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Consider the differential equation

y" = aop(t)y|Inly||°, (1)
where ag € {—1;1}, p: [a,w) — (0,400) is a continuous function, o € R, co < a < w < 4o0. It
belongs to the equations class of the form

y" = aop(t) L(y), (2)

where ag € {—1;1},p : [a,w) — (0,4+00) is a continuous function, co < a < w < +o0, function L
continuous and positive in a one-sided neighborhood Ay, points Yy (Yo equals either 0 or +00).

For equations of the form (2) in the works of A. Stekhun and V. Evtukhov [4,9] there was
investigated the question of the existence and asymptotic behavior when ¢ — w of the endangered
and unlimited solutions. The method of studying the equation of the form (2) assumed the presence
of significant linearity of the function L(y). In the equation (1) the function L(y) = y|In |y||? is in
some sense close to linear and requires improvements in research methods.

For second order equations of the form (1) in the works of V. Evtukhov and M. Jaber [1,3] there
was investigated the question of the existence and asymptotic behavior, when ¢t T w all, so-called
P,,(\p)-solution.

Solution y of the equation (1), specified on the interval [t,,w) C [a,w) is said to be P, (Ao)-
solution, if it satisfies the following conditions:

: 0 [y )]
lmy® () =% k=0,1,2), lim-—Z 0y 3
iy { oo, KEOLD g = )

Earlier in the articles [6-8] were obtained the results in the case, when Ao € R\ {0, —1, 3}. The
goal of the work to establish existence conditions for the equation (1) of P,,(£00)-solutions and also
asymptotic representations, when ¢ 1 w such solutions and their derivative to the second order.

We introduce the necessary notation for further, assuming

q(t) = p(t)m (1) 7 (D)7, Q(t) Z/p(f)ﬂi(ﬂllnﬁ(t)”dﬂ

where

) t, if w= 400,
T, =
“ t—w, if w < 4oo.
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Theorem 1. For the existence of P, (£o0)-solutions of (1), it is necessary and sufficient the

conditions

ggﬂﬂ=ﬂh lim Q(t) = o0 (4)

to be satisfied. Moreover, for each such solution the following asymptotic representations, whent T w

Infy(t)] = Inm2(t) + 2> Q()[1 + o(1),
. (5)

Infy/ ()] = In|ma(®)] + % QWL +o(D], I ly" )] = 5 Q1 +o(1)

take place.

Indeed, if y : [t,,w]— R is a P,(+00)-solution of the equation (1), then the conditions (3) are
met and the following limit relations are true:

VO _ YO
thw y"(t) o 1tTw y'(t) 1 (6)
AL .y (Omu(t)
im = 2 ImT g =2 )

Without loss of generality, we can assume that y”(t), y/'(¢), In|y(t)| are non-zero when t € [t,,w].
Therefore, considering the limiting relations (7) and formulas
1
y(t) ~ 5775(15) y"(t), In|y(t)| ~In72(t) when t1 w,

from equation (1) we get

" _ @ 2 o, I
Yy (t) = aop(t) =5 |Tn ()79 () [1 + o(1)]. (8)

Hence, in view of the first of limiting relations (6), it follows that
p(t)73(t) [ In72(t)]° — 0 when ¢ 1 w,

that is, the first of the conditions (4) of the theorem is satisfied. Dividing now (8) by y”(¢) and
integrating obtained relation on the interval from ¢, to ¢, come to a conclusion considering the first

w
from conditions (4) that [ p(t)n2(¢)|In72(t)|” dt = co and when ¢ 1 w the asymptotic relation
ty

t

inly/ (0 = [ p(r)7(r) [l ()7 dr 1+ o()
a
take place, that is, the second of the theorem conditions (4) is met and the third of the asymptotic
relations (5).
The validity of the first and second asymptotic representations (5) directly follows from the
third, considering that y(t) ~ 3 72(t)y"(t) and y/(t) ~ m,(t) y”(t) when ¢ T w.
Assuming that conditions (4) are met, we reduce equation (1) using transformations
2 y'(t) _ 201+ vy(7)]
Infy(0)] = ()1 + (). L) = 2T
{1, when w = 400,
8=
—1, when w < +o0,

(10 _ 2L ralr)

2) , 7= pFn|m,(t),
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to a system of differential equations

, 1
U = ; [’Ug - Ul];
Ué = Blvg — v3], (10)

vh = ﬂ[f(T) + o f(1)v1 + 6vy — dvs + V (7, 1)1,’[)2,’[)3)],
in which
(1) = f(r(1)) = aoq(t), V(7,v1,v2,v3) = 1203 + 4vs — 6vauvs + f(7) [[1+v1]7 =1 —0ov].

For the system (10) all the conditions of the Theorem 2.6 from the work [2] are satisfied.
According to that theorem the system (10) has at least one solution (vi,wve,vs) : [r1,+00) —
R3(m1 > 79), converges to zero when 7 — +o00, to which, due to replacements (9), matches the
solution y(t) of the differential equation (1), allowing the asymptotic representations (5) when ¢ 1 w.

Theorem 2. Let the function p : [a,w) — (0,400) be continuously differentiable and along with
the conditions (4) the following conditions

t
/]q )| dt < +oo, / dt < 400, / dt < 400
|wt T (t ln]ﬂ'w t)]

hold. Then for any ¢ # 0 equation (1) has P, (+o00)-solution. Furthermore, for every such solution
the following asymptotic representations when t — w

y(t) = w2 (t) e%D]e + o(1)],
Yy (t) = 7o (t) e9D[2ec + 0(1)], o' (t) = W [2¢ 4 0(1)]

take place.

Let present a corollary of these theorems, when o = 0, i.e. for the following linear differential
equation
y" = aop(t)y, (11)
where ap € {—1;1}, 0 € R, p: [a,w) — (0, +00) — continuous function; a < w < 4o0.

Corollary 1. For the existence of P, (£o00)-solutions of (11), it is necessary and sufficient the
conditions

_ . 2 _
limp()r(t) = 0. lim [ p(r)ed(r) dr = oc (12)

to be fulfilled. Furthermore, for any such solution the following asymptotic representations, when
tTw

lnly(®)] = nm2()+ 3 [ p(rm(r)dr L+ o(D)]

lnly/(0)] =l lma ()] + 5 [ p(r)a () dr 1+ 0(0)

Inly" ()] = 22 / dr 1+ o(1)]

take place.
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Corollary 2. Let the function p : [a,w) — (0,+00) be continuously-differentiable and along with
the conditions (12) the following conditions

w

/ ((p(t)m3 (1)) | di < +o0, / P2 (1) 73| dt < +oc,

a

[ p(t)72(1) )
a/ln’ﬂ'w(t)‘ a/p(T)TFw(T) dr dt < 400

hold. Then for any ¢ # 0 equation (11) has P, (f00)-solution. Furthermore, for any such solution
the following asymptotic representations, when t — w:

t

() = 2 (Oexp (a0 [ plr)d(r)dr e+ of1),

V0 =m0 exp (ao [ plr)a(r)ar ) e+ ofa)

a

y"(t) = exp (ao j p(r)w3(7) dT) [2¢ +o(1)]

take place.

The obtained asymptotes are consistent with the already known results for linear differential

equations (see [5, Chapter 1]).
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