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Let
G(eo) = {t,s s 0<e<ey, —Le'<t<Le !, 0<L< +oo}.

Definition 1. We say that a function p(t, ) belongs to the class So(m;eo) (m € NU{0}) if
1) p:G(eo) — C;
2) p(t,e) € C™(G(gp)) with respect to ¢;

3)
dkp<t7€) _ k_x
—atk =e"pi(t.e) (0 <k <m),
def )
1Pllso(mico) = Y, sup [pi(t,e)] < +o0.

k=0 G(e0)

Under the slowly varying function we mean the function of the class So(m;eq).
Definition 2. We say that a function f(¢,¢,0(t,€)) belongs to the class Fy(m;eg;0) (m € NU{0})
if this function can be represented as:

o0
fte,0(te)) = Y falt,e)exp(inf(t,c)),
n=—oo

and

1) fu(t,€) € So(m;eo);

2)
def >
HfHFo(m;ao;O) = Z anHSo(m;Eo) < +00;

n=—oo

t
3) O(t,e) = [(r,e)dr, p(t,e) € RT, p(t,e) € So(m;e0), Gi%lf)w(m) = o > 0.
0 €0

Definition 3. We say that a vector-function a(t,e) = colon (ai(t,¢),...,an(t,€)) belongs to
the class Si(m;eq) if aj(t,e) € So(m;eg) (j = 1,N). We say that a matrix-function A(t,e) =
(aji(t,€)); r—1 belongs to the class Sa(m;eo) if aji(t, ) € So(m;eo) (j,k =1,N).

We define the norms:

Ja(t, sy = mx, s (&)l

N
HA(t7€>H52(m;€o) - 1%@%2 Hajk(t75)HSO(m;Eo)'
T k=1
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Definition 4. We say that a vector-function b(¢,e,0) = colon (bi(t,¢,0),...,bn(t,€,6)) belongs
to the class Fi(m;eo;0) if b;(t,e,0) € Fo(m;ep;0) (j = 1,N). We say that a matrix-function
B(t,e,0) = (bjk(t,e,0)), 7 belongs to the class Fy(m;eo;0) if bjr(t,e,0) € Fo(m;eo;0) (5, k =
I,N).

We define the norms:

||b(t7579)”F1(m;€0;0) = max Hbj(t’579)||Fo(m;eo;9)7

1<G<N
N
||_B(t7 E’ 0)‘|F2(m;80;9) = lgaé}?\/' ; |’b]k(t7 57 G)HF()(T)”L;Eo;G)-
Thus, the matrix B(t,e,0) has a kind
o
B(t,e,0) = > By(t,c)exp(in(t,c)),
n=-—o0o

where B,,(t,e) € Sa(m;ep), and

HB(t7€70)HF2(m;50;0)§ Z HBn(t7€)HSQ(m;50)-

n=—oo

It is easy to obtain that if A, B € Fy(m;ep; ), then AB € Fy(m;e;0), and

”ABHFg(m;so;G') < 2m”AHF2(m;EO;9) : ||BHF2(m;50;9)-
For A(t,e,0) € Fa(m;ep; 0) we denote

2T
T, [A] = % /A(t,e,@) exp(—in8)d6 (n € 7).
0

We consider the next system of differential equations

dr

dt

where € € (0,¢9), A(t,e) = diag (M1 (t,€), ..., An(t,€)) € Sa(m;ep), P(t,e,0) € Fa(m;ep;0).
We study the problem about the structure of fundamental matrix of the system (1).
Consider the linear homogeneous system

dr

dt

where ¢ € (0,¢9), A(t,¢) = (ak(t,€)); =1 € S2(m;eo). Then there exists a matrizant X (¢,¢) of

the system (2).

(A(t,e) +eP(t,e,0)), (1)

eA(t,e)x, (2)

Lemma 1. If X(t,¢) is the matrizant of the system (2), then X (t,e), X ~1(t,€) belongs to the class
Sa(m;ep).

Lemma 2. Let we have the matriz equation

dX
— =cA(t,e,0
o = eA(t,e,0), 3)

where € € (0,g9), A(t,e,0) € Fo(m;eo;0). Then there exists a solution X (t,e,0) of the equation
(3) which belongs to the class Fa(m;eo;0), and there exists K € (0, +00) which does not depend on
A(t,e,0) such that

”X(tv &, '9) HFz(m;Eo;G) < K”A(tv €, ‘9) HFQ(m;sg;G)‘
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Theorem 1. Let the system (1) be such that

Gi?f) [Re (Aj(t,e) — Mi(t,e)| = v >0 (j #k),
€0

and m > 1. Then there exists €* € (0,e9) such that for all € € (0,e*) there exists a fundamental
matriz XU (t,e,0) of the system (1) which has a kind

t
X(l)(t,s,ﬁ) = R(l)(t,s, 0) exp (/A(l)(r, €) d7>,
0

where RV (t,e,0) € Fy(m — 1;¢%:0), AV (t,e) — the diagonal matriz, belonging to the class S(m —
1;¢%).

