which is absolutely continuous together with its first derivative, satisfies the given
equation almost everywhere, and meets periodic conditions.

Definition 0.1. We say that the function p ∈ L([0, ω]) belongs to the set V+(ω) (resp. V−(ω)) if
for any function u ∈ AC 1([0, ω]) satisfying

u′′(t) ≥ p(t)u(t) for a. e. t ∈ [0, ω], u(0) = u(ω), u′(0) = u′(ω),

the inequality
u(t) ≥ 0 for t ∈ [0, ω]

(
resp. u(t) ≤ 0 for t ∈ [0, ω]

)
is fulfilled.

Definition 0.2. We say that the function p ∈ L([0, ω]) belongs to the set V0(ω) if the problem

u′′ = p(t)u; u(0) = u(ω), u′(0) = u′(ω) (0.2)

has a positive solution.

For the cases p ∈ V−(ω), p ∈ V0(ω), and p ∈ V+(ω), we provide some results concerning the
existence or non-existence of solutions to problem (0.1) depending on the choice of a parameter µ.



144 International Workshop QUALITDE – 2020, December 19 – 21, 2020, Tbilisi, Georgia

1 The case p ∈ V−(ω)

Theorem 1.1. Let p ∈ V−(ω). Then, there exist −∞ ≤ µ∗ < 0 and 0 < µ∗ ≤ +∞ such that

• for any µ ∈ ]µ∗, µ
∗[ , problem (0.1) has a unique solution,

• if µ∗ > −∞, then, for any µ ≤ µ∗, problem (0.1) has no solution,

• if µ∗ < +∞, then, for any µ ≥ µ∗, problem (0.1) has no solution.

2 The case p ∈ V0(ω)

Theorem 2.1. Let p ∈ V0(ω) and
ω∫

0

f(t)u0(t) dt > 0,

where u0 is a solution to problem (0.2). Then, there exists 0 < µ∗ ≤ +∞ such that

• for any µ ≤ 0, problem (0.1) has no positive solution,

• for any µ ∈ ]0, µ∗[ , problem (0.1) has a unique solution,

• if µ∗ < +∞, then, for any µ ≥ µ∗, problem (0.1) has no solution.

From Theorem 2.1, we derive immediately the following result.

Theorem 2.2. Let p ∈ V0(ω) and
ω∫

0

f(t)u0(t) dt < 0,

where u0 is a solution to problem (0.2). Then, there exists −∞ ≤ µ∗ < 0 such that

• if µ∗ > −∞, then, for any µ ≤ µ∗, problem (0.1) has no solution,

• for any µ ∈ ]µ∗, 0[ , problem (0.1) has a unique solution,

• for any µ ≥ 0, problem (0.1) has no positive solution.

3 The case p ∈ V+(ω)

Remark 3.1. In [1, Theorem 16.4], it is shown that, if p ∈ IntV+(ω) and
ω∫

0

[f(t)]+ dt > ν∗(p)

(
ω

4

ω∫
0

[p(s)]+ ds

) ω∫
0

[f(t)]− dt, (3.1)

where the number ν∗(p) depends only on p (see [1, formula (6.22)]), then the linear periodic problem

u′′ = p(t)u+ f(t); u(0) = u(ω), u′(0) = u′(ω)

possesses a unique solution u which is positive.

Theorem 3.1. Let p ∈ IntV+(ω) and (3.1) hold. Then, there exists 0 ≤ µ∗ < ∞ such that
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• for any µ > µ∗, problem (0.1) has a solution,

• if µ∗ > 0, then, for any µ < µ∗, problem (0.1) has no solution,

• if µ∗ = 0, then, for any µ ≤ 0, problem (0.1) has no solution.

From Theorem 3.1, we derive immediately the following result.

Theorem 3.2. Let p ∈ IntV+(ω) and
ω∫

0

[f(t)]− dt > ν∗(p)

(
ω

4

ω∫
0

[p(s)]+ ds

) ω∫
0

[f(t)]+ dt,

Then, there exists −∞ < µ∗ ≤ 0 such that

• for any µ < µ∗, problem (0.1) has a solution,

• if µ∗ < 0, then, for any µ > µ∗, problem (0.1) has no solution,

• if µ∗ = 0, then, for any µ ≥ 0, problem (0.1) has no solution.

Acknowledgement
The research has been supported by the internal grant FSI-S-20-6187 of FME BUT. For the first
author, published results were also supported by RVO:67985840.

References
[1] A. Lomtatidze, Theorems on differential inequalities and periodic boundary value problem for

second-order ordinary differential equations. Mem. Differ. Equ. Math. Phys. 67 (2016), 1–129.


