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Let 2 = (0,w;) % (0,wsz) be an open rectangle, and let D be an orthogonally convex open domain
with C? boundary inscribed in € such that

D = {(x1,22) € Q: x1 € (0,w1), z2 € (71(21),72(z1))}
= {([13‘1’1‘2) €N: a9 € (0,ws), 1 € (771(1'2)a772($2))}’

where v; € C([0,w1]) N C?((0,w1)), n; € C([0,wa]) N C?((0,ws)) (i =1,2), and
7€) =0, 7(&) =w2, M) =0, n2(G)=w1

for some &7, &5 € [0,w1] and (F, (5 € [0, wa].
In the domain D consider the problem

101
2 = py (a1, 22)u®?) + po (w1, 22)u P + ZZpgk(xl 22)ulh) 4 g(21, 72), (1)
j=0 k=0
w(ni(x2), x2) = pi(z2) (i=1,2); u®O(zy,vi(z1)) =) (x1) (i =1,2), (2)
where
§itky,

(J:k) —
(] x1,T2) = ; )
( ) oz Oxh
L ) (Z = 172)7p]k € C(ﬁ) (]a k=0, 1)7 QE C(ﬁ)? ¢i € CQ([OanD? i € CQ([Oawl]) (Z =1 2)’
Cm "(D) is the Banach space of functions v : D — R, having continuous partial derivatives u(l’ 7)
(i=0,...,m;j=0,...,n), with the norm

m n
[l gmn By ZZ 1o ),
J=0k

and D is the closure of the set D.

Problem (1), (2) was studied in [1-3]. The Dirichlet problem for higher order linear hyperbolic
equations in a rectangular domain was studied in [4].

Along with problem (1), (2) consider its corresponding homogeneous problem

11

ul?) = py (w1, 22)u®? + py(ar, 22)u P + 3 " pjip(wr, z2)ulP), (Lo)
7=0 k=1

u(ni(w2),z2) =0 (i =1,2); ul20) (z1,7i(z1)) =0 (i=1,2). (20)

By a solution of problem (1), (2) we understand a classical solution, i.e., a function u € C%2(D)N
C?9(D) satisfying equation (1) and boundary conditions (2) everywhere in D and 9D, respectively.
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Theorem 1. Let p; € C(Q) (i = 1,2), pjr € C(Q) (j,k = 0,1), ¢ € C(Q), ¢ € C*([0,w2]),
P € C%([0,w1]) (1 =1,2), and let

pi(z1,22) >0, pa(x1,22) >0 for (21,22) € D.
Then problem (1), (2) has the Fredholm property, i.e.:
(i) problem (1p), (20) has a finite dimensional space of solutions;

(ii) problem (1),(2) is uniquely solvable if and only if problem (1y),(2¢) has only the trivial
solution.

Furthermore, every solution of problem (1), (2) in a unique way can be continued to a solution of
equation (1) in the domain €.

Remark 1. Orthogonal convexity of the domain D is very important and cannot be relaxed.
Indeed, in the domain

D = {(1'1,1'2) RIS (074)7 T2 € (’7(331)?2)}7

where )
e@DE-3  for x € (1,3
A (@) = (£L3) -
0 for x € [0,1] U[3,4]

consider the problem
u®? =0, (3)

“‘aD =0; “(2’0)‘8D =1 (4)

Notice that the function y = y(x) belongs to C*°([0,4]), it is increasing on the interval [1,2] and it
is decreasing on the interval [2,3]. It is easy to show that

my) =2—/1+In"'(y

:

is the function inverse to y(z) on the interval [1, 2], and

m(y) =2+1/1+In"'(y)

is the function inverse to v(z) on the interval [2, 3].
It is clear that the only possible solution of problem (3), (4) is a solution of the problem

u% =1, (5)

u|8D = 0. (6)

