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Consider the linear differential systems

ẋ = A(t)x, x ∈ R2, t ≥ t0, (1)

with bounded infinitely differentiable coefficients and characteristic exponents λ1(A) ≤ λ2(A) < 0,
being linear approximations for the nonlinear systems

ẏ = A(t)y + f(t, y), y ∈ R2, t ≥ t0, (2)

likewise with infinitely differentiable so-called m-perturbations f(t, y) of order m > 1 of smallness
in the neighbourhood of the origin and possible growth outside of it:

∥f(t, y)∥ ≤ Cf∥y∥m, y ∈ R2, t ≥ t0. (3)

The known Perron’s effect [7], [6, p. 50-51] of value change of characteristic exponents states the
existence of systems (1) and (2) with 2-perturbation (3) such that all nontrivial solutions of system
(2) turn out to be infinitely continuable and their characteristic exponents take only two values: one
is negative, coinciding with the higher exponent λ2(A) < 0 of the system of linear approximation
(1) and the other one is positive (calculated incidentally in [3, p. 13-15]). Considering this effect as
not full (not all nontrivial solutions of the perturbed system (2) take positive exponents), a great
number of works were devoted to the investigation of its full version (all nontrivial solutions of
system (2) are infinitely continuable to the right and have finite positive exponents (see our last
works [4, 5]).

In particular, in these works we have obtained the above-mentioned full Perron’s effect corre-
sponding to various types of the collection Λ(A, f) ⊂ (0,+∞) of Lyapunov’s characteristic expo-
nents of all nontrivial solutions of the nonlinear system (2) with m-perturbation (3) for any fixed
m > 1. In our last works, these bounded collections Λ(A, f) ⊂ (0,+∞) are completely described
by Suslin’s sets.

Noteworthy are the results, not connected with Perron’s effect: for the exponentially stable
systems (2) with perturbations (3) the collections Λ0(A, f) ⊂ (−∞, 0) of characteristic exponents
of all their nontrivial solutions, emanating from a sufficiently small neighbourhood of the origin, of
positive measure are realized in [2], whereas in [1] they are completely described by Suslin’s sets.

In investigating the above (not full) Perron’s effect, when all nontrivial solutions y(t, c), y(t0, c) =
c ∈ R2 \ {0} are infinitely continuable and have finite positive as well as negative Lyapunov’s
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exponents λ[y( · , c)], forming respectively non-empty (one-element) sets Λ+(A, f) and Λ−(A, f)
and all their collection Λ(A, f) = Λ+(A, f) ∪ Λ−(A, f), there arises, in particular, the question
to what extent they may be common simultaneously (for one system (2)). The answer, as a
consequence of a more general result, is obtained in the present report.

Here, for a countable number of uniformly bounded arbitrary Suslin’s sets Sk, k ∈ N and a
partitioning of a plane of initial values of solutions into the same number of domains and segments
Πk we have constructed systems (1) and (2) with m-perturbation (3) such that the characteristic
exponents λ[y( · , c)] of nontrivial solutions of system (2) with the initial values c ∈ Πk make up the
sets Sk, and the whole collection of exponents Λ(A, f) of nontrivial solutions of that system is the
union

∪
k∈N

Sk. The consequence of that common result is the realization of the cases for: a finite

number of arbitrary bounded Suslin’s sets; two arbitrary, likewise bounded, Suslin’s sets

S+ ⊂ (0,+∞), S− ⊂ (−∞, 0),

forming the collection Λ(A, f) = S+ ∪ S− of characteristic exponents of some system (2).
The following theorem is valid.

Theorem 1. For any parameters m > 1, λ1 ≤ λ2 < 0 and any two sequences Sin, n ∈ N, i = 1, 2,
uniformly bounded by Suslin’s sets

S1n ⊂
[
λ1 + ε, b1

]
, S2n ⊂

[
max{λ2 + ε, b1}, b2

]
, n ∈ N,

with number ε > 0, which are the sets of values respectively of the functions β1n( · ) and β2n( · ) of
the 1st Baire class on every of the half-intervals (n− 1, n] and [−n,−n+ 1), there exist:

1) a system of linear approximation (1) with bounded infinitely differentiable coefficients and
characteristic exponents λi(A) = λi, i = 1, 2;

2) an infinitely differentiable m-perturbation f(t, y) such that all nontrivial solutions y(t, c) with
the initial conditions

y(t0, c) = (c1, c2) ∈ R2 \ {0}

of the perturbed system (2) are infinitely continuable to the right, and their characteristic
exponents λ[y( · , c)] form for every n ∈ N the collections{

λ
[
y( · , (c1, 0))

]
: |c1| ∈ (n− 1, n]

}
= S1n,{

λ
[
y( · , c)

]
: |c2| ∈ (n− 1, n]

}
= S2n, Λ(A, f) =

∪
i,n

Sin,

on every of the above-mentioned intervals separately.

The theorem below gives us the answer to the question posed at the beginning of our report.

Theorem 2. For any parameters m > 1, λ1 ≤ λ2 < 0 and arbitrary bounded Suslin’s sets S− ⊂
(−∞, 0) and S+ ⊂ (0,+∞) there exist the nonlinear system (2) with the linear approximation (1),
having characteristic exponents λi(A) = λi, i = 1, 2, and m-perturbation (3) such that all nontrivial
solutions y(t, c) are infinitely continuable and their Lyapunov’s exponents λ[y( · , c)] form the sets{

λ[y( · , c)] : c = (c1, 0) ̸= 0
}
= S−,

{
λ[y( · , c)] : c2 ̸= 0

}
= S+.

This theorem is a direct consequence of Theorem 1 and its proof.
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