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We are interested in the existence and non-existence of a positive solution to the periodic
boundary value problem

o =p(u =" e w(0) = uw), (0 =), (0.1)

Here, p, h, f € L([0,w]),
h(t) >0 for a.e. t € [0,w], h(t)#O0,

A > 0, and a parameter p € R. By a solution to problem (0.1), as usual, we understand a function
u: [0,w] — 10, 00| which is absolutely continuous together with its first derivative, satisfies the given
equation almost everywhere, and meets periodic conditions.

Definition 0.1. We say that the function p € L([0,w]) belongs to the set V1 (w) (resp. V™ (w)) if
for any function u € AC(]0,w]) satisfying

u”(t) > p(t)u(t) for a.e. t €[0,w], u(0)=u(w), v (0)=1u(w),

the inequality
u(t) >0 for t € [0,w] (resp. u(t) <0 for t € [O,w])

is fulfilled.

Definition 0.2. We say that the function p € L(]0,w]) belongs to the set Vy(w) if the problem
u’ =p(t)u; w(0) = u(w), v'(0)=1u'(w) (0.2)

has a positive solution.

For the cases p € V™ (w), p € Wo(w), and p € VT (w), we provide some results concerning the
existence or non-existence of solutions to problem (0.1) depending on the choice of a parameter fu.
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1 The case p € V™ (w)

Theorem 1.1. Let p € V™ (w). Then, there exist —00 < p, < 0 and 0 < p* < +o0 such that
o for any p €|, p*[, problem (0.1) has a unique solution,
o if we > —00, then, for any p < u., problem (0.1) has no solution,

o if u* < +o0, then, for any p > u*, problem (0.1) has no solution.

2 The case p € Vy(w)

Theorem 2.1. Let p € Vy(w) and

/ F(tyuo(t) dt > 0,
0

where ug is a solution to problem (0.2). Then, there exists 0 < p* < 400 such that
e for any p <0, problem (0.1) has no positive solution,
o for any p €10, u*[, problem (0.1) has a unique solution,
o if u* < +o0, then, for any p > u*, problem (0.1) has no solution.

From Theorem 2.1, we derive immediately the following result.

Theorem 2.2. Let p € Vy(w) and

/ F(tyuo(t) dt <0,
0

where ug is a solution to problem (0.2). Then, there exists —oo < p, < 0 such that
o if e > —o0, then, for any u < u., problem (0.1) has no solution,
e for any p € |u«, 0], problem (0.1) has a unique solution,

e for any p >0, problem (0.1) has no positive solution.

3 The case p € V*t(w)

Remark 3.1. In [1, Theorem 16.4], it is shown that, if p € Int V*(w) and

w[f(t)]+dt>V*(p) = w[p(smds w[f(t)]—dt, (3.1)
/ (& frone) |

where the number v*(p) depends only on p (see [1, formula (6.22)]), then the linear periodic problem
u’ =ptlut f(t); u(0)=uw), v(0)=1v(w)
possesses a unique solution u which is positive.

Theorem 3.1. Let p € Int V' (w) and (3.1) hold. Then, there exists 0 < p, < oo such that
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e for any p > ps, problem (0.1) has a solution,

o if x>0, then, for any p < p, problem (0.1) has no solution,

e if we =0, then, for any p <0, problem (0.1) has no solution.
From Theorem 3.1, we derive immediately the following result.

Theorem 3.2. Let p € Int V't (w) and

w w

Juran-asv (4 b ) [t

0 0 0

Then, there exists —oo < p* < 0 such that
e for any p < p*, problem (0.1) has a solution,
o if u* <0, then, for any pu > u*, problem (0.1) has no solution,

e if u* =0, then, for any u > 0, problem (0.1) has no solution.
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