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Consider the differential equation

v =Y cipi(t)ei(y), (1)
=1

where a; € {—1,1} (i =1,m), p; : [a,w]—]0,4+00[ (i = 1,m) are continuous functions, —oo < a <
w < 400; @i @ Ay, —]0,+00[ (i = 1,m), where Ay, is a one-sided neighborhood of Yy, ¥ is equal
either to zero or +00, are continuous functions for ¢ = 1,1 and twice continuously differentiable for

i=14+1,m, and for each i € {1,...,1} for some o; € R
i (A .
im £ (Ay) = A% for any A >0, (2)
v=Yo ©i(y)
yEAy,

and for each i € {I+1,...,m} —

¢i(y) 0 as y € Ay, lim @i(y) € {0, +o0},  lim =7
y—=Yo y=Yo 5 (y)
YyEAY, yEAY,
It follows from the conditions (2) and (3) that o; (i = 1,1) are regularly varying functions,
as y — Yp, of orders o; and ¢; (i = [+ 1,m) are rapidly varying functions, as y — Y (see [4,
Introduction, pp. 2, 4]).

Definition. A solution y of the differential equation (1) is called P,(Yp, Ao) — solution, where
—00 < Ao < 400, if it is defined on some interval [tp, w| C [a,w[ and satisfies the following conditions

ither 0 2(t
either 0, lim Y= (1)

A SV
or too, tw y"(Bylt)  °

limy(t) = Y, limy/(t) =
limy(t) =Yo, limy(t) {

By its asymptotic properties, the class of P, (Yp, A\g) — solutions is split into 4 non-intersecting
subsets that correspond to the next value of the parameter g

)\oER\{O,l}, =1, XN=0, X ==xoc.

The existence conditions of P, (Y, Ag) — solutions of the differential equation (1) and asymptotic
representations, as ¢t T w, of such solutions and their first-order derivatives, are established for each
of these cases in the case where, for some s € {1,...,m}

o PO2i(0)

o Doep)y 0 forall i€l omiid{s}, (4)
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i.e., where the right-hand side of Eq. (1) for each such solution y is equivalent for ¢ T w to one term
with regularly or rapidly varying nonlinearity (see [1-3]).

In this paper, we formulate the main results obtained for the case Ag = 0.

Let

[b,Yo[, if Ay, is a left neighborhood of Yjp,

Ay, = Ay, (b), where Ay, (b) =
Yo %(b), w v (b) {]Yg,b], if Ay, is a right neighborhood of Yy,

and the number b satisfy the inequalities
b <1 as Yp=0 and b>1 (b< —1) as Yy =400 (¥Yy = —00).
We set

1, if Ay (b) = [b, Vo[, =t if w = o0,
Tw =
—1, if Ay (b) =]Yo,b],

vg =signb, 1= {
¢

Jis(t) = / pe(r)dr,  Jos(t) = / Tis(r)dr,  Jas(t) = / o (F)pos(7) d,

A1s Azs A3s
( Yo d
, b, if / LN
du )
Hs — 9 Bs = ZS — 1 HS Y
0= [ 7 W oy, o)
B Yo, if / v const, yehyy (0)
ps(y)
b
¢
J<Ps(t) = / pOs<T)SDS (H; (_Q’SJ?)S(T))) dT7 Es(t) = asﬂg(t)pOS(t)Sps (Hgl(_asj3s(t)))a
A#’s
yes(y) y(ER)
a0 = 1 Cww=" ,

QOS(y) y:H;l(—angs(t)) @:(y) y:Hs (—OlsJ3s(t))
. R AGLNG) |Bo(7)|2

s = : 9 s = 1 9 S - )

Hs =slgnes(y), s =im =755 () rolr) 0T
to
where s € {1,...,m}, pos : [a,w[— ]0, 400 are continuous functions so that pos(t) ~ ps(t) as t T w,

every limit of integration Ais, Ags, Ass, Ay, is equal to either a or w and is chosen so that the
corresponding integral tends either to +oo, or to zero with ¢ 1T w, tg is some number of [a,w].

