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For the linear system of generalized ordinary differential equations
dr = dAo(t) - x +dfo(t) for t el (1)

we consider the Cauchy problem
x(to) = Cp, (2)

where I C R is an interval, Ag € BV ,.(I; R™*") and fy € BVoe([;R™), tg € I, cg € R™.

We use the notations.

BV([a, b]; R™™) is the set of all n x m-matrix-functions with bounded variation components
on the closed interval [a,b] from I.

BVioe(I; R™ ™) is the sets of all n x m-matrix-functions with bounded variation components on
every closed interval [a, b] from I.

By a solution of system (1) we understand a vector function x € BV(I;R™) such that

z(t) = z(s) + /dAO(T) z(r) for s<t, s,tel,

S

where the integral is considered in the Kurzweil sense (see, [4]).
We present some results from [1] and [2].
Let zp be the unique solution of problem (1), (2).
Along with the Cauchy problem (1), (2) consider the sequence of the Cauchy problems

dr = dAg(t) - = + dfy (1), (Lx)

x(ty) = ck, (2k)

(k=1,2,...), where Ay € BV oo([;R™™) (K =1,2,...), fx € BVioe(I;R") (k=1,2,...), tx, € 1
(k=1,2,...)and ¢ e R" (k=1,2,...).

We give the conditions both for each from the two problems:

(a) The Cauchy problem (1), (2x) has a unique solution zj, for any sufficiently large k& and

lim sup ||zx(t) — zo(t)]| = 0, (3)
k—+o0 ey

and
(b) The Cauchy problem (1), (2x) has a unique solution zj for any sufficiently large k& and

lim  sup |[lzx(t) — zo(t)[| = 0. (4)
k=00 te1 t£ty,
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We assume that

lim ¢ = tp.
k—+-o00

For the formulation of theorems we use the notations.
- X(t—) and X (t+) are, respectively, the left and the right limits of matrix-function X at the
point t; i X (t) = X(t) — X(t—), do X (t) = X (t+) — X (t);

b

- V(X)) is the sum of total variations on [a,b] of the components of the matrix-function X :
a

[a, b] — R™*™;
- If X € BVjoo(I; R™™) and Y € BV o (I; R™™, then
B(X,Y)(a) = Onxm,

¢
B(X,Y)(t) = X()Y (1) — X(a)Y (a) — / dX(7) - Y(r) for teT,
where a € I is a fixed point.

Definition 1. We say that the sequence (Ag, fr;tx) (kK =1,2,...) belongs to the set S(Ag, fo;0)
if for every ¢y € R™ and a sequence ¢ € R" (k= 1,2,...) satisfying the condition

li = )
k~l>r+noo Ck “, ( )

problem (1), (2;) has a unique solution xy, for any sufficiently large k and condition (3) holds.

Theorem 1. Let Ay € BV(I;R™™), fo € BV(I;R"), ty € I and the sequence of points ty, € I
(k=1,2,...) be such that the conditions

det (I, + (=1)7d;Ao(t)) # 0 for t €I, (—1)/(t—ty) <0 and for t =t
if 7€ {1,2} is such that (—1)7(t;, —to) > 0 for every k€ {1,2,...} (6)

hold. Then the inclusion
((Akafk,tk));:oﬁ € S(AO’fO;tO) (7)

is true if and only if there exists a sequence of matriz-functions Hy € BV(I;R"™ ™) (k =0,1,...)
such that the conditions
inf {|det(Ho(t))|: tel} >0

and

lim sup \/(Hk + B(Hg, Ag)) < 400
k—+o00 I

hold, and the conditions

lim Hy(t) = Hot),

k—+4o00

lim (B(Hy, Ap)(t) — B(Hg, A)(tx)) = B(Ho, Ao)(t) — B(Ho, Ao)(to)

k—4o00

and

lim (B(Hy, fi)(t) — B(Hg, fr)(tx)) = B(Ho, fo)(t) — B(Ho, fo)(to)

k——+o0

hold uniformly on I.
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Remark 1. In Theorem 1 without loss of generality we can assume that Hy(t) = I,,, where I,, is
the identity n x n matrix.

Theorem 1’. Let
det (I, + (—1)7d;A(t)) #0 for t € [a,b] (j=1,2; k=0,1,...).
Then inclusion (7) holds if and only if the conditions

lim X '(t) = X, '(t)

k——+o0

and
lim (B(X, fo)(8) = BX ' fi)(tk) = B(Xg ", fo) () — B(Xg Y, fo) (to)

k——+o0

hold uniformly on [a, b], where Xy and X} are fundamental matrices of the homogeneous systems
corresponding to systems (1) and (1j), respectively, for every k € {1,2,...}.
We also consider the case when the condition

lim cgj = coj if j € {1,2} issuch that (—1)/(tx —to) >0 (k=0,1,...) (5;)

k——+o0

holds instead or along with (5), where

chj = cr + (1) (djAp(ti)er + djfe(te)) (G=1,2k=0,1,...). (8)
Note that if
kgr—{loo dek(tk) = deo(t()) and kgr—ir-loo djfk<tk) = djfo(to)

for some j € {1,2}, then condition (5;) follows from (5).

