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1 Introduction

y" = p(z,y. v, ")y Py "2 sen(yy'y"), ko, ki, ks > 0, (1.1)

with positive continuous and Lipschitz continuous in u, v, w function p(z,u,v,w) satisfying in-
equalities
0<m<p(z,u,v,w) <M < 4o0. (1.2)

Equation (1.1) in the case ko > 0, kg # 1, k1 = ky = 0, was studied by I. Astashova in [1,
Chapters 6-8]. In particular, asymptotic classification of solutions to such equations was given
in [4,6], and proved in [3].

For higher order differential equations, nonlinear with respect to derivatives of solutions, the
asymptotic behavior of certain types of solutions was studied by V. M. Evtukhov, A. M. Klopot
in [7,8]. Another approach to study asymptotic properties of solutions to higher order equations
was offered by I. T. Kiguradze and T. A. Chanturia in [9].

Using methods described in [1,2,5] by I. V. Astashova, the behavior of solutions to (1.1) near
domain boundaries is considered with respect to the values kg, k1 and k.

2 Main results

Consider positive increasing convex solutions to equation (1.1).

Theorem 2.1. Suppose the function p(x,u,v,w) is continuous, Lipschitz continuous in u, v, w,
and satisfies inequalities (1.2), and let y(x) be a positive increasing convex on (x1,xz2) solution to
equation (1.1). Then for ko # 2 the following estimates hold:

k1+1 |x2 " 2—ko | T2 ! k1+1 |T2
o W@ @) (@) .
and for ks # 1 the following estimates hold:
ko+1 |T2 " 1—kg |22 ko+1 |T2
e W) R () ’s
m/ ) IS | S I s M @)t ] e2)

Proof. Let us prove inequalities (2.1). Since y(z) is positive, increasing and convex, for = € [z1, z2]
we have

m(y(z1))*(y ()" (" (@) <y < M(y(z2))? ()" (" (2))",
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hence
m(y(xl))ko (y’(x))kly" S y///(y//(x))lfkg S M(y(:cg))ko (y’(x))kly".
Let us integrate the above inequality on [z1, z9]:

2 2 2

m(y(e))k / (o (@) dy' < / (" (@) dy” < M(y(a2))"0 / (o (@)™ dy,

T 1 T1

SO
T2

@)
2 — ks

ko /()51
k?l +1

x9 /l‘ k1+1
< Myl L

m(y(z1))

)
1

1 1

and thus, estimates (2.1) are obtained.

Now let us prove inequalities (2.2). Due to equation (1.1) and that fact that the function

p(z,u,v,w) is bounded, for any x € [z1, 2] it holds that

m(y' (z1))" (y(@) oy () (y" (2)" <y < MY (22)" (@) (2) (" (2))*,

and therefore

m(y' (x1))"  (y(x) oy () <y (" (2) 7% < MY (22))" 7 (y(2)oy ().

By integrating these inequalities on [x1, 23], we obtain

m(y (1)) / (y(a))* dy < / (" (2)) " dy’ < My ()" / (y(x)* dy,

which implies

T2

W)t
- 1— ko

1

jyo1 (y(z))Fot!
]{30 +1

& ot (y(@))ot!

m(y/(a1) <MY ()P

)
1

1

and estimates (2.2) are also proved.

O

Theorem 2.2. Suppose the function p(x,u,v,w) is continuous, Lipschitz continuous in u, v, w,
and satisfies inequalities (1.2). Then the second derivative of any maximally extended solution y(x)
to equation (1.1), satisfying the conditions y(xo) = yo > 0, ¥'(z0) = y1 > 0, ¥"(z0) = y2 > 0 at
some point g, tends to +oo as x — T, where T is the right domain boundary of solution y(x),

ro < I < +00.

Proof. Since initial data are positive and p(z,u,v,w) > m, we obtain y"(z) > 771{7;}501111“(7;52 for

T > xg.
Denote Cy = mygoylflylf, then y
on [xg, z] we derive

"

V@) > Cola—m0), /@) > L=, yw)> L (@~ o)’

Then from equation (1.1) it follows that

mcf(’)fo+k1 D)

Grogk (&~ 0)

y"(x) > m(% (x — x0)3> o (% (x — :co)2>k1(00(x —x0))k2 =

3ko+2k1+k2

)

> (Y, and by consequently integrating obtained inequalities
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that is,
y"(x) > Co(a — o) Fot2hthatl

where Cy > 0 is a constant. Thus, 3" (r) — 400 as ¢ — 400, and the theorem is proved for
T = +00.

