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Let O C R™ be an open set and U C R” be a convex compact set. Let hjo > hj1 > 0,7 =1, s and
Oy > --- > 601 > 0 be given numbers and n-dimensional function f(t,z,x1,...,Ts u,ut,...,ux),
(t, 2,1, ... Ty Uy Uy, ... ug) € T x O x U satisfies the following conditions: for almost all
fixed t € I = [a,b] the function f(t, -) : I x O'** x U*¥ — R™ is continuous and continuously diffe-
rentiable in (z,x1,...,Ts, u, ug, ..., u;) € O x UF; for each fixed (z,x1,...,Ts,u,uy,. .., ux) €
O xU™F the function f(t,,x1,...,Ts,u,uy,. .., u) and the matrices fo(t, - ), fo,(t, - ), i =1,5
and fyu(t, -), fu,(t, -), ¢ = 1,k are measurable on I; for any compact set K C O there exists a
function my (¢ ) € Li(1,[0,00)) such that

‘f(t,x,.%'l,...,.’L'S,U,Uh...,u;c)‘

| fulta, |+Z|fxztx )+ [fulty, - !+Z|fuztfv Ol < muc(t)

for all (z,1,...,Ts, U, U1, ..., u;) € K5 x U and for almost all ¢ € 1.

Furthermore, let ® be the set of continuous functions ¢(t) € N, t € Iy = [7,b], where T =
a — max{hia,...,hs2}, N C O is a convex compact set; £ is the set of measurable functions
u(t) eU,tel, = [a—Hk,b].

To each element v = (tg,t1,71,...,7s,p,u) € A =1 X1 X [hi1,h12] X -+ X [hs1, hs2] X ® X Q on
the interval [to,t1] we assign the delay controlled functional differential equation

i(t) = f(L@), ot =), 2l = 1), ult),ult = 61), .. ult = 6)) (1)
with the continuous initial condition

z(t) = p(t), t € [T, to]. (2)
The condition (2) is called continuous because always x(t9) = (o).

Definition 1. Let v = (to,t1,71,...,7s,p,u) € A. A function z(t) = z(t;v) € O, t € [T,t1],
t1 € (to,b] is called a solution of equation (1) with the continuous initial condition (2), or the
solution corresponding to v and defined on the interval [7,¢;] if it satisfies condition (2) and is
absolutely continuous on the interval [to, ¢1] and satisfies equation (1) almost everywhere on [tg, t1].

Let the scalar-valued functions ¢*(to,t1,71,- - ., Ts, 0, Z1), i = 0,1 be continuously differentiable
on IQ X [hll,hlg] X - X [hsl,hsg] X 02.
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Definition 2. An element v = (to,t1,71,...,7s, 0, u) € A is said to be admissible if the correspon-
ding solution z(t) = z(t; v) satisfies the boundary conditions

qi (to,tl, Tlye-+5Tsy (p(to),$(t1)) = 0, 1= 1, l. (3)
Denote by Ag the set of admissible elements.

Definition 3. An element vy = (too, t10, 710, - - -, 750, 0, Uo) € Ag is said to be optimal if for an
arbitrary element v € Ay the inequality

¢ (7500, t10, 710, - - - » Ts05 ©0(t00), xo(tlo)) < ¢° (tg, t1, 71, Ts, 0(t0), :L‘(tl)) (4)
holds. Here z¢(t) = xz(t; 1) and z(t) = z(t;v).
The problem (1)—(4) is called the optimal control problem with the continuous initial condition.
Theorem 1. Let vy be an optimal element with to,t1p € (a,b) and the following conditions hold:
1) the function po(t) is absolutely continuous and o(t) is bounded;

2) the function
fO(w) - f(wvu(](t)au()(t - 01)7 o ,’U,()(t - 9’6))7

where w = (t,z,21,...,75) € I x O is bounded on I x O'*%;
3) there exists the finite limits

lim (100(75) = (1067 lim fO(w) = f(;7 w e (a’vtOU] X 01+S7

t—too— w—wo

where
wo = (too, ¢o(too), ¢o(too — T10), - -, po(too — Ts0));

4) there exists the finite limit

lim fo(w) = ff, w € (t007t10] X Ol+s,

w—rw1
wy = (t10, w0(t10), To(t10 — T10), - - - Zo(t10 — Ts0))-
Then there exist a vector m = (mg,...,m) # 0, with mo < 0, and a solution Y(t) =

(Y1(t), ..., ¥n(t)) of the equation
p(t) = = (t) foult] — Z¢(t + 7i0) fou, [t + Tio], t € [too,tio], ¥(t) =0, t>t19,  (5)
i=1

where
fozlt] = fox (t, 20 (t), mo(t — T10), - . ., 2o (t — Ts0)),

such that the following conditions hold;

5) the conditions for the moments top and tig:
TQoty + (TQozy + ¥ (t00))Po > ¥(too)f™, mQot, > —(t10)fi,

where
0

Qoty = %Q(tooimﬁm,.--,Tsowo(too),xo(tm))? Q=1(¢....a"";
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6) the conditions for the delays T, i = 1, s,

t10
TQor. — / D) fou[t] G0t — 7o) dt, i = T,5:

too

7) the maximum principle for the initial function po(t),

s too
[Qowo + ¥(t00)]p0(to0) + Y / Y (t 4 7i0) fox, [t + Tio]po(t) dt
=Lto0=7i0

— ¢I(I;?GX<I> {[QO:po + ¢ too t()() + Z / t + TiO)fOxi [t + Tio]gD(t) dt};
i= 11500 Ti0

8) the linearized integral mazimum principle for the control function ug(t),

t1o

/w()[fou +Zf0ul uot—e)}dt
too
t1o

Zurél)ae%t!w( |:f0u +Zf0uz u(t — i)} dt;

9) the condition for the function 1(t)
Y(t10) = 7Qox; -

Theorem 2. Let vy be an optimal element with too,t10 € (a,b) and the conditions 1), 2) of
Theorem 1 hold. Moreover, there exists the finite limits

lim ¢o(t) = ¢, wli_gluo fow) = fif, w € [too, b) x O,

t—too+
lim fo(w) = f1+, w e [tlo,b) X Ol+5.

w—w1

Then there exist a vector m = (mo,...,m) # 0, with 7o < 0, and a solution 1 = (P1(t),...,Yn(t))
of the equation (5) such that the conditions 6)-9) hold. Moreover,

7Qot, + (TQozo + ¥ (t0))pa < ¥(too)fes m™Qot, < —(t10)fi

Theorem 3. Let vy be an optimal element with top,t10 € (a,b) and the following conditions hold:
the function po(t) is continuously differentiable; the function f(t,x,z1,..., s, u,u1, ..., ug) i con-
tinuous; the function f(t,x,z1,...,xs, up(t), uo(t—01),...,uo(t—0x)) is continuous at points tog, t10.
Then there exist a vector m = (mo,...,m) # 0, with 7o < 0, and a solution 1 = (P1(t),...,Yn(t))
of the equation (5) such that the conditions 6)-9) hold. Moreover,

TQot, + (TQozo + ¥ (ton))wo(too) = ¥ (too) foltoo], 7Qot, = —1(t10) foltiol,

where
folt] = f<t,:c0(t), 2o(t — T10)s -+, x0(t — 7s0), w0 (), wo(t — 61), - . ., up(t — ek)).

Theorem 3 is a corollary to Theorems 1 and 2. On the basis of variation formulas [2,3] Theo-
rems 1, 2 are proved by the scheme given in [1,4].
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