Theorem 2. Let Ag € BV([;R™*"), fo € BV(I;R"), ¢g € R", ty € I, and the sequence of points
tr el (k=1,2,...) be such that conditions (5), (6) hold. Let, moreover, the sequences of matriz-
and vector functions A € BVie([; R™™) (K =1,2,...) and fr € BVjoo([;R™) (k=1,2,...) and
bounded sequence of constant vectors ¢, € R™ (k=1,2,...) be such that conditions (5;),

lim  sup {HAkj(t)—Aoj(t)H(lJr’\t/(Ak—Ao)D} =0

k=400 ter t-£t),

and

lim  sup {kaj(t)—ijH(l—i-’\t/(Ak—Ao)D}—0

k—=+ooteg t£t,

hold if j € {1,2} is such that (—1)?(ty — to) > 0 for every k € {1,2,...}, where ¢x; (k=0,1,...)
are defined by (8),

Agj(t) = (1) (A(t) — A1) — djAx(ty) (5 =1,2k=0,1,...)
and

Fri@®) = (=17 (fi(t) = fu(te)) — di fe(te) (j=1,2k=0,1,...).

Then the Cauchy problem (1), (2;) has a unique solution xj for any sufficiently large k and
condition (4) holds.
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It is evident that if condition (3) holds, then condition (4) holds as well. But the inverse
proposition is not true, in general.
We give the corresponding example, which is simple modification of the example given in [3].

Example 1. Let I = [-1,1], n = 1, ag, (k = 1,2,...) and By (k = 1,2,...) be an arbitrary
increasing in [—1,0) and decreasing in (0, 1], respectively, sequences such that

lim af = lim B =0 and lim v, =~ € [0,1),
k—o00 k—o00 k—o00
where v, = ag(og — Br)

Let tp = to =0 (k =1,2,...), cx = exp(y — Y0)co (k = 1,2,...), where ¢g is arbitrary,
f@) = fo(t) =0, (k=1,2,...),

0 for t € [—1, agl,
t—a
Ak(t) = Bk — ka for t € [ak,ﬁk],
1 for t €6k, 1] (k=1,2,...).

It is not difficult to verify that the unique solution of the corresponding homogeneous initial
problem has the form

Ck for t € [—1,0%[,
xp(t) = S crexp (6B — ag)™t)  for t € [ag, B,
crexp(1) for t €]fk,1] (k=1,2,...).

So, condition (4) holds, where

co for t € [-1,0[,
xo(t) = { coexp(y) for t =0,
coexp(l)  for t €]0,1],

but (3) does not hold uniformly on [0, 1], because the function x(t) is discontinuous at the point
t=0.
On the other hand, in the “limit” equation

dx = dAy(t) - ,

the function Aj is defined as
0 for te[-1,0[,
Ap(t) =<9 for t=0,
1 for t€]o,1],

and, therefore, the unique solution of the equation under the condition x(0) = co(1 — o)~ ! has the
form
o for t € [-1,0[,
z5(t) = < co(1 —70) 7t for t =0,
co(2—70)(1 —70)~" for t€]0,1].

It is evident that zf # xo.
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On the other hand, xg is the solution of the initial problem
dxr = dAo(t) -z, x(0) = coexp(m),
where
0 for t € [-1,0],
Ap(t) = ¢ 1 — exp(—0) for t =0,
exp(l — ) — exp(—vo) for ¢ €]0,1].

The obtained “anomaly” corresponds to the statement of Theorem 2, in particular to condition
(4), where Hi(t) =1, (k=1,2,...), and

co — Ck for t € [—1,ay],
hi(t) = < co(1 — )™t — ¢ exp (t(ﬁk — ozk)_l) for t € o, B,
co(2 =) (1 —yx) ™t — ¢ exp(1) for t €]pk, 1] (k=1,2,...).

It is evident that the functions x}(t) = xx(t) are solutions of the problem
dr = dA;(t) -z, 2(0) = co(1 — )~
for every natural k, where

0 for te[—1, a4,

A;:,(t): v, for tG[Oék,Bk],
1 for tG]ﬁk,l] (k:1,2,...).

So, due to the conditions lim ~; = g, we have
k——+o0

lim  sup [[AL(t) — A5 = 0.
k=400 ter t£t,
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