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We consider the question on the well-posedness of the Cauchy problem

u™ =" p#)uY 4 po(t) for tel, (1)
=1

where p; € Lige(I;R) (1=0,...,n),to € I and ¢;b € R (i =1,...,n), and I is an arbitrary interval
from R.
By AC(I;R) we denote the set of all absolutely continuous functions defined on I.
Let up (w1 € AC(I;R), i =1,...,n) be the unique solution of the Cauchy problem (1), (2).
Along with problem (1), (2) we consider the sequence of problems

1™ =" p(t)uV 4 poy(t) for te 1, (1x)
=1
u(z_l)(tk) = Cik (’L = ]_, c. ,n) (2k>

(k=1,2,...), where pj € L(I;R) (I =0,...,n),ty € Tand ¢z € R (i=1,...,n; k=1,2,...).
Let
li tr = to. 3
Definition 1. We say that the sequence (pi,- .., Pnk, Pok;tr) (K = 1,2,...) belongs to the set
S(p1,---,Pn,posto)) if for every ¢o € R (i = 1,...,n) and a sequence ¢z € R (i = 1,...,n;
k=1,2,...), satisfying the condition

lim cp=cip (i=1,...,n), 4
=0 (=1 “
the condition A A

lim ol V@) =ulV@) (=1,...,n) (5)

k——+o0

holds uniformly on I, where wy is the unique solution of the Cauchy problem (1j),(2;) for any
natural k.
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Along with equations (1) and (1x) (kK = 1,2,...) we consider the corresponding homogeneous
equations

Zpl = for tel (1p)
and
u™ = Zplk ) for te I (Lok)
(k=1,2,...).

If the functions v; (i = ,m) are such that v(l 2 (i,l =1,...,n) are absolutely continuous,
then by wg(vy,...,v )( ) det( (= 1)(t)) y—1) we denote so called Wronskil’s determinant, and by
wi(vy, ..., op)(t) (4,01 = ,n) we denote a cofactor of the il-element of wo (V1 ..., Up).

Let vy (l =1,...,n) and ulk (l=1,...,n;k=1,2,...) be the fundamental systems of solutions

of the homogeneous systems (1)g) and (2ox) (k = 1,2,...), respectively.

Theorem 1. Let p; € Lipe(I;R) (1=10,...,n), pix € Lipe(I;R) (1=0,...,n; k=1,2,...), tx, € I
(k=0,1,...) and i e R (I=1,...,n; k=0,1,...) be such that conditions (3), (4) and
t

-] 143 oo o

(i—1) (7, 1) .
kgr—s{loo te?lg)étk Z }u )‘ =0, (7)

lim  sup { Z T)| dr
=1

k—+o00 i1 t£ty,

hold. Then

where uy, is the unique solution of the Cauchy problem (1i), (2k) for any natural k.

Below we give some sufficient conditions, as well necessary and sufficient conditions guaranteeing
the inclusion

((plk7"‘7pnk7p0katk)) =1 Es(plv'”apnap();t())' (8)

Theorem 2. Let py € L(I;R) I =0,...,n), pi € L(I;R) I=0,...,n; k=1,2,...) and tp € I
(k=0,1,...) be such that condition (3) holds. Then inclusion (8) holds if and only if there exists
a sequence of functions hy, hyr € AC(I;R) (i,l=1,...,n; k=0,1,...) such that the conditions

inf {| det((hau(t)j1=1)| : tel} >0 (9)
and
lim sup / ie(t) + hii—1k(t) sgn(l — 1) + hlnk(t)pl(t)‘ dt < +00 (10)
k—+o0 il 17
hold, and the conditions
lim hzlk( ) = hzl(t) (Z,l = 1, ,n) (11)

and
¢

t
lim /hmk(T)plk(T) dr = /hm(T)pl(T) dr (i=1,...,n;1=0,...,n)
k—+o0

tx to

hold uniformly on I.
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Theorem 3. Let py € L(I;R) (I = 0,...,n), pix € Lioe(R) (I =0,...,n; k= 1,2,...) and
tr € I (k=0,1,...) be such that condition (3) holds. Then inclusion (8) holds if and only if the

conditions ‘
lim wl V) =u"V@) (1=1,...,n)

k——+o0
and
[ win )(7) [ win )(7)
. Win\Ulky - - -, Unk )\T Win UL,y ..., Un )T .
lim T)dr = T)ydr (t=1,...,n 12
N B TR TR A ) / woltut, - - ) (7) po(r)dr ( ) (12)
hold uniformly on I.
), Pik € Lige(;R) 1=0,...,n; k=1,2,...), ty € I

Theorem 4. Let p; € L(I;
R

R)
(k=0,1,...) and ¢, € =

R) (1=
(l=1,...,n; k: =0,1,...) be such that the conditions (3), (4) and

hmsup/ lpie(t)]|dt < 400 (I=1,...,n)

k—+o0

hold, and the condition

t t

lim plk(T)dT:/pl(T)dT (1=0,...,n)

k——+o0
tr to
holds uniformly on I. Then condition (5) holds uniformly on I, where uy is the unique solution of
the Cauchy problem (1), (2x) for any natural k.

Corollary 1. Let py € L(I;R) (I =0,...,n), pix € L(I;R) (I=0,...,n; k=1,2,...) and tp € I
(k=0,1,...) be such that conditions (3), (4) and (10) hold, and conditions (11) and

t ¢
lm [ hi(T)pik(7) dr = /pf(T) dr (i=1,...,n;1=0,...,n)
to

k—+o0
173

hold uniformly on I, where p; € L(I;R) (I = 0,...,n); hiy, hqr € AC(I;R) (4,1
k=0,1,...). Then the inclusion

I
-
S

+
((Piks - -+ s Paks Pk 1)) ooy € S(P1 = DY, - -+ P — Py DO — D3 o)
holds.

Remark 1. In Theorem 2 and Corollary 1, without loss of generality we can assume that h;;(t) = 1
and hy(t) =0 (i #1; 4,0 =1,...,n). So condition (9) is valid evidently.

Remark 2. If n = 2 in Theorem 3, then condition (12) has the form

N S0 0 Y SR (03 1) B
le_oo J U (T)ulyy (1) — uor (T)u) . (T) d a[ wr (T)ub (1) — ua(T)u) (1) dr,
[ ) B TG TG B
kL-FOO g (T)uby (T) — wap (7)), () ¢ / uy (1) ub(T) — ua(7T)u) (1) i

QA% (2%

In the last equalities we can take wugy instead of uyg (kK =1,2,...), and uy instead of u.
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For the proof we use the well-known concept. It is well-known that if the function u is a
solution of problem (1), (2), then the vector-function z = ()%, z; = v~V (i =1,...,n), will be
a solution of the Cauchy problem for the linear system of ordinary differential equations

X = P +a),

Z’(to) = Cp,
where the matrix- and vector-functions P(t) = (py(t)),_, and ¢(t) = (qi(t))j—; are defined, re-
spectively, by
pzl(t) =0, Pii+1 =1 (Z#Z_Fla Zzlvan_lv l= ]-,"'7”)’
pnl(t) = pl(t) (l =1,... ,’I’L);
0 (i=1,....,n—=1), gu(t) =po(t),

(1)

and Cco = (CiO)?zl-
Analogously, problem (1;), (2;) can be rewriten in the form of the last type problem for every
natural k. So, using the results contained in [1] and [2], we get the results given above.
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