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1 Introduction

Consider the Sturm—Liouville problem

v +Q(x)y+ Iy =0, z€(0,1), (1.1)
y(0) =y(1) =0, (1.2)

where @) belongs to the set Tj, g, of all measurable locally integrable on (0,1) functions with
non-negative values such that the following integral condition hold

1
/xa(l—x)BQW(x)d:c: 1, a,8,vy€R, ~v#0, (1.3)
’ 1
/3:(1 —z)Q(z)dr < . (1.4)
0

A function y is a solution to problem (1.1),eqrefTelnova eq 2 if it is absolutely continuous on
the segment [0, 1], satisfies (1.2), its derivative 3/’ is absolutely continuous on any segment [p, 1 — p],
where 0 < p < % , and equality (1.1) holds almost everywhere in the interval (0, 1).

Fory<0,a<2y—-1, —co< < 4ooory<0,8<2y—1, —o0o < a< +oo, the set Tj, 5.
is empty, the first eigenvalue of problem (1.1),(1.2) does not exist. Given v < 0, a,, 3 > 2y — 1 or
v >0, —00 <a, < +00, Q €T, g, we obtain

1 1
fy’2 dr — [ Q(z)y* dz
Q) = inf R[Q,y], where R[Q,y] = 0 : 0
yeHg(0,1)\{0} 2
[ y?dx
0

For any «, 8, v, v # 0, for any Q € T, g, the following relations hold

1
fy/Q dr
Ma g~ = _inf inf  R[Q,y] < inf 0 = 72,
at Q€Tw,5,~ yeHE(0,1) [ ] yeH;(0,1)\{0} f1y2 dr

0
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2 Main results
Theorem 2.1.

L Ify<0,a,8>2y—10r0<vy<1, then mypg, = —00.
21 Ify=1, o, <0, then ma g > %7['2.
22. Ify=1,8<0<a<lora<0<p <1, then mapg, = 0.
23. Ify=1,0<q,B<1, then mapg, > 0.

24. Ify>1, a,8<0, then mqy g~ = 0.
Proof. By the Hélder inequality, for any y € H}(0,1), for any x € (0, 1), we have

Then

(2.2)

1.1. If v <0, a,8 > 27 — 1, then there exists a number r > 0 such that o > 2y — 1+ r,

B>2y—14r. For 0 <e <1, consider the function Q. € Ti, g~

1 1 _r _oaflor _8

r'(l—e)re vz 7 (1—z) 7, 0<z<e
QE(m): 1 _r 1 _a _Btlor

ri(l—e) veve "(1—z) + , e<z<l

By the Hélder inequality, for any function y € H}(0,1), we have

1 € 1 €

1
2 r
/y2dm:/y2d:c+/y2dx<62/ dr +1r “/6 g (1—¢) W/Qs z)y? dz.
0 0 0

)

1 1 1 .
2
/Qa(x)y2dx>/Qa(a:)y2dx> e (I—¢) (/dea: Z/yzd:c>
0 A J J

For any function y. € HE(0,1), for example, for y. = sin 7z,

Then

1 1
y*’2dm+r% %(1—5) V(%fy*ﬂdx—fyfda:)
0 0

O— =

R[Qc,y] <

1
Jy2dx
0
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Therefore,

inf inf  R[Q,y] < li inf  R[Qc,y] < lim R[Qe, y.] = —o0.
0B vembin O S BB e oy 10 S G = e

1.2. Let 0 < v < 1 and a, 8 be arbitrary real numbers. For 0 < ¢ < 1, consider the function
Qe € Tapy:

1 e 1 ¢
0, 0<z< ==, -+ =<zl
2 22 2
Qe(z) =
1 _g(l )_ﬁ 1 € <1+5
e v(l—x) 7, ——=-<z< -+
2 2 2 2
_a _B
If y, = sinwz and C. = min[;_é 1,6® 7(1—=x) 7, then
2 272 2
1 3ts
9 _1 _a _5 2
Q:(2)y~ dx = e vz v(1l—x) 7sin®mxdr
0 1l_e
2 2
%+%1 2 i
205'8_% — cos 2Tz d$:C€'€_%<§+sm775)
2 2 27
Similarly to case 1.1, we obtain m, g, = —00.
2.1. Let vy =1 and a,8 < 0. It is known (see, for ex., [1]) that for any y € H}(0,1), the
inequality
1
1
sup y? < /y’2 dx
o] 4

