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We consider one-parameter family of linear differential systems

i=A,(t)z, x€R? >0 (1)

with the coefficient matrix A,(t) := di(p) diag[l, —1], 2k —1 <t < 2k, A,(t) := (u+by) ( 0 1),

-1 0
2k —2 <t <2k—1, where p,bp € R, dp(-): R— R, k€ N.

In [4] we established the positivity of senior Lyapunov characteristic exponent of system (1,,)
for parameter values of positive Lebesgue measure, assumed that di(-) is independent on p and
the condition di(u) = dx > d > 0, k € N, holds. The proof of the result above substantially uses
special complex matrices.

For all o, € R, n € N, let

bon 1= bon-1 4+, bonipi=bg, k=1,2" -1, dp(u) =do(p) >2%°, k€N, (2)

Systems of this type give rise to various one-parameter families with a wide range of asymptotic
properties. For example, V. M. Millionshchikov used them in works [5, 6] (see, as well [3]) to
prove an existence of irregular under Lyapunov linear differential systems with limit-periodic and
quasi-periodic coefficients.

Method of these papers essentially use the estimations for eigenvalues and eigenvectors of system
(1,) Cauchy matrix. Another way for investigation was initiated by the criterium due E. A. Bara-
banov of linear system regularity, that consist in the application of Cauchy matrix singular form
(see the equality (5,)).

In this paper we prove an existence of parameter value € R such that the corresponding
system (1,) is unstable under condition (2) and if the function dy(-) is continuous.

Let us denote the sequences {¢y (1)} C R and {nx(1)};25 C R by the equalities 41 (1) := p,

m(p) = do(p), Y1 = Vi + ¢1/2,

(chmt1) sinpy =singy, k€N, (3)

k
where & = 29 + Gk, Gk i= >y, ¢k € (=271, 27 7] are defined by the formula
j=1

ctg r, = (ch2ny) ctg & (4)
Let X4, (t,s), t,s >0, is the Cauchy matrix for system (1,).

Lemma 1. Foe all n € N, u € R under conditions (2) and (3) the next equalities hold

X, @0 = U - v () U (52)

shney1 = (sh2ng) cos . (6)
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Lemma 2. For every continuous function f(-) : [a,b] = R, a,b € R, such that f(a) < c < d < f(b),
the closed interval [p,q] C |a,b] exists with the property f([p,q]) = [c,d].

Theorem. For all o, € [-7/2,7/2], n € N, by and d(-), chosen accordinaly (2), the senior
characteristic exponent of system (1,,) is positive for some p € R, whereas the function do(-) is
continuous.

Proof. Let us denote
Ve(a) = {3 € [-27 7,27 7] : |sin(s — a)| < sine}.

For every k € N let
k
Wit = [-27r, 271\ <U Vo—ij_g-k-1(¢j — 2717'(')), Wy = (—m, 7.
j=1

For all j € {1,...,k} a unic Ba;(k), B2j+1(k) € (—27 1w, 27 17| exist such that
sin(Bojis(k) — ¢ + 27 r) = (—1)°sin(277 —27F1) 5 € {0,1}.
A substitution j(-) : {1,...,2k} — {1,...,2k} exist with the facility that the sequence

{Bja) (k) 2k C (=277, 2717) do not decrease.

Let Bj0) = —27'm, Bjans1) i= 27 'm.
The bound OWj 41 of the set Wy satisfies the inclusions

k
OWiyr © {—27 0,27tk U ( U oVasasni (G - 2_17r)) C {B;(R)} 2SN (7)
j=1

We shall build the set I, C {0,...,2k} by the next way. Because of (7) for all i € {0,...,2k} or
the relation L; k1 := [Bj(), Bji+1)] € Wiyt holds, in this case we set I}, > i, or, otherwise, the
inclusion L; g4 € [-271m, 27 7] \ Wiy is true. In the last case let Iy Z i.

