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Let us consider the system of ordinary differential equations
A(2)Y' = B(2)Y + f(z,Y,Y’), (1)

where the matrices A : D1 — CP*P, B : Dy — CP*P, Dy ={z: |z| < Ry, Ry >0} C C, Dyp =
Dy \ {0}, matrix A = A(z) is analytical in the domain D;, matrix B = B(z) is analytical in the
domain Dy, rang A(z) = p in the domain z € Dy, ACY(2)B(z) is analytical matrix in the domain
D1y and has pole of order d € N in the point z = 0, the vector-function f : D1 xG1x Gy — CP, where
domains G C CP, 0 € Gi, k = 1,2, the vector-function f = f(z,Y,Y”) is analytical in the domain
D1 x G x Gag, Gro = G\ {0}, k = 1,2, the decomposition of the vector function f = f(z,Y,Y”)
to a convergent power series around the point (0,0,0) has no free and linear members.

Let us study question on the existence of analytic solutions of the Cauchy problem for system
(1) with the initial condition

Y =0, 2z—0, z¢€ Dy,

and the additional condition
Y/%O, z— 0, z € Dy.

According to these assumptions, system (1) takes the form
Y’ = PA()Y + 2 HO (2, Y, V), (2)
where P(?)(z) is an analytical matrix in the domain D, H® = H® (2 Y,Y’) is an analytical
vector-function in the domain D x G x Gs.

Definition 1. Let’s define that the vector-function z*H®(z,Y,Y”) has the property Vi near the
point (0,0,0) if this neighborhood component vector function z?H (2)(2, Y,Y’) may be decomposed
into convergent series form

[o¢]
SHP (YY) = Y CRPeYIEYY =T
s+|l1+q|=2

(2.9) . _ T

where C’Slq] eC,j=1,p.
Lemma. Ifin system (2) vector-function 24 H® (2,Y,Y") has the property Vi near the point (0,0,0),

then system (2) can be uniquely reduced to the system of the type

2y = PO )Y + FA(2Y), (3)
where P (2) is an analytical matriz in the domain Dy C Dy, 0€ Dy, F@ = FO(2,Y) is an
analytical vector-function in the domain D1 x G1 C Dy x G1, (0,0) € Dy x Gy, F® (0,0) = 0. For

convenience, we assume that the matriz P2 is analytical in the domain Dy, and the vector-function
F2) g analytical in the domain D1 x G1.
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For arbitrarily fixed t; € (0, Ry], v1,v2 € R, v1 < vy, introduce a set I(t;) = {(t,v) € R%: t €
(0,t1), v € (v1,v2)}. For z = z(t,v) = te’, the set I(t;) C R? refers to the set I(t;) C C: I(t;) =
{z=te €C: t€(0,t1), v & (v,v2)}.

Definition 2. Let p,g : I(t1) — [0, +00). Let’s define that the function p has the property Q;
regarding the function g on the condition v = vy € (v1,v2), if the function p = p(¢, vp) is a function
of higher order of smallness relative to the function g = g(¢,vg) on the condition ¢ — +0.

Definition 3. Let p,g : I(t;) — [0,+00). Let’s define that the function p has the property Qo
regarding the function g on the set I(t;), if there exist C; > 0, Cy > 0 such that on the set I(t;)
the inequality

Clg(tv U) < p(t, U) < CZQ(ta U)

is satisfied.

Introduce the auxiliary vector function ¢(z) = col(e1(2),...,¢p(2)), ¢ : I(t1) — CP, and
P(t,v) = col(P1(t,v), ..., ¢¥p(t,v)), ¥j : I(t;) = [0;400), j = 1,p, on the condition z = z(t,v) =
te®, ¥i(t,v) = |pj(2(t,v))], 7 = 1,p, functions 1, j = 1,p are really values functions of real
variables t, v.

For a fixed v = vy we introduce

Y(a(t00) = Y(), Y()=Yi(t) + iV (),
PA(z(t,00) = B (07 oy = PP @) +iP2 (1), PO®) = [ OIF s s =1,2,
F® (2(t,00),Y (2 <t w))) = FO(t,Y1,Y2),

FOWY,Ys) = col (FP(t,Y1,Ya), ..., ED(, 11, Y2)),
FP (.1, Y2) = F; (t,Yl,Y2)+iF2§)(t,Y1,)72), ji=Tp,

functions p( )( t), j,k = 1,p, s = 1,2, and vector-functions 171(t), 172(75), Fl(f), FQ(JQ), j =1,p are
really Values functions of real variable t.
For a fixed t = tg we introduce

Y(elto,v) = Y (v) = Y1 (v) m%( ),
P ((to,v)) = 1B ()12, = PP (0) + PP (v), PP (v) = B @)y, s=1,2,
FO (2(t,0), Y (2(to,0))) = FC )(v,Yl,Yg),
FO(0,Y1,%s) = col (FP (0, Y1, Ya),..., FP) (0, V1, Va)),
FP(0,Y1,Y2) = FD (0,11, Y2) +iFy,) (v,Y1,Y2), j=T,p,

functions ﬁﬁ)( ), 43,k = 1,p, s = 1,2, and vector-functions Yl, Yg,

values functions of real variable v.

