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Consider the differential equation

/

y" = aop(t)e(y), (1)

where a9 € {—1,1}, p : [a,w][—]0,400[ is a continuous function, y < a < w < +00, ¢ : Ay, —
10, +o0[ is a continuously differentiable function such that

. or 0, . "
O (y) #0 for y € Ay,, lim ¢(y) = lim w =1, (2)
y—0 or +OO, y—Yp SQ (y)
yGAYO yEAYO

Yy equals either zero or +o00, Ay, is some one-sided neighborhood of Y.
From the identity
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and conditions (2) it follows that

/ /! /
#y) ('0/ ) for y — Yy (y € Ay,) and lim ye'(y)
vy) ') o e(y)

0

This means that in the considered equation the continuous function ¢ and its first order derivatives
are (see [8, Ch. 3, §3.4, Lemmas 3.2, 3.3, pp. 91-92]) rapidly changing as y — Yj.

For two-term differential equations of the form (1) with nonlinearities satisfying condition (2),
the asymptotic properties of solutions were studied in the works of M. Maric [8], V. M. Evtukhov
and his students N. G. Drik, V. M. Kharkov, A. G. Chernikova [3-5].

In the works of V. M. Evtukhov, A. G. Chernikova [3] for the differential equation (1) of the
second order in the case, when ¢ is a rapidly changing function as t — +00, the asymptotic prop-
erties of the so-called P, (Yp, Ag)-solutions were studied. In this work, we propose the distribution
of these results to third-order differential equations.

Definition 1. Solution y of equation (1) is called P, (Yp, Ag)-solution, where —oco < A\g < 400, if
it is specified on the interval [to,w[C [a,w[ and satisfies the following conditions

y(t) € Ay,, where t € [to,w][,

0
lmy(t) =Yy, limy®@) =" 7 k=12 lim—2_2 __ ).
rou y( ) 0 o Yy ( ) {or +o0, thw y”’(t)y'(t) 0
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The goal of this work is to establish the necessary and sufficient conditions for the existence
for equation (1) of (Y, Ag)-solutions in the non-singular case, when A\g € R\ {0, 1, %}, and in the
singular case, when \g = 1, as well as asymptotic for ¢ 1 w representations for such solutions and
their derivatives up to the second order.

Without loss of generality, we will further assume that

Av — [yo, Yo[ if Ay, is a left neighborhood of Yp,
Yo~ 1Y0,%0] if Ay, is a right neighborhood of Yy,

where yp € R is such that |yp| < 1 when Yy = 0, and yp > 1 (yo < —1), when Yy = +oo (when
Yy = —0).
The function f : Ay, — R\{0}, satisfying condition (2), when Yy = o0, and 1i1_{1 fy) = +o0,
Yy—T00
belongs to the class I'y, (Zp) of the functions ¢ : Ay, —]0,+o0[, where Yy equals either zero or
+00, and Ay, is a one-sided neighborhood of Y, for which

. 0,

lim (y) = Zo = { (3)
y—=Yp or oo,
yEAYO

which extends the class of function I', introduced by L. Khan (see, for example, [6, Ch. 3, p. 3.10,
p. 175]).

If f € I'y,(Zy) with the complementary function g, and, moreover, is continuous and strictly
monotone, then there exists a continuous strictly monotone inverse function f=1 : A Zo — Ay,
where

[207 ZO[ ) .
Azy = { 7 20 = f(yo), Zo= lim f(y).
or ] 0720]7 yeA;)O

We introduce the necessary auxiliary notation. We assume that the domain of the function ¢
in equation (1) is determined by formula (3). Next, we set

1 if Ay, = [yo, Yol,

. / .
po = signy'(y), vo =signyo, v = .
{_1 if AYO :]}/an(]]?

and introduce the functions
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where
t it w= 400,
Ty =
t—w if w< 4o,
w Yo
w if /773(7')10(7) dt = const, Yy if /dS = const
. B_ J ©(s)

a if /773(7’)})(7’) dr = o0, yo if [ % = const.

Yo
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Considering the definition of P, (Yp, Ag)-solutions of the differential equation (1), we note that
the numbers vy, v1, vo and g determine the signs of any P, (Yp, \g)-solutions of its first, second
and third derivatives (respectively) in some left neighborhood of w. It is clear that the condition

1 <0, if Yp =0, w1 >0, if Yy = Fo0,

is necessary for the existence of such solutions.
Now we turn our attention to some properties of the function ®. It retains a sign on the
interval Ay, tends either to zero or 0o when y — Y{ and increasing by Ay, because on this

interval ®'(y) L > 0. Therefore, for it there is an inverse function =1 : Az — Ay,, where

o)
due to the second of conditions (2) and the monotone increase of ®~1,
0 Zo| for Ay, = [yo, ¥
Zo= lim ®(y) = ; Ay = [20, Zo[ for Ay = [yo, Yo, 20 = o(y0).
yy::;% or —+oo, ]Z[), Zo] for Ayo :]Yb, yo],