Theorem 2. Let the system (1) be such that
A(t,e) = ip(t,e)J,

where @(t, ) is function in the Definition 2, J = diag (n1,...,nn), n; € Z (j =1,N), and m > 1.
Then there exists €* € (0,e0) such that for all ¢ € (0,™*) there exists a fundamental matriz
X (t,e,0) of the system (1) which has a kind:

X (t,e,0(t,e)) = exp(if(t,e) )R (t,¢,0(t,¢)),
where R (t,e,0(t,€)) € Fy(m — 1;*;6).
Proof. We make a substitution in the system (1)
x = exp(if(t,e)J)y, (4)
where y is a new unknown N-dimensional vector. We obtain

dy

E = EQ(t,E,G)y, (5)

where Q(t,¢,0) = exp(—if(t,e)J)P(t,e,0) exp(if(t,e)J) belongs to the class Fy(m;eq;0).
Now in the system (5) we make the substitution
y=(E+ed(t e 0))z (6)
where the matrix ® is defined from the equation

W<t7 5) aa% = Q(ta g, 9) - U(tv 5)7

in which U(t,e) = T'9[Q(t,¢€,0)]. Then

O(t,e,0) = Z W exp(in @) € Fa(m;ep;0).

(n#0)
As a result of the substitution (6) we obtain

dz

T g(U(t,g) +eVi(t,e, 9))2, (7)
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where the matrix V is defined from the equation

1 0®(t,e,0
(E+e®(t,e,0)V =Q(t,e,0)0(t,e,0) — O(t,e,0)U(t,e) — - (a’:’) . (8)

The matrix 1 %—%’ belongs to the class Fy(m — 1;e0;6), then there exists €2 € (0,e0) such that
for all £ € (0,e2) the equation (8) is solved with respect to V', and V(¢,¢,0) belongs to the class
Fy(m — 1;€9;00).

Together with the system (7) we consider the truncated system

dz0)
dt

= eU(t, )20, (9)

Continuity of the matrix U(t,e) with respect to t for all € € (0,e0) guarantees the existence of the
matrizant Z(©)(t,) of the system (9), and by virtue the Lemma 1 Z((t,¢), (Z(9(t,¢))~! belong
to the class Sa(m — 1;¢p).

We make in the system (7) the substitution

2z =270t e), (10)

where £ — the new unknown vector. We obtain

de

_ 2
dt =€ W(t7579)§7 (11)

where W = (ZO)(t,))" 'V (t,e,0) 2O (t,¢)) € Fo(m — 1;e9;0).
Now we show that there exists a substitution

§= (E + €\If(t, &, 9))777 (12)
where W € Fy(m — 1;¢3;6) (e3 € (0,e2)), which leads the system (11) to the system

dn
-0 1
dat m, (13)

where O — the null (N x N)-matrix. Really, we define the matrix ¥ from the equation

AV
o eW(t,e,0) + W (t,e,0)0. (14)
Consider the truncated equation
ik w 0
Tl (t,e,0).

By virtue of Lemma 2 this equation has a solution W) (¢, ,0) € Fy(m — 1;£9;6).

We construct the process of successive approximations, used as initial approximation ¥(®) (t,e,0),
and the subsequent approximations defining as solutions from the class Fh(m — 1;e9;0) of the
matrix-equations

d\lf(k'H)

y7 = eW(t,e,0) + W (t,e,0) U | =0,1,2,.... (15)

Each of these solutions exists by virtue of Lemma 2. Then we have

d(U+D — gk))
dt

=W (t,e, ) (O — vk =12 .. .
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By virtue of Lemma 2 and unequality (2) we obtain
H\Ij(k+1) - \Ij(k)HFz(m—l;sz;O) < 52m71KH\I’(k) - \Ij(kil)HFz(m—l;@;@)’ k=1,2...

(K is defined in the Lemma 2), therefore the convergence of the process (15) is guaranteed by the
unequality 0 < € < 3, where £32™ 1K < 1. As a result of the process (15) we obtain the solution
U(t, e, ), belonging to the class Fa(m — 1;e3;0), of the equation (14).

The matrizant of the system (13) is E. Thus, by virtue of (4), (6), (10), (12) we obtain that
the fundamental matrix of the system (1) has a kind:

X (t,e,0) = exp(if(t,e)J)(E + e®(t,e,0) ZO(t,e)(E + U(t, e, 0)),
and the Theorem 2 is proved. O

Remark. In the sense of the condition of Theorem 2 we say that we have a resonance case.



