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We consider the differential equation

y" = aop(t)po(y)e1(¥).- (1)

Here, ap € {—1;1}, functions p : [a,w[—]0,+0o0] (—00 < a < w < 400), and ¢; : Ay, —]0,400]
(i € {0,1}) are continuous, Y; € {0, +00}, Ay, is either an interval [y?, Y;] or an interval ]Y;, y?]. If
Y; = +oo (V; = —o0) we will take 4? > 0 or y? < 0, respectively.

We also suppose that the function ¢; is a regularly varying function of index o1 as y — Y
(y € Ayy) [4, pp. 10-15], the function ¢q is twice continuously differentiable on Ay, and satisfies
the next conditions

oo(y) #0 as y € Ay,, lim ¢o(y) € {0,+00}, lim =1. (2)
y—Yo

—Y ! 2
v (W)
From the results obtained in the monograph by V. Maric (see, [3, pp. 91-92, p. 117]) it follows
the next lemmas.

Lemma 1. If the function ¢ : Ay —1]0,400] is differentiable on Ay and the following condition
takes place
/
lim Y9

—Y
g o(y)

=1,
then @(y) is normalized slowly or regularly varying function asy — Y in cases I =0, 1 € R\ {0},
respectively, and a rapidly varying function as y — Y in case | = +oo.

Lemma 2. If the function ¢ : Ay —]0,400| is measurable, twice continuously differentiable on
Ay and satisfies conditions

/ 1"
lim o(y) = Z € {0,+00}, lim W) _ +oo, lim %@(3) =1,
oAy =Y p(y) =y (9(y)
yGAy yGAy yeAY

then:
1) the function ¢ and its first derivative are rapidly varying functions asy — Y;

2) there exists a slowly varying function l; : Ay —)0,+00] as the argument tends to Z (Ay is
a one-sided neighborhood of Z) such that
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3) the function F (y) = (¢(y))® (s € R\ {0}) satisfies the condition

i @)

= (P W)

=1 (3)

y
4) the function F (y) = [ ¢(7)dr, where

satisfies condition (3).

Lemma 3. If the function ¢ : Ay — |0, +00[ satisfies conditions (2), the function L : Ay —]0, 4o00]
is a slowly varying function asy — Y (y € Ay), then

y y
L(t)p(r)dr ~ L(y) [ o(7)dT as y =Y,
0 Y0
where
Y
Yo as /L(T)go(r) dr = 400,
Yo = . Yo € Ay.
Y oas /L(T)g@(T) dr < +o0,
L Yo

Lemma 4. If pg : Ay, —]0,400[ is a rapidly varying function as the argument tends to Yy, the
function @1 : Ay, — Ay, satisfies the condition lirr; v1(y) = Yo and is a regularly varying function
yeAy
of index o # 0 as the argument tends to Yy, then the function o(e1) is also a rapidly varying

function as the argument tends to Y7.

Lemma 5. If the rapidly varying as y — Y function ¢ : Ay —1]0,+00[ is strictly monotone on
Ay and satisfies the conditions

lim So(y) =Z¢ {07+OO}7 QO(AY) - AZ;

y—Y

yEAY
where Ay is one-sided neighborhood of Z, then the function ¢~ : Ay — Ay is a slowly varying
function as the argument tends to Z.

Definition 1. The solution y of equation (1), defined on the interval [to,w[C [a,w], is called

P, (Yo, Y1, Ag)-solution (—oo < g < 400) if the following conditions take place

yO ;o[ — Ay, Ty = Vi (=0,1), lm LD
o Yo e ‘ U e (D) Y
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In this work we establish the necessary and sufficient conditions for the existence of P, (Yy, Y1, Ag)-
solutions of equation (1) in case A\g = 0 and find asymptotic representations of such solutions and
its first order derivatives as ¢t T w.

The main result of the work is obtained under the assumption that for P, (Yp,Y7,0)-solutions
of equation (1) there exist the next finite or infinite limit

i T (D" ()
tho Y (1)

According to the properties of such solutions (see, for example, [1]) we have

(
T ()Y’ (t)

lim ————— =0,
o y(t
/!
lim “(t/)y ®__ (4)
o Y'(t)

From (4) it follows that function y(¢) is a normalized regularly varying function of index (—1)
as t T w, that means it can be represented in the form

y' (1) = |mo ()T La(b),

where L (t) : [to,w]—] — 00, +00[ is a normalized slowly varying function as ¢ 1 w [4, pp. 10-15].
It follows that ' 0
L sign(yf)

te [m(t)]

From the fact that the function L is a normalized slowly varying function, it follows that

the function L;(¢(z)), where t(z) is the inverted function to the function z(t) = Slgn((y)l‘) , is also

a normalized slowly varying function as t T w because it is a composition of slow and regularly