For every i € I let

bz‘ = 271(/6}(1) + B](lJrl)) S [—2717’[', 27171'], C; 1= 271(ﬂj(i+1) - ﬁ](l)) S [—27171', 27171'].
Next equalities hold
Ligt1={p € [—27 w27 7] [sin(p — by)| < sinc; }, Wy = U L1
i€l

Ifk=0,weset Ip=1, Ly =[-2"'m,277].
Assume the first that psj_1,12; € R, j € Iy_1, exist for some k € N such that the equality
holds

sing(M; ) =sinL; g, Mg = [t2i—1, p2i], @ € Ip—1 (8k)

and, the second, that in the case k > 1 we have the inclusion

My = | Mjpc My (9%)
JE€Ik—1

Let us denote

k—1
S 1= Z Q_jj, s1:=0.
j=1
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Assume that the next inequality holds
shinmg(p) > 200750)2", (10)

Due to (8) for all u € My, the inclusion & () € R\ Vo-r-1(¢x — 2717)) is true, that imply the
inequalities
| cos & (p)] > sin27F71 > 27F=2, (11)

For all u € My, the formulas (6), (10x) and (11) give the estimation

(11)

11 (
> 2752 shinni(n)

104)
shiin g (1) 2 shlnn? cos & () > 9(O0-sk)2 =2k 5 (0-si)2

Hence we have the relation (10541).
We set

k
Sk(a) == Z o’j.
j=1

For all o € (—1,1) we obtain the equalities

+o0 , ,
_ AN —1\/ _ -2
Sioo(a) = (Z;oﬂ)a —(1—a)™V). =201 —a)2
]:
Since that the next relations hold
+oo '
Sk < Sto0 = ZQ_Jj = S+oo(2_1) = 8.
j=1

Hence, in view of (10y), we have the estimate
shinmg(u) > 2. (124)

For all i € Ij, the inclusion Vo—x—1(L;jg+1) C Wy is true. Since that, because of L; ;41 is the
closed interval, there exists j; € I, such that the relation Vo—x—1(L; 441) C Lj, x holds.
Due to (4), (11) and (12;), we have the estimates

lon (1) < 2| sin ()]

(4) —1 —9 () 1 (11)’ (12k) k-1
< 2[tg r(p)| = 2(ch 2 ()" tg & () < de™ ™| cos Ex ()] < 27 (13)

Hence the next inclusion holds

Gt (i2j—s) & Vo i (s (pzj—s)), 6 =01, (14)

Let us denote the function f(-): R — [—1,1] by the formula f(u) := sin &1 (u).
Because of (14) and due to (8), we have the inequality

|f(naj—5)| = sin(ejp — 2771 =i 5. (15)

Let us denote s = sgn(f (tiz5) — F(saj 1)), 9(u) 1= £ (1),
The relation (15) implies the estimates

g(p2j—1k) < =2 <0 < 3¢ < g(pjk)- (16)



116 International Workshop QUALITDE — 2018, December 1 — 3, 2018, Tbilisi, Georgia

Because of continuity of the function n;1(-), ¢x+1(-) is also continuous, hence such is the function
g(+). Since that and in view of (16) the function g(-) satisfies conditions of Lemma 2, in which

one have denote [a,b] := [poj_1.k, H2j k], [, d] := [, x].

Hence, because of this lemma, there exists a closed interval M; 11 = [t2i—1 k+1, #2i k+1] C Mg
such that g(M;py+1) = [—2,%] = sinL; 41, that is (8441) holds. Beside of that we have the
inclusion (9g41).

Note that in the case k = 1 the equalities Iy = 1, L1 = [-27 17,27 7] are true, since that, if
denote M; := My 1 = [p1.1, p12) == [-27 17, 2717], we obtain the relation sin & (M 1) = sin([—7 +

a1, ™+ ai]) = [—1,1] = sin L1, that is, the equality (81) holds.
Due to (2), we have the inequalities

@
shilnn (p) = 27 () — iy () > 271 (220 — 2720) > 218 = 9002,

that implies the estimates (107).
Under induction, we obtain the relations (8,), (9,,) and (10,,) for every 1 < n € N.
Due to (8), the positivity of Lebesgue measure for the set W} implies the inequality My, # @.

Hence, in view of (8,), n € N, we have the existence of ji4o0 € Moo := kLim M;,.
—+00

Because of (5,,) and (12,,), in view of the Lyapunov formula for the senior characteristic exponent
of system (1) [2], the next estimates hold

‘ - ' B (5n),(125)
Amax(Apyo) = Jim 70 [[Xa,  (50)] = Tim 27" Xy, (2"0)] >

t—-+o0

They theorem is proved. O
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