Problem (5), (6) has the unique solution

r1(z1 — M1 (72))
2
(z1 — m2(22)) (21 — 4)
2
.,”Ul(.%'l — 4)
2

for x1 €10,2), x2 €[0,e71)

u(xy, x2) =

for 21 € (2,4], 22 €[0,e71) .
for x1 €[0,4], z2 € (e71,2]

One can easily see that w(zi,z2) is not a classical solution of problem (3),(4), since it is

discontinuous along the line segment 0 < 1 < 4, 29 = e L.
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Remark 2. C? smoothness of the boundary of the domain D is very important and cannot be
relaxed. Indeed, let « € [1,2) be an arbitrary number,

vi(za) =1+ (=1)'\/1 — |29 — 1|*(i = 1,2)

and

[un

1

ni(z1) =14 (-1)'zf (2—a1)s (i=1,2).
In the domain

1

D= {(ml,xg) c a1 €(0,2), xg € (1—3:1%(2—:):1)5,14—:1315(2—:131) )}
_ {(azl,xg) 20 €(0,2), w1 € (1= /1 oy — 1,1+ /1 — |23 — 1|a)}

consider the problem

Ql~

u®? =, (7)
u(mi(r2),22) =0 (i=1,2); w®%(z1,7(21)) =2 (i =1,2). (8)

It is clear that the only possible solution of problem (7), (8) is a solution of the problem

w0 =2, (9)
u(ni(z2),22) =0 (i =1,2). (10)

Problem (9), (10) has the unique solution

u(zy, o) = (z1 — 1 — /1 —|za — 1|*) (21 — 1+ /1 — |22 — 1|*)

= (z1 —1)% =14 |29 — 1|* = 23 — 221 + |29 — 1|*.

However, u(0:2) (21, x2) is discontinuous along the line segment 0 < x; < 2, x9 = 1, since « € [1,2).
Thus, problem (7), (8) is not solvable in classical sense due to the fact that the boundary 9D is not
C? smooth at points (0,1) and (2,1).

Consider the quasilinear equation

w2 = (:Jcl,332,u,u(l’o),u(o’l),u(l’l))u@’o) + po (21, 72,1, u(l’o),u(o’l),u(l’l))u(O’Q)

1 1
+ Z Z Pik (xlv €r2, U, u(l,O)v u(071) ) u(l,l))u(j,k) + Q(xh x2,U, u(LO)a U(O’l), u(l’l))7 (11>
7=0 k=0

where p;(x1,22,2) (i = 1,2), pjr(x1,22,2) (j,k =0,1) and ¢(x1, x2,2) are continuous functions on
D x R4, and z = (Z1,22,23,24).

C(D x R%),
D) (i, = 1,2)

Theorem 2. Let p; € C(D x R*) (i = 1,2), pjx € C(D x RY) (j,k = 0,1), ¢q €
D) (i,

oi € C%([0,ws]), ¥ € C*([0,w1]) (i = 1,2), and let there exist functions Py € C(

and Py, € C(D) (1,7 =0,1; 5,k = 0,1) such that:
(Ao)

0 < Py(z1,22) < pu(2,y,2) < Py(z1,32) for (z1,29,2) € D xR (1 =1,2);

(A1)
Piji(w1,29) < pjk(21,72,2) < Paji(w1,72) for (z1,72,2) e Dx R (j,k=0,1);
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(A2) for arbitrary measurable functions p; : D — R (i = 1,2) and pjz : D = R (j,k = 0,1)
satisfying the inequalities
Py(x1,m2) < py(a,y) < Poy(x1,32) for (z1,22,2) €D xR (1=1,2),
Pijk(w1,m2) < pji(,22) < Pojil(ar,22) for (z1,22,2) € D xR (j,k=0,1),

problem (1), (20) has only the trivial solution;

(A3)
q(x1,2,2)

=0 wuniformly on D.
lzll—+o0  |lz]]

Then problem (11), (2) has at least one solution.

