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We consider the question on the well-posedness of the boundary value problem

Zpl D 4 po(t) foraa. tel, (1)
Ei(u,u,...,u(” M =cio (i=1,...,n), (2)
where I = [a,b] is an arbitrary closed interval from R, p; € L(I;R) (I = 0,...,n), ¢ € R

(i =1,...,n), and £ : AC®™Y(I;R) — R (i = 1,...,n) are linear bounded functionals with

respect to the norm
n
lullac =Y [l 1]
j=1

Here AC™V(I;R) is the set of all functions u : I — R such that the derivatives ul?) (j =
0,...,n—1) are absolutely continuous functions on I, i.e., such that /) € AC(I;R) (j =0,...,n—
1), and ||v||. = max{|v(¢)| : t € I} for every continuous function v : I — R.

By |[4]|| we denote the usual norm of the linear operator ¢.

Under a solution of the differential equation (1) we understand a function v € AC™~D(I;R)
such that

Zpl t) + po(t) for a.a. t €.

Let up be the unique solution of the Cauchy problem (1), (2).
Along with problem (1), (2) consider the sequence of problems

Zpuc D 4 por(t) for a.a. tel, (1)

E’ik‘(uaua"-au(n 1)):Ci/€ (i:]-’"'an)’ (2]€>

(k = 1,2,...), where py, € L(I; R) (l=0,...,n), ¢ € RE=1...,n k=1,2,...), and
b : AC DV(ILR) =R (i=1,...,n; k = ) are linear bounded functionals.
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Definition. We say that the sequence (pig,...,Pnk,DPok; liks- -, k) (K = 1,2,...) belongs to
the set S(p1,...,Pn,p0;l1,--.,4,) if for every c;p € R (i = 1,...,n) and a sequence ¢;; € R
(i=1,...,n; k=1,2,...), satisfying the condition

lim Cik = Cj0 (izl,...,n), (3)

k—+o0

the boundary value problem (1), (2) has the unique solution wuy for any natural k& and
. (i—1) n _ (i—1) .
lim w, (t)=uy '(t) (i=1,...,n) (4)

uniformly on I.

Along with equations (1) and (1x) (kK = 1,2,...) we consider the corresponding homogeneous
equations

u( = Zpl(t)u(i_l) fora.a tel (1o)

and

me Jul=Y for aa t el (Lor)

(k=1,2,...).
If the functions v; € AC"~U(I;R) (i = 1,...,n), then by

wo(vr, - -, 0a)(t) = det (0! (#))11_y)

we denote the so called Wronskii’s determinant, and by wy(v1,...,v,)(t) (¢,l =1,...,n) we denote
the cofactor of the il-element of wg(vy,...,vy).
Letw (I=1,...,n)and uy, I =1,...,n; k=1,2,...) be the fundamental systems of solutions

of the homogeneous systems (1p) and (20x) (k= 1,2,...), respectively.
Below we give necessary and sufficient conditions, as well some sufficient conditions, guarantee-
ing the inclusion

((plka s 7pnk7p0k;£1k’7 s aénk‘))]jj € S(pla s apn,po;gla s >€n) (5)

Theorem 1. Let the functions py € L(I;R) (I =0,...,n), pix € L(I;R) (1=0,...,n; k=1,2,...)
and let the linear functionals €;, ly, (i=1,...,n; k=1,2,...) be such that the conditions
khrf Ci(uy !y u ™) = f(u, s u™ ) for we ACD(LR) (i=1,...,n), (6)
—+00

limsup ||[lik]|| < +o0 (i=1,...,n) (7)
k—+o00

hold. Then inclusion (5) holds if and only if there exists a sequence of functions h;, hix € AC(I; R)
(i,l=1,...,n; k=1,2,...) such that the conditions

inf {| det((ha(t))7,1)] - tE€ T} >0 (8)

and
b

lim sup /
k—>+oo

() + i1 () sl = 1) + hyni(8) pu(8)] dt < +o00 (9)
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hold, and the conditions

k—+o0
and
t t
lim /hmk<7)plk(7) dr — /hm(T)pl(T) dr (i=1,....m:1=0,....n)
k——+oco

hold uniformly on I.