Consider now the case T < +oo. If for a constant D > 0 inequality y”(z) < D holds for
x € (20, ), then

Y () < D(x — x0) + 9 (z0) < D(T — m0) + ' (20) = D1 < 400,
y(x) < D12 — o) +y(wo) < Di(T — x0) + 4/ (z0) = D2 < +00,

so y"(z) < MD];OlelD"€2 < 400, and, since the solution and all its derivatives up to the third
are increasing and bounded on a finite interval, there exist finite limits of the solution and its
derivatives as @ — z. Then the solution y(x) can be extended to the right of z, and we obtain a
contradiction.

Thus, y"(z) — +00 as & — 7, and the theorem is proved. O

Theorem 2.3. Suppose ko + k1 + ko > 1, and the function p(x,u,v,w) is continuous, Lipschitz
continuous in u, v, w, and satisfies inequalities (1.2). Then for any mazimally extended solution
y(x) to equation (1.1), satisfying the conditions y(xg) > 0, y'(xo) > 0, y"(x0) = y2 > 0 at some
point xg, its right domain boundary T is finite and satisfies the estimate

_kotkitko—1
~ 2kgt+hk+1
T — 2o < £y2 )

Roy L _kqtky k1
U}Zth é. _ ((2]604‘](:14-1)2 0 ) G (1 _9 2kg+ky+1 )71.

Proof. As it was shown above, the second derivative of such solution is infinitely increasing as
argument tends to the right domain boundary. Consider the sequence of points x;, ¢ = 0,1,...,
such that 3" (z;) = 2y" (z;_1) = 2%ys.

For x € [x;, z;41] the following inequalities hold:

y" (x) > 2"y,
y'(x) >y (x) — o (z:) > 2'ya(z — 33),
y(x) > y(x) — y(a;) = 27 ya(a — ;)
Then from equation (1.1) we derive
. k . k .
y" (@) > m|2 o — )™ |2 ya (@ — @)™ 2022,
y'"(m) > m - 2i(ko+k1+k2)fkoy12€0+k1+k2 ((E - xi)2k0+k1'

By integrating this inequality on [z;, z;1+1], we obtain

m - 2i(kot+k1+ka)—ko

2i+1y2 i 21y2 > 2k0 — kl — y/2€0+k1+k2 (l'z+1 o xi)2ko+k1+17
i(ko+k1+ko)—k
oi —(ko+k1+k2—1) m - 21kothitha) ko (.75 _ x4)2k0+k1+1
Yo 2]{?0 ‘I‘kl +1 i+1 7 )

k
otk (2ko + k1 + 1) - 2% (21yp)~(Rothr-+ha=1),
m

(Tix1 —
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and, since 2kg + k1 +1 > 0,

2ko+ky+1

ko + ki + 1)2k0N 55 . _kotkitko—1
Tit1 — Ti < (( - nler ! )%OMIH (2'y2)

Now let us summarize these inequalities:

_kgtkitko—1 £00 g g,

+o0 k 1
Z(ml+1 . xz) < ((2k0 + k]_ + 1)2 0 ) 2kg+k1+1 y2 2kg+k1+1 z : 2—ZW )
m

Since ko + k1 + ko > 1, the series in the right part converges and

+o00 _ kgtkithka—1
~ . 2kn+k1+1
T—x9= lim a:i—xozg (Tig1 — i) <Eyy O,
1—+00 —o
1=

k 1 _kotkitko—1
Wlth é. _ ((2]€0+k’;l+1)2 0 ) G (1 —9 2k k] +1 )71.