holds. For any functions Q € T, g, and y € HZ(0,1), we obtain

1 1 1
1
/Q(ﬂﬁ)y2 dz < sup y2/@(x)$a(1 —2)P dz <supy? < - /?/2 dx.
[0,1] [0,1] 4
0 0 0
Therefore,
1
fy’2 dx
MaBy = inf : = —7°.
4 yer§(0,1)\{0} [y da
0

22. Let y =1, <0< a< 1 Invirtue of (2.1), for any function Q € T, ., we have

X 1
) 2
/Q(af)y2 de <sup 2 [ Q(@)2°(1 — 2)7 de < sup - < /y’Q dx
0.1] % 0.1 %
0 0 0
Then
Fo2 2
Ty = [Qx)y” dx
Mgy = _ inf inf ° 10 >0
Q€Ta .,y ycHE(0,1)\{0}
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The case a < 0 < 8 < 1=+ is symmetrical to the case f <0< a<<1=1.
23. Let y=1,0 < a, B < 1. In virtue of (2.2),

1 1
Q(z)y* dz < sup Q(x)z*(1 — x)ﬁ dx < sup —=——— Y 2 da.
/3
0 0

[01]$a1—$ 0,1 T

o —

and also mq g~ = 0.

2.4. Let v > 1, a, 8 < 0. By the Holder inequality, for any Q € T, 3, and y € H{(0,1), we
obtain the same result due to

1 1 -1 1 -1 1
e B 2 2
/Q 2)y? dx < (/xua—x)lqyyﬂl dx> T < </|y|ﬂl dx> ! g/y”dx. (2.3)
0 0 0 0

3 On precise estimates for m,g, as v > 1, o,8 <2y -1

Theorem 3.1. If v > 1, a, 8 < 2y — 1, then there exist functions Q« € T, and u € H(0,1),
u >0 on (0,1), such that mq g~ = R[Q«,u|, moreover, u satisfies equation

a B8 +1
' +mu=—277(1 - m)ﬁu% (3.1)
and the integral condition
1
B 2y
/a:lvl—azlvuvld:c—l (3.2)
0

Proof. Let v > 1, a, 8 < 2y — 1. In virtue of (2.3), for any Q € T, 5, and y € H}(0,1),

Q) = inf R[Q,y] > inf Gly] = m,
y€H;(0,1)\{0} .4] y€H;(0,1)\{0} v
where
1 1 g1
[y dx — (fxl (1 —x) V\y|v 1d:1:) gl
Gly] = * ° ;
ny dx
0
and

Ma,fy 2 M.

Following the proof of Theorem 2.1 [2], we obtain that the minimizing sequence of G[y| converges
in H}(0,1) to some function u and

inf Gly] = Glu] = m.
yEH; (0,1)\{0}

Similarly, the function u satisfies equation (3.1) and the integral condition (3.2). Since u is
non-negative on (0, 1), the graph of u cannot cross the axis Oz. The touching the axis Oz is also
impossible due to the existence and uniqueness theorem for the solution of the Cauchy problem, as
v > 1 and % > 1. Therefore, the function w is positive on (0, 1).
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On (0,1) the function Q.(x) = xﬁ(l — x)%uv%l satisfies conditions (1.3) and (1.4). Since
for @ = Q. and A = m the function u satisfies equation (1.1), satisfies conditions (1.2), since u is
continuous on [0, 1], positive on (0,1) and its derivative «’ is continuous on (0, 1), the function u is
the first eigenfunction of problem (1.1)—(1.4) with @ = @, and the first eigenvalue A\ (Q.) = m.

Then

Mea g~ = _ inf inf R[Q,y] < inf R[Q.,y] = R|Q«,u] = Glu] = m.
A= o e o @y et [Qs,y] = R[Qx, u] = Glu]

Therefore, we obtain mq g, = m.
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