=Y.

varying functions.
Let us introduce in the following notations.

t if w=+4o00
T (t) = 0 = ot
(t) {t—w if w < +oo, 1(y) = e1(y)y|
1
8 it [ ool ds = £oc,
/ =T v
= [ leo(z)[17 7 dz, Ay = Yo
1
Yy if /](po(z)“’l‘l dz = const,
Y0
o = sign(¢h(y),  Zo = lim ®(y).
y—Yo
YEAY,

From the indicated conditions onto the function ¢y we have

"(y) - (y)

lim ®(y) € {0, +o0}, lim =1.
y—Yo W) et J y=Yo  (P'(y))?
yeAYO yeAYo

It follows from this that, like the function ¢g, the function ® is also a rapidly varying function
when the argument tends to Yy [4, pp. 10-15]. In addition, the following lemma takes place.



38 International Workshop QUALITDE — 2019, December 7 — 9, 2019, Tbilisi, Georgia

Lemma 6.

)

91

o7 ()
)

O(y) = (o1 — 1)

(o [1+0(1)] as y =Yy (y € Ay),

from which we have
o - sign(®(y)) = sign(o1 — 1) as y € Ay,.
2) The function ®~1(z) - (7% s a slowly varying function as z — Zy.

Proof. Statement 1) of the lemma follows from the conditions on the function .
Let us prove statement 2). We have

iy MOCED L HEC @0 260
A @@ @@ @) e @)

So,
P (@1—1<z) . q>’1(<p;1(z)))/

z

lim = lim —<I>’1’(<Df1(z))z
S gl METE) v (8(211(2)))?

z

/ -1
The last one means that the function CIJI_I(Z) . M is a slowly varying function as z — 2.
And the function q)l_l(z) is a slowly varying as z — Z; like an inverse function to the rapidly
varying one. O

Let’s introduce the additional notations.

10 =sign(sh) - [ |retmpirion (SN 7 o
B2
W if /w 70 () )el(jiff((f_;l)')) = dr < +00,
B? = b, ‘ . ) be la;wl.
boif / 7o () )el(jff((f)lf) T = 4o,
\ b

Definition 2. We say that a slowly varying as z — Y (z € Ay) function 6 : Ay — ]0; +o0] satisfies
the condition S as z — Y if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0;4o00| the next relation is valid

0(zL(2)) =0(2z)(1+o0(1)) as z—=Y (z € Ay).

Conditions S are satisfied, for example, for such functions as In |y, |In|y||* (© € R), Inln|y|.
The following theorem is valid.

Theorem 1. Let o1 # 1, the function 01 satisfy the condition S. For the existence of P,,(Yo, Y1, Ao)-
)y (t)

solutions of equation (1), for which the following finite or infinite limit liTmm’yW exists, the
ttw
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following conditions are necessary

o, ()Y <0 as t € [a;w],

W
lim =Y, )
tho |mo(t)] 5)
ltleIQ(t) = 2, Mo(al — 1)[2(t) >0 as t E]b;w[, (6)
15 () (t)

lim I (H—1 -1 -

e @5 (B~ (12(1))) Py~ (12(1))
For each such solution the next asymptotic representations take place ast T w:
Y (O(y(t) _ B
Do (y(t)) Ir(t)

Theorem 2. Let o1 # 1, the function 01 satisfy the condition S, the function LAUR ROy

1(t)
normalized slowly varying function as t T w, the function (%) be a regularly varying function of

Do(y(t)) = L2(t)[1 + o(1)], [1+o(1)]- (8)

some real index as y — Yy (y € Ay,). Then in case either

. Tw()15(t)
0 < |lim 2220y 9
ttw [Q(t) ( )
. (')
Twlt t
lim ————~> =+ 1
tlTIng (0 00, poag <0, (10)

conditions (5)—(7) are sufficient for the existence of P,(Yp, Y1, 0)-solutions of equation (1), for which
the finite or infinite limit lim M erists.
ttw y'(t)

During the proof of Theorem 2, equation (1) is reduced by a special transformation to the
equivalent system of quasilinear differential equations. The limit matrix of coefficients of this system
has real eigenvalues of different signs. We obtain that for this system of differential equations all
the conditions of Theorem 2.2 in [2] take place. According to this theorem, the system has a one-
parameter family of solutions {z;}2_; : [z1, +oo[ — R? (21 > m0), that tends to zero as z — +oo.

Any solution of the family gives raise to such a solution y of equation (1) that, together with
its first derivative, admits the asymptotic images (8) as t 1 w. From these images and conditions
(5)-(7), (9), (10) it follows that these solutions are P, (Yp, Y1, 0)-solutions.
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