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1 Introduction
Consider solutions with positive initial data to differential equation with general power-law non-
linearity

y(n) = p(x, y, y′, . . . , y(n−1))|y|k0 |y′|k1 · · · |y(n−1)|kn−1 sgn(y y′ · · · y(n−1)), (1.1)

with n ≥ 2, positive real nonlinearity exponents k0, k1, . . . , kn−1 and positive continuous in x and
Lipschitz continuous in u0, u1, . . . , un−1 bounded function p(u0, u1, . . . , un−1).

The results on qualitative behavior and asymptotic estimates of positive increasing solutions for
higher order nonlinear differential equations were obtained by I. T. Kiguradze and T. A. Chanturia
in [9]. Questions on qualitative and asymptotic behavior of solutions to higher order Emden–Fowler
differential equations (k1 = · · · = kn−1 = 0) were studied by I. V. Astashova in [1, 4–6].

In the case n = 2 the results on qualitative behavior of solutions can be found in [10], and
asymptotic behavior was studied in [11].

Equation (1.1) in the case n = 3, k0 > 0, k0 ̸= 1, k1 = k2 = 0, was studied by I. Astashova
in [1, Chapters 6–8]. In particular, asymptotic classification of solutions to such equations was
given in [3, 6], and proved in [2]. Qualitative properties of solutions in the case n = 3, k0 > 0,
k1 > 0, k2 > 0 were studied in [12]. In this paper several results are generalized for higher order
differential equations with general power-law nonlinearity.

For higher order differential equations, nonlinear with respect to derivatives of solutions, the
asymptotic behavior of certain types of solutions was studied by V. M. Evtukhov, A. M. Klopot
in [7, 8].

2 On the behavior of solutions
For equations of second- and third-order the following results on qualitative behavior of solutions
with positive initial data were obtained.

Theorem 2.1 ([10]). Suppose n = 2 and k0 + k1 > 1. Let the function p(x, u, v) be continuous
in x, Lipschitz continuous in u, v and satisfy the inequality p(x, u, v) ≥ m > 0. Then there exists
a constant ζ = ζ(m, k0, k1) such that any maximally extended solution y(x) to equation (1.1),
satisfying at some point x0 the conditions y(x0) ≥ 0, y′(x0) = y1 > 0, has a finite right domain
boundary x∗ satisfying the estimate

x∗ − x0 < ζ y
− k0+k1−1

k0+1

1 .
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Theorem 2.2 ( [12]). Suppose n = 3 and k0 + k1 + k2 > 1. Let the function p(x, u, v, w) be
continuous, Lipschitz continuous in u, v, w and satisfy the inequality p(x, u, v, w) ≥ m > 0. Then
there exists a constant ψ = ψ(m, k0, k1, k2) such that any maximally extended solution y(x) to
equation (1.1), satisfying at some point x0 the conditions y(x0) ≥ 0, y′(x0) ≥ 0, y′′(x0) = y2 > 0,
has a finite right domain boundary x∗ satisfying the estimate

x∗ − x0 < ψ y
− k0+k1+k2−1

2k0+k1+1

2 .

Consider now the asymptotic behavior of solutions with positive initial data to second- and
third order equations. For second order equation the result is also obtained for general form of
p(x, u, v) in [11].

Theorem 2.3 ([11]). Suppose n = 2 and k0 + k1 > 1, k1 < 2. Let p(x, u, v) ≡ p0 > 0, and let x∗
be a right boundary of the domain of an inextensible solution y(x) to (1.1) satisfying at some point
x0 the conditions y(x0) > 0, y′(x0) > 0. Then

y = C(x∗ − x)−α(1 + o(1)), x→ x∗ − 0,

where
α =

2− k1
k0 + k1 − 1

> 0, C =
( |α|1−k1 |α+ 1|

p0

) 1
k0+k1−1

.

Theorem 2.4. Suppose n = 3 and k0+k1+k2 > 1, k2 < 1, k1+2k2 < 3. Let p(x, u, v, w) ≡ p0 > 0,
and let x∗ be a right boundary of the domain of an inextensible solution y(x) to (1.1) satisfying at
some point x0 the conditions y(x0) > 0, y′(x0) > 0, y′′(x0) > 0. Then

y = C(x∗ − x)−α(1 + o(1)), x→ x∗ − 0,

where
α =

3− k1 − 2k2
k0 + k1 + k2 − 1

> 0, C =
( |α|1−k1−k2 |α+ 1|1−k2 |α+ 2|

p0

) 1
k0+k1+k2−1

.

It turns out that it is possible to generalize the above results for the higher order equation (1.1).
Denote

K =
n−1∑
i=0

ki, κ =
n−1∑
i=1

i kn−1−i.

Theorem 2.5. Suppose n ≥ 2, K > 1. Let the function p(u0, u1, . . . , un−1) be continuous in x,
Lipschitz continuous in u0, . . . , un−1 and satisfy the inequality

p(x, y, y′, . . . , y(n−1)) ≥ m > 0.

Then there exists a constant ξ = ξ(n,m, k0, . . . , kn−1) such that any maximally extended solution
y(x) to (1.1), satisfying at some point x0 the conditions y(x0) > 0, y′(x0) > 0, . . . , y(n−2)(x0) > 0,
y(n−1)(x0) = yn−1 > 0, has a finite right domain boundary x∗ satisfying the estimate

x∗ − x0 < ξ y
−K−1

κ+1

n−1 .

The following theorem states the existence of a solution in the form y = C(x∗ − x)−α to
equation (1.1) with constant potential p(x, y, y′, . . . , y(n−1)) ≡ (−1)n−1p0.

Denote κ =
n−1∑
i=1

i ki.
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Theorem 2.6. Let n ≥ 2, p0 > 0 and K > 1. Then equation

y(n) = (−1)n−1p0|y|k0 |y′|k1 · · · |y(n−1)|kn−1 sgn(y y′ · · · y(n−1)) (2.1)

has a solution y = C(x∗ − x)−α, where x∗ <∞ is the right domain boundary,

C =

(n−1∏
i=0

|α+ i|
1−

n−1∑
i+1

ki

p0

) 1
K−1

, α =
n− κ
K − 1

.

Note that the higher order Emden–Fowler equation

y(n) = p0|y|k sgn y, n ≥ 2, k > 1, p0 > 0

for any x∗ ∈ R has the solution y = C(x∗ − x)−α with

α =
n

k − 1
, C =

(α(α+ 1) · · · (α+ n− 2)(α+ n− 1)

p0

) 1
k−1

,

which corresponds to the result obtained in Theorem 2.6 with k1 = · · · = kn−1 = 0 (see [1, 5.1]).
The existence of solutions to equation (1.1) which is equivalent to C(x∗ − x)−α as x → x∗ − 0
in general case is an open problem. For n = 2 this problem was solved in [11], and for n ≥ 3,
k1 = · · · = kn−1 = 0 it was solved in [1, Chapter 5] and [4, 6].
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