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Let a finite interval [a,b] C R and parameters {m,n,r} C N, 1 < p < oo, be given. By
Wy = W ([a,b];C) :== {y € C" [a,b] : y"=Y € ACla,b], y"™ € Lyla,b]} we denote a complex
Sobolev space and set Wg := L. This space is a Banach one with respect to the norm

n—1
1Yyllnp = Z ”y(k)Hp + ||y(n)||p>
k=0
where || - ||, is the norm in the space Ly([a,b];C). Similarly, by (W)™ := W' ([a,b];C™) and
(W )ymxm = Wj([a, b]; C™*™) we denote Sobolev spaces of vector-valued functions and matrix-

valued functions, respectively, whose elements belong to the function space W'
We consider the following linear boundary-value problem

Ly(t) ==y (t) + At)y(t) = f(t), t€ (a,b), (1)
By =c, (2)

where the matrix-valued function A(-) € (W'~ 1)™*™ the vector-valued function f(-) € (Wy~1)™,
the vector ¢ € C", the linear continuous operator

B: (W)™ —C" (3)

are arbitrarily chosen; and the vector-valued function y(-) € (W}')™ is unknown.

We represent vectors and vector-valued functions in the form of columns. A solution of the
boundary-value problem (1), (2) is understood as a vector-valued function y(-) € (W)™ satisfying
equation (1) almost everywhere on (a, b) (everywhere for n > 2) and equality (2) specifying r scalar
boundary conditions. The solutions of equation (1) fill the space (W)™ if its right-hand side f(-)
runs through the space (W}?_l)m. Hence, the boundary condition (2) with continuous operator (3)
is the most general condition for this equation.

It includes all known types of classical boundary conditions, namely, the Cauchy problem, two-
and multi-point problems, integral and mixed problems, and numerous nonclassical problems. The
last class of problems may contain derivatives of the unknown functions of the order k < n.

It is known that, for 1 < p < oo, every operator B in (3) admits a unique analytic representation

n—1 b
By=Y a@+ [y O d, () e W™
k=0 o
where the matrices aj, € C"*™ and the matrix-valued function ®(- )€ Ly ([a, b]; C™*™), 1/p+1/p'=1.

For p = oo this formula also defines an operator B € L((W2)™;C"). However, there exist other
operators from this class generated by the integrals over finitely additive measures.
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We rewrite the inhomogeneous boundary-value problem (1), (2) in the form of a linear operator
equation (L, B)y = (f,c), where (L, B) is a linear operator in the pair of Banach spaces

(L, B) : (W)™ = (Wr—H™ x C”. (4)

Recall that a linear continuous operator 7' : X — Y, where X and Y are Banach spaces, is called
a Fredholm operator if its kernel ker T" and cokernel Y/T'(X) are finite-dimensional. If operator T°
is Fredholm, then its range T'(X) is closed in Y and the index

ind7T" := dimker 7' — dim(Y/T (X))
is finite.
Theorem 1. The linear operator (4) is a bounded Fredholm operator with index m — r.

Theorem 1 allows the next refinement.

By Y(-) € (W)™ ™ we denote a unique solution of the linear homogenous matrix equation
(LY)(t) = Onm, Y(a) = L, where O, is the (m x m) zero matrix, and I,,, is the (m x m) identity
matrix.

Definition 1. A rectangular numerical matrix M (L, B) € C™*" is characteristic for the boundary-
value problem (1), (2) if its j-th column is the result of the action of the operator B on the j-th
column of the matricant Y'(-).

Here m is the number of scalar differential equations of the system (1), and r is the number of
scalar boundary conditions.

Theorem 2. The dimensions of the kernel and cokernel of the operator (4) are equal to the
dimensions of the kernel and cokernel of the characteristic matriz M (L, B) respectively.

Theorem 2 implies a criterion for the invertibility of the operator (4).

Corollary 1. The operator (L, B) is invertible if and only if r = m and the matrix M (L, B) is
nondegenerate.

Let us consider parameterized by number ¢ € [0,¢q), g9 > 0, linear boundary-value problem

L(e)y(t;e) ==y (t;e) + A(t; e)y(tie) = f(t;¢), t € (a,b), (5)
B(e)y(-;e) = c(e), (6)

where for every fixed € the matrix-valued function A( -;¢) € (W;_l)mxm, the vector-valued function
f(-5e) € (Wpr=1)™ the vector ¢(e) € C™, B(e) is the linear continuous operator B(e) : (W)™ —
C™, and the solution (the unknown vector-valued function) y(-;¢) € (W;)™.

It follows from Theorem 2 that the boundary-value problem (5), (6) is a Fredholm one with
index zero.