For A\g € R\ {0;1; 3} we also introduce auxiliary functions:

ao(o — 1278 (D) (2 (ap 25 (A — 1) (1))
Q(t) = _ Do—1)2 5
)\(]CI) 1(0&0 0)\701](25))
~1( gy, Go=1)? D=1 (o Qo=D)?
- 2 Hap ol J(t))so@(ql;( o Qoc J<t>>)7
(@1 (ap Yo (1))

For equation (1) the following assertions take place.

Theorem 1. Let Ao € R\ {0;1; %} Then for the existence for the differential equation (1) of
P, (Yo, \o)-solutions, it is necessary to comply with the conditions

apridg >0, i (2X0 — 1)(Ao)mw(t) > 0 and agporoJ(t) <0 for t € (a,w), (4)
ap . . Tu(t)J'(t) ) 200 — 1
—1 t)=2p, lim———+== 1 t) = .
no to 7O = TG T WA= R ®)

Moreover, for each such solution, the following asymptotic representations take place:

—1)2 o
y(t) = @~ (ag (/\0/\01) Jm) |1+ H((lt))} for t 1w, (6)
1) & (e Qo gt
Jo = Qo DT HTO oy for e @
o (I)—l a (Ao—l)QJt
y'(t) = )\Ei\j)\_o 1)21) ( 07T2 (/\to) (®) [1+0(1)] for t 1 w.

Theorem 2. Let \g € R\ {0;1;1}, conditions (4), (5) met, there exist a finite or equal to oo
limt

and there exist the limit
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Then, the differential equation (1) has at least one P,(Yp, \o)-solution, which allows for t 1 w
the asymptotic representations

L o1 of)
y(t) = @7 (a0 = T0) [1+ 5 |
_ _ 2
/)= ot s (a0 P o) o) 0
2 ,
/) = e e (a0 )+ o)

and in the case when
f0Ao(2A0 — 1)(Ag — 1) <0 for t € (a,w),

the differential equation (1) has a one-parameter family of P,(Yy, \o)-solutions, but in the case
when

poAo(2A0 — 1) (Ao — 1) >0 for t € (a,w),

the differential equation (1) has a two-parameter family of P,,(Yo, Ao)-solutions with representations
(6), (7), and such that the first and second order derivatives allow the asymptotic representations (8).

Introduce the functions

! 51503 (s)
where
( w Yo
1 . ds
w if /ps (1) dT < 400, Yo if /21 = const,
S lslBeb(s)
Ay = % B, = Yo d
. 1
o it [phr)dr =0, woit [ e
S AT

Consider the definition of P, (Yp, 1)-solutions of the differential equation (1). It is clear that the
conditions
vr1 <0, if Yo=0, v >0, if Yy =+o0o,

and
viag <0, for hTmy(t) 0, wrap>0, for hTmy(t) +o0,
w w
are necessary for the existence of such solutions. For Ao = 1, we also introduce the auxiliary
functions
ooy Jg(t)
Q1(t) = 2 1 )

%uéwmhwﬁwuqﬂmhw»
O (i (8)¢ (D7 (11 i (1))
p(@T (1A (1))

9

Ja(t) =

B—

t
P(r) (@7 (11 Ty (7)) dr. sz/bwmn
Az
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where
to if /p(T)gp(@l_l(VlJl(T)))dT: +o00, to if /JQ(T) dr = 400,
A2 == t20.) A3 = tgw
w if /p(T)gp((Dll(l/lJl(T)))dT < 00, w if /JQ(T) dr < 400,
to \ 3
to,13 € [a,w].

For equation (1) the following assertions take place.

Theorem 3. For the existence for the differential equation (1) of P, (Yo, 1)-solutions it is necessary
to comply with the conditions

apry > 0, porrJi(t) <0 for t €la,w|,

/ -1
wlim (1) = Zo, lim ”“’f]?éﬁ(t) = oo, Tmar() =1, tim " “0((1)1( }Qy(lt‘)])lz(t)))‘]g(t)
Moreover, for each solution, there take place the asymptotic representations for t T w
o(1) }
Hi(t))
Y (8) = nips (005 (27 (1 11 (D) (7 (1111 (1))
y'(t) = ao2(t)[1 + o(1)].

Similarly to Theorem 2, we prove a sufficient condition for the existence of B, (Yp, 1)-solutions.

=1.

y(t) = B (a0(ho — DI (H) 1+

Wl

[1+o(1)],
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