Thus, z is finite and the theorem is proved. O

Theorem 2.4. Suppose ko+k1+ky # 1, ko # 1, ko # 2, and the function p(z,u,v,w) is continuous,
Lipschitz continuous in u, v, w, and satisfies inequalities (1.2). Let y(x) be a mazimally extended
solution to equation (1.1), satisfying the conditions y(xg) > 0, y'(xo) > 0, y"(x¢) > 0 at some point
zo. Then

1. if ko + k1 + ko < 1, then y — 400, vy — +o0, y/ — +00 as x — T < +00 or y — +oo,
Yy — 400,y = 400 as . — T = +00;

2. ifko+ki+ko>1,k <1,ky<1, theny — +00, 3y — +00, ¥y — +00 as  — T < oo;

3. if kv > 1, ko < 1, then y — const, y — +oo, y' — 400 as x — T < 00 or y — 400,
Yy — 400,y — +oo asx — T < 00;

4. if 1 < ko < 2, then y — const, y' — +oo, y' — +00 as v — T < 005
5. if kg > 2, then y — const, y' — const, y" — +o00 as x — T < oo.

Proof. Since the initial data are nonnegative as well as the function p(z,u, v, w), solution y(z) and
its first, second and third derivatives are positive and increasing as  — Z, where T is a right
domain boundary of y(x). According to the Theorem 2.2, the second derivative is increasing and
unbounded.

Let us show that if the first derivative is bounded, then the solution with positive initial data
cannot be bounded. Indeed, let ¥/ < C, then y < C(z — o) + y(zo), which implies that in the case
T < +00 the solution is also bounded. If the solution is infinitely extensible to the right, then, since
y'(z0) > 0, we derive y(z) > y'(zo)(x — z0) + y(z0), and unboundedness of this solution follows
from unboundedness of .

Thus, there are three possible options: a solution and its first derivative are bounded; a solution
is bounded, but its derivative is unbounded, and both solution and its derivative are unbounded.

At first, let us consider the case ko > 2. In this case kg + k1 + k2 > 1, and by Theorem 2.3, the
domain of solution is finite. Values kg + 1 and kq + 1 are positive; besides, 1 — ko < 2 — kg < 0, and
therefore, using inequality (2.1) on the interval (zg, z), as * — Z we have

(' (@) = (@ (@) ()22 = (" (20))*
k1+1 B 2 — ko

m(y (o))" < o0,
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which implies that y'(x) is bounded as * — Z. Analogously, inequality (2.1) implies that the
solution y(z) is also bounded.

Consider the case 1 < k1 < 2. Again, kg + k1 + k2 > 1, and, by Theorem 2.3, the domain of
y(x) is finite; also 1 — ky < 0 < 2 — ko, and, due to (2.1), (2.2) and the fact that y” — 400 as
r — x, we derive

bo (W' @)FH — (' ()M (" ()" — (v (20))
ke + 1 = 2 — ko

ko1 W@ — (o)™ (1" (@) 7 — (" (20))'
ko + 1 = 1— ko

M(y(x))

— +00,

A

m(y' (o)) < +00,

hence y(z) — const and y/(x) = 400 as x — 7.
Further, suppose k3 < 1, k1 > 1. Then kg + k1 + k2 > 1, the domain of solution is finite,
2—ko >1— ko >0, and we obtain

bo W/ @)M = (' () (") — (v (20)) "

M(y(a)) — > o — +o0,
T ko+1 _ T ko+1 " T 1—ko _ " T 1—ko
(et WD ), (@) '

In this case there are two possible options: y — const, y' — 400, and y — +o00, 1y — + 0.
Finally, for ks < 1, k1 < 1, according to the above inequalities, the only possible option is
y — +o00, ¥y — + oo; moreover, if kg + k1 + ko > 1, then T < +o00, and the theorem is proved. [J

Remark 2.1. In the cases 1 and 3 Theorem 2.4 does not state the existence of solutions of every
possible type of behavior. In the cases 4 and 5 for kg > 1, k1 > 1, ks > 1 the existence of solutions
of described type is guaranteed by classical existence and uniqueness theorem. For 0 < ky < 1,
k1 > 1, ko > 1 the existence of solutions to equation (1.1) with positive initial data is guaranteed
by the following theorem.

Theorem 2.5 (I. Astashova, [1]). Let the function p(x,yo,...,yn—1) be continuous in x and Lip-
schitz continuous in Yo, ...,Yn—1. Lhen for any set of numbers mg,yg, ces ,yg_l with not every yio
equal to zero, the corresponding Cauchy problem for the equation

y" = pla,y,y, ..y )yFseny, n>2, 0<k<1,

has a unique solution.
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