Definition 2. A solution of the boundary-value problem (5),(6) continuously depends on the
parameter € for € = 0 if the following conditions are satisfied:

(%) there exists a positive number €1 < g¢ such that, for any € € [0,e1) and arbitrary right-hand
sides f(-;e) € (W)™1)™ and c(e) € C™ this problem has a unique solution y(-;e) that
belongs to the space (W;')™;

(#*) the convergence of the right-hand sides f(-;e) = f(-;0) in (W}~1)"™ and ¢(e) — ¢(0) in C™

as € — 0+ implies the convergence of the solutions y(-;¢) — y(-;0) in (W)™,
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Consider the following conditions as € — 0+:
(0) limiting homogeneous boundary-value problem
L(0)y(t,0) =0, t€ (a,b), BO)y(-,0)=0
has only the trivial solution;
(I) A(-,e) — A(-,0) in the space (Wy—1)mxm;
(IT) B(e)y — B(0)y in C™ for any y € (W;")™.

Theorem 3. A solution of the boundary-value problem (5),(6) continuously depends on the pa-
rameter € for e = 0 if and only if it satisfies condition (0) and the conditions (I) and (II).

Consider the following quantities:

y(-50) —y(-58)|, 0 (7)
du1p(©) i= [ LE(30) = £y, + [ BEY0) = c©)]| o (5)

where (7) is the error and (8) is the discrepancy of the solution y( - ; €) of the boundary-value problem
(5),(6) if y(-;¢) is its exact solution and y(-;0) is an approximate solution of the problem.

Theorem 4. Suppose that the boundary-value problem (5),(6) satisfies conditions (0), (I) and
(II). Then there exist the positive quantities eo < €1 and 71, 2 such that, for any € € (0,e2), the
following two-sided estimate is true:

Y dn1p(e) < Jy(+50) = y(-39)|,,,, < V2 dn1,(2),
where the quantities €2, 1, and 2 do not depend of y(-;¢) and y(-;0).

According to this theorem, the error and discrepancy of the solution y(-;¢) of the boundary-
value problem (5), (6) have the same order of smallness.

For any € € [0,2¢), €0 > 0, we associate with the system (5) multi-point Fredholm boundary
condition

€

r wi(e) n

Be)y(-,e) = By (t(e).€) = gle), (9)
j=0 k=1 1=0

where the numbers {r,w;(e)} C N, vectors g(¢) € C™, matrices ﬂ](’l,)v(s) € C™*™ and points
{tj.tjx(e)} C [a,b] are arbitrarily given.

It is not assumed that the coefficients A(-,¢), 5](2 (¢) or points t; () have a certain regularity
on the parameter € as € > 0. It will be required that for each fixed j € {1,...,r} all the points
tj k() have a common limit as € — 0+, but for the zero-point series g j(e) this requirement will
not be necessary.

The solution y = y(-,¢) of the multi-point boundary-value problem (5), (9) is continuous on
the parameter ¢ if it exists, is unique, and satisfies the limit relation

Hy(-,e)—y(-,O)Hn7p—>0 as € > 0+. (10)

Consider the following assumptions as € — 0+ and p = oc:

() tjr(e) = t;forall je{l,...,r},and k € {1,...,wj(e)};
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w; ()
(B) JZ 5](-2(5) — B](-l) forall j € {1,...,r},and l € {0,...,n};
k=1 "

w;(e)
o)X 18%) ()l tju(e) —t;] — O forall j € {1,...,r}, k € {1,...,w;(e)}, and L € {0,...,n};
=1

(0) Z HBOk.( e)]| — forall k € {1,...,wo(e)}, and I € {0,...,n}.

Assumptions () and () imply that the norms of the coefficients B;l;(g) can increase as € — 0+,
but not too fast.

Theorem 5. Let the boundary-value problem (5),(9) for p = oo satisfy the assumptions («), (5),
(7), (8). Then it satisfies the limit condition (I1). If, moreover, the conditions (0) and (I) are fulfil-
led, then for a sufficiently small € its solution exists, is unique and satisfies the limit relation (10).

Consider also the following assumptions as € — 04 and 1 < p < oo:

wj(e)
() S UBS @l tsa(e) — 577 = 0(1) for all j € {1,...,r}, and k € {1,...,w;(e)};
k=1

w;(€)

) Znﬁjk o)l 1tjn(e)—t;| — 0 for all je{1,...,r}, ke{l,... w;(e)}, and 1€{0, ..., n—1}.

Theorem 6. Let the boundary-value problem (5),(9) for 1 < p < oo satisfy the assumptions («),
(B), (vp), ('), (8). Then it satisfies the limit condition (H). If, moreover, the conditions (0) and
(I) are fulfilled, then for a sufficiently small e its solution exists, is unique and satisfies the limit
relation (10).

The results are published in [1-4]. They allow extension for the systems of differential equations
of higher order [5] and for boundary-value problems in Hélder spaces [6].
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