Theorem 1. Let o5 # 1 for some s € {1,...,1} and there exist finite or equal to infinity limit

/
AGIRG
ttw Jls (t)

For existence of P,(Yy,0) — solutions of equation (1), satisfied the limit relations (4), it is necessary
that the inequalities

asp(l —05)Jas(t) >0, asvim,(t) <0 as t €la,w] (5)
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and conditions

. o mWIL AWM
aslim Joy(t) = Z,  lim =05 = —1, - lim Wﬁs@ =0, (6)
im pz( )‘P1<H (O‘SJ2S( ))) _ or all i s
D DO pa(H (andas(t))) —° Jo el € AL s ™
pit)gi(Hy (asts( ) +4))) =0 forall ie{l+1,...,m}

im P

o ps(t)ps(Hs (asTas(1)))
hold, where §; are arbitrary numbers of a one-sided neighborhood of zero. Moreover, for each of
such solutions the following asymptotic representations hold

y(t) = Hy (asdas())[L +0(1)] at t 1w, (8)
T JlS(t)Hs_l(O‘sJ%(t))

Y= 0 o T

Theorem 2. Let 05 # 1 for some s € {1,...,1}, conditions (5)—(7) hold and

o Pilt) i (H (asts( ) +w)))
o ps(t)ps(Hs ' (asdas(t)))

uniformly with respect to u € [=0,d] for any 0 < 6 < 1. Then the differential equation (1)
has P,(Yp,0) — solutions that admit the asymptotic representations (8) and (9). Moreover, if
asvp(l — os)meu(t) < 0 as t €la,w[, there is a one-parameter family of such solutions in case
w = 400 and two-parameter family in case w < 400.

[1+0(1)] at t 1 w. 9)

=0 forall ie{l+1,...,m}

Theorem 3. Let for some s € {l+1,...,m} the function ps might be representable in the form
ps(t) = pos(t)[L + rs(t)], where ltle rs(t) =0, (10)

Pos : [a,w[—1]0,4+00] is a continuously differentiable function, rs : [a,w[—]—1, 400 is a continuous
function, and let the conditions

s (¥)#i(y) N

—= s =0(1) i=1+1,m) for y— Yy 11

e (y)ei(y) A ) ()
hold. Then, for the existence of P, (Yp,0) — solutions of the differential equation (1) satisfying

conditions (4), it is necessary that, there exist finite or equal to infinity limit

Tw (t) Jg/o (t)

lim ——~—~,
tTw J‘Ps (t)
and the conditions
asy(t) <0,  aspsdss(t) >0 as t €la,wl, (12)
w t Jl 13 2 S S H s 3s
o limJas(t) = Zo, tim DTl g maORes (B (cwkU»:Q (3)
tHhw Hw st(t) tw H; <_045J3s( ))
7 Hil SJ S
im 2 pit)eil (za 3<))):0 forall i e {1,...,m}\{s} (14)
thw ps(t)ps(Hs ( asJ3s(t)))
be satisfied. Moreover, each such solutions has the asymptotic representations
o1 o(1)
y(0) = B (o das0) |1+ g at t1 e, (15)

Y (1) = —asmu(t)pos(t)ps (Hy ' (—asJss(t)))[1+ 0(1)] at ¢t w. (16)
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Theorem 4. Let for some s € {l+1,...,m} the conditions (10), (11), (12)—~(14) be satisfied and

L Tl (1)

=, where eR.
ttw Jgs(t) s s

Then:

1) if ns >0 orns =0 and asps = 1, the differential equation (1) has a one-parameter family of
P,(Yy,0) — solutions with the asymptotic representations (15) and (16);

2) ifns <0 orns =0 and asus = —1, there is a two-parameter family of P,,(Yo,0) — solutions
which admit the asymptotic representations (15), (16) in case w < 400 and there is at least
one such solution in case w = +00.

Theorem 5. Let for some s € {l+1,...,m} the function ps be representable in the form (10), let
conditions (11), (12)—~(14) hold, and let the limits (which are finite or equal to £00)

AT (+ AN p Y
i 200y Lo ), BORO , 000
o JL (1) y—Yo (<ps(y))2 0s(y) tho  Gs(t) o P2(t)
YAy, (b) *#s(y)

exist. Then:

1) if asps = 1, the differential equation (1) has a one-parameter family of P,,(Yo,0) — solutions
which admit the asymptotic representations (15) and (16) and are such that their derivatives
satisfy the asymptotic relation

y/(t) - _asﬂw(t)pOS(t)SOs (Hs_l(_as*]%(t))) [1 + ’Es(t)‘_%o(l)] at t 1T w;

2) if asps = —1 and

- | mo(OJL, ()]
A meOn =0 o]0 -2 2] <0
O i s e (e (1)
a0 =0 lmws(t);ps(t)gos(fls1(—oszss(t))) )

1#£s
the differential equation (1) has a P,(Yp,0) — solution with asymptotic representations

y(t) = Hy ' (—asJss(t)) [1 + (}Sfrth(t)] at t 1 w,

1
§(8) = —asma(Dpos (Hps (H (—arslss(£) [+ | B (0] "2 (Ho(1)] at £1w.
Moreover, there exists a two-parameter family of such solutions in case when s € (0,1/3) or
vs = 0 and asv; = 1.
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