7@ p@

o Foy J = 1,p are really

Definition 4. Let’s define that the matrix P(?) (z) has the property Sy regarding the vector-function
© = (z) if the conditions are met:

1) for each vy € (v1,v9) functions t4(3;(2(t,v))); have the property @ regarding the functions

|]7](32)( Mi(2(t,v)), j = 1,p, on the condition v = vp;

2) functions t471(¢;(¢,v))!, have the property Q> regarding the functions \ﬁg) ()|Y;(t,v), j =
1,p, on the set I(ty) for some to € (0,t1);
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3) for each vg € (v1,v2) functions |]7j(z) (t)|x(t,v) have the property ()1 regarding the functions
td(1;(t,v)), j,k =T1,p, j # k, on the condition v = vp;

4) functions ]1’55? (v)|1x(t,v) have the property Qo regarding the functions t4=1(¢);(¢,v)),, j, k =
1,p, j # k, on the set I(ty) for some ty € (0,%1).

Let’s introduce the sets

Q(8, o(2(t,v0))) = {(t,i}l,%) cte(0,t), }7123 +}722j < 02(4;(tv0))?, j =Top

3

vo is fixed on the interval (v, v2),
Q(r,pla(to,v) = { (0,71, 2) v e (vr,02), ¥+ T2 < 72 (wy(t0,0))2, 5 = Tp )

to is fixed on the interval (0,t1), where § = (61,...,6p), 7 = (71,...,7p), 05,75 € R\ {0}, j = (1,p).

Definition 5. Let’s define that the vector-function F(?) = F(®)(z,Y") has the property M, regarding
the vector-function ¢ = ¢(z) if the conditions are met:

1) for each vy € (vi,v2) on the condition (t,Y1,Y2) € Q(8,¢(z(t,vo))) functions }?’k(f) =
fk(f) (t,Y1,Ys) have the property Q; regarding the functions |j5](]2) (O)|Yi(t,v), 5 =1,p, k=1,2,
on the condition v = wvy;

2) for each (v,Y7,Y2) € Q(r, ¢(2(t,v))) functions ﬁlg) = ﬁk(j) (v,Y1,Ys) have the property Qo
regarding the function ]]3? (v)[¥j(t,v)), 7 = 1,p, k = 1,2, on the set I(t2) for some t2 € (0,1).

Let’s introduce domains Af)k(tg), k € {+,—}, which are defined as

Af_)Jr(tg) = {(t, v) : cos ((d — 1)v — &ﬁ) (t)) >0, sin ((d — 1)v — aﬁ)(v)) > 0,

j 1’p7 te (07t2)a S (Ul,’(}g)},

A? (1) = {(t, v) ¢ cos ((d—1)o—a (1) >0, sin ((d— Lo —a (v)) <0,

Tp L€ (0,t2), v € (vr,2) },

J

where functions &ﬁ) (1), aﬁ) (v), 7 = 1, p, are defined through the corresponding diagonal elements

of the matrices 13(1(2), ﬁéQ), qg=1,2.

Definition 6. Let’s define that system (3) belongs to the class C’fl,k € {+,—} if matrices
P (z) = PA(te™) are such that (t,v) € Af)k(tg), ke {+ -}

Let’s introduce domains Gf)k(tg) ={z=2z(t,v): 0< |z| <ty (t,v) € Af.)k(tg)}, ke {+ -}

Theorem. Let A(z) be an analytical matriz in the domain D1 and rangA(z) = p on the condition
z € Dy. Let system (1) may lead to the appearance (2). The vector-function 2*H® (2, Y,Y") has
the property Vi near the point (0,0,0). Moreover, the following conditions are met for system (3):

1) the matriz P(2)(z) s analytical in the domain D1 and has the property So regarding the
vector-function ¢ = p(z);
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2) the vector-function F® = F3)(2,Y) is analytical in the domain D1 x Gy, F(0,0) = 0 and
has the property My regarding the vector-function ¢ = ¢(z);

3) system (3) belongs to one of the classes C-(|-2.)lw ke{+ -}

Then for each k € {+,—} and for some t* € (0,t2) there are solutions of system (1) Y = Y (z), which

satisfy the initial conditions Y (z9) = Yy for zo € G(z)k(t*), Yo € {Y 1 [Yj(20)| < 0jlpj(20)], 05 >

+.
(2)

0, j = 1,p}, that are analytical in the domain G+.k_(t*) and for these solutions in this particular

domain the estimates are fair:

Yi(2)]? < 8lei(2)1%, j=Tp.
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