Theorem 2. Let the functions py € L(I;R) (I =0,...,n), pix € L(I;R) (I1=0,...,n; k=1,2,...)
and let the linear functionals C;, Uiy, (i =1,...,n; k=1,2,...) be such that conditions (6) and (7)
hold. Then inclusion (5) holds if and only if the conditions

lim wl V) =ul"V @) G1=1,...,n)

k——+o0
and
[ winl () [ win )(7)
. Win\Ulk,y - - Unk)\T Win\UL, - - -, Up )T .
1 dr = dr (i=1,.... 11
kﬁHJrnoo wo(ulk,...,unk)(T) pOk(T) T /wo(ul,...,un)(T) pO( ) g (Z n) ( )

hold uniformly on I.

Theorem 3. Let the functionsp; € L(I;R) (I1=0,...,n), pix € L(I;R) I =0,...,n; k=1,2,...)
and let the linear functionals U;, by, (i=1,...,n; k=1,2,...) be such that conditions (6), (7) and

hmsup/”plk |dt <400 (I=1,...,n)

k—+o0

hold, and the condition

t t

kli)Ifoo/plk(T)dT:/pl(T)dT ((=0,...,n)

a a

hold uniformly on I. Then the boundary value problem (1i),(2x) has the unique solution uy for
any natural k and condition (4) holds uniformly on I.

Corollary 1. Let the functionsp; € L(I;R) (1=0,...,n), pix € L(I;R) (1=0,...,n; k=1,2,...)
and let the linear functionals C;, Cy, (i=1,...,n; k=1,2,...) be such that conditions (3), (6), (7)
and (9) hold, and conditions (10) and

t t
lim Pt (T)p1ie (T :/pf )ydr (i=1,...,n;1=0,...,n)

k——+o0
a

hold uniformly on I, where p; € L(I;R) (I = 0,...,n); hy, har € AC(I;R) (i,l = 1,...,n;
k=1,2,...). Then the inclusion

+
((plkn o apnknpOk’;Elk‘v cee 7£nk‘))kzo<; € 8(291 _pi(a « oy Pn _p;‘;?po _pz()agla .. 7£n)

holds.
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Remark. In Theorem 2 and Corollary 1, without loss of generality we can assume that h;;(t) =1
and hy(t) =0 (i #1;4,l=1,...,n). So condition (8) is valid evidently.

Remark. If n =2 in Theorem 3, then condition (11) has the form

- (7)o () I S R
kLJroo J w1 (7 )by (1) — ugp (1)), (1) d a/ w (T)ub (1) — ua(T)u) (1) dr,
- u1(7)pok(7) - u(7)po(7) -
kL—‘roo a/ g (T) (1) — uop (T)u],(T) d a/ wy (T)uhy (1) — ua(T)u) (1) dr.

In the equalities we can take ugy instead of ujy (K =1,2,...) and usy instead of uy.

For the proof we use the well-know concept. It is well known that if the function u is a solution
of problem (1), (2), then the vector-function z = (x;),, ; = u™1 (i = 1,...,n) is a solution of
the following general linear boundary value problem for system of ordinary differential equations

dx

T P(t)z +q(1),

0(x) = co,

where the matrix- and vector-functions P(t) = (pu(t))},=; and q(t) = (g:(t));L; are defined, re-
spectively, by

pa(t) =0, piimi=1l (I#i+1i=1,...,n—1;1=1,...,n),
pnz(t)E it) (=1,. );
g(t)=0 (i=1,...,n=1), ¢ (t) po(t);
€($)=(fz(u7uw- uI)) ( = (@)L co = (o)

Analogously, problem (1), (2;) can be rewritten in the form of the last type problem for every
natural k. So, using the results contained in [1-3] we get the results given above.
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