Consider the linear and quasilinear equations

422 _ (p1(x1,x2)u(1=0))(1’0) i (pQ(xlij)u(O,l))(O,l) + po(z1, 22)u + gla1, z2), (12)
u?? = (p1(x1,x2,u)u(1’0))(1’0)

+ (p2<$17372,u)u(071))(0’1)

+ po(z1, T2, u) + q(a:l, To, U, u(l’o),u(o’l), u(l’l)) (13)

and
u®2 = (py (a1, 22)u0) Y 4 (py(ay, 22)u®@D) Y 4 po (21, w9, 1) + (a1, 22). (14)

Theorem 3. Let D be an open convex domain with C? boundary inscribed in Q such that

{ 1‘1,562 T € (0,&)1), T9 € (71(9:1),72(561))}
{ xl,:cg X9 € (O,LUQ), xr1 € (771(I2),772($2))},

where v; € C([0,w1]) N C?((0,w1)), ni € C([0,ws]) N C?((0,ws)) (i =1,2),

(=)' (21) <0 for x1 € (0,w1) (i=1,2),
(—1)'nf(z2) <0 for 3 € (O,ws) (i =1,2),

and
1E7) =0, 7(&) =w, Mm(G) =0, m({)=w:

for some €5,&5 € [0,w1] and (F,¢ € [0,ws]. Furthermore, let p1 € CY9(Q), po € CH(Q),
P0,q € C(Q), ¢; € C%([0,ws]), ¥; € C?([0,w1]) (i = 1,2), and let

pr(z1,22) >0, pa(x1,22) >0, po(r1,22) <0 for (x1,22) € D.

Then problem (12), (2) is uniquely solvable, and its solution in a unique way can be continued to a
solution of equation (12) in the domain €.
Furthermore, if

(=)' (1) <0 for x1 € (0,w1) (i=1,2) (15)

and
( 1)2771”(5[;2) <0 f07“ T2 € (0,0)2) (Z = 1¢2)a (16)

then the solution of problem (12),(2) can be continued to a solution of equation (12) in the closed
domain Q.
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Theorem 4. Let D be an open conver donzw’n same as in Theorem 3, and let p; € CH01(D x R),
p2 € COLLD x R), pp € C(D x R), ¢ € C(D x R*), and a nonnegative number M be such that

pl(.'El,ZE’Q,Z) > 07 pg(l’l,ZCQ,Z) >0 fOT' (.%'1,.1‘2,Z) € D x R:
po(x1,20,2)2 < M for (w1,72,2) € D x R,

lim q(z1,22,2)

=0 wuniformly on D.
Izl —+o0  |lz]]

Then problem (13), (2) has at least one solution. Moreover, if inequalities (15) and (16) hold, then
every solution of problem (13),(2) belongs to C%?(D).

Corollary 1. Let D be an open convex domain same as in Theorem 3, let p1 € CHOD), py €
C*Y(D), po € C(D x R), ¢ € C(D), and let

(po(x1,a:2,zl) —p0(3?17962,21))(21 —29) €0 for (w1,22,2) €D x R.

Then problem (14), (2) has one and only one solution. Moreover, if inequalities (15) and (16) hold,
then the solution of problem (13),(2) belongs to C*?(D).

Remark 3. Under the conditions of Theorem 3 the functions pg, p1 and ps may have arbitrary
growth order with respect to the phase variable. As an example, consider the equation

u(2,2) _ (6a1(m1,r2)u2u(1,0))(170) + (6a2(r1,zz)u3u(0,1))(071) _ 2t

2n 1—e
+ Zﬂk(xl,xg)uk + (1 + Jul + [u9| 4+ OV 4+ |u(1’1)|) , (17)
k=0

where a; € C19(D), ay € C%(D), B € C(D) (k = 0,...,2n) are arbitrary functions, n is an
arbitrary positive integer, and € € (0,1). By Theorem 4, problem (17), (2) has at least one solution.
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