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Let mq, ..., m, be positive integers. Consider the periodic problem
ul™ = f(x, D™[u]), (1)
u(x+w;) =ux) (=1,...,n). (2)
Herex = (z1,...,%n), w = (Wi, ..., wn), wi = (0,...,w;,...,0), m = (my,...,my) is a multi-index,

B 8m1+---+mnu(x)

—OxM e Qap

D™[u] = (1) qem, D™[u] = () gem, f € Cu(R™ x R™T1) and Oy, (R™ x R™F1) is the space
of continuous functions v(x, Z) that are w-periodic with respect to the variable x, i.e.

vix+w,Z)=v(x,Z) (i=1,...,n).

By a solution of problem (1),(2) we understand a classical solution, i.e., a function v € C5*(R")
satisfying equation (1) everywhere in R"™.

Problems on doubly periodic solutions for hyperbolic equations of the second and fourth orders
were studied in [1-3]. Problem (1),(2) for the case n > 2 remained virtually unstudied until
recently. The linear case of problem (1), (2) was investigated in [4].

Throughout the paper the following notations will be used:

m=(my,...,my), @=(ag,...,ap).

Ra — RO&lX"'XO&n‘

a=(ar,...,on) <B=P1,.-,0n) = ;<P (i=1,...,n) and  # B.

a=(a,...,an) <B=(P1,...,.0n) = a< B, ora=p0.

0=1(0,...,0),1=(1,...,1), 1; = (0,...,0,1,0,...,0).

suppa = {i a; > 0}, e = Jon| + -+ + Ja].

Ym={a<m: o =m,for someic {1,...,n}}.

w=(wi,...,wpn), wi =(0,...,w;,...,0).

Q=[0,w1] X -+ x [0, wy].

Xo = (x(a1)x1, ..., xX(n)xy), where x(a) = 0 if @« = 0, and x(a) = 1 if @ > 0. x4 will be
identified with (x;,,...,x; ), where {i1,...,4;} = suppa.

Z = (%a)a<m; fa(x z) = 22

The variables zo (ax € Y1y) are called principal phase variables of the function f(x,Z).

C™(Q) is the Banach space of functions u : Q@ — R, having continuous partial derivatives u(®)
(¢ < m), endowed with the norm

lullemiy = Y [u! e

a<m
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CZY(R™) is the Banach space of w-periodic continuous functions, i.e. functions that are w;-
periodic with respect to the variable x; (i = 1,...,n), having continuous partial derivatives u(®)
(¢ < m), endowed with the norm

lullem = >~ 4 o).

a<m

63‘(R”) is the Banach space of w-periodic continuous functions, i.e. functions that are w;-
periodic with respect to the variable x; (i = 1,...,n), having continuous partial derivatives u(®)
(e < m), endowed with the norm

ullem = Z ||u(a)||C(Q)-

a<m

If zp € C™(R™) and 7 > 0, then
B™ (zp;7) = {z e C™(R™) : ||z — ZOH@T < 7“} .

Cg’k(R” x RA) the space of continuous functions v(z, Z) such that v( -, Z) € C™(R") for every
Z € RP and v(x, ) € CK(RP) for every x € R".

Let poa € Cu(R™) (v < m) and let z € CS(R™) be an arbitrary function. Along with the
equation (1) consider the following equations

u™ = 3" pralzl()u@ +g(x), 3)

ul™ =" pralz](x)u®, (4)
and

ul™ = (1=2) ) poa@)ul® + Af(x, D™[u)), (5)

where A € [0,1], palz](x) = fa(x, D™[2](x)), and
Pralz](x) = (1 = Npoa(x) + Apal2](x).

Definition 1. Let the function f(x,Z) be continuously differentiable with respect to the phase
variables v. We say that problem (1), (2) to is strongly (ug,r)-well-posed, if:

(1) it has a solution ug(x);

(1) in the neighborhood B™ (ug;r) ug is the unique solution;

(I) there exists g > 0, dp > 0 and My > 0 such that for any 6 € (0,dp), and f(x,Z) satisfying
the inequalities

Z ‘fCX(X’Z)_fa(x’Z)‘ < €o, (6)

a<m

/(x,2) = f(x,2)| <6 (7)
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in the neighborhood B™ (ug; ) the problem

has a unique solution u and
|u — | cm < Moé.

Definition 2. Problem (1), (2) is called strongly well-posed if it is strongly (ug,r)-well-posed for
every r > 0.

Theorem 1. Let the function f(x,Z) be continuously differentiable with respect to the phase
variables, and let there exist a positive number My such that

|fa(x, Z)| < My for (x,Z) € R" x R™TL,

Furthermore, let for arbitrary z € C5(R™) and A € [0,1) problem (3),(2) be well-posed and its
solution uy admit the estimate

[urllem < Mgl

where M is a positive number independent of A\, z and q. Then problem (1), (2) is strongly well-
posed.

Consider the “perturbed” equation
ut™ = f(x, D™[u]) + q(x, D™ [u)). (8)

Theorem 2. Let the function f satisfy all of the conditions of Theorem 1, and let g € Cy,(R™ x R™)
be such that
Z
L lax2)
1Z]—+oo || Z]

=0 (9)
uniformly on R™ x R™. Then problem (8),(2) has at least one solution
Theorem 3. Let the function f(x,Z) be continuously differentiable with respect to the phase
variables, and let there exist a positive number M and a nondecreasing continuous function n :
[0, +00) — [0,4+00), n(0) = 0 such that:

(i) for every X € [0,1) an arbitrary solution uy of problem (5),(2) admits the estimates

uy € BE(0: M), wnslem < n(lo)),
where wy 5(x) = up(x + 0) — up(x);
(ii) problem (4),(2) is well-posed for every A € [0,1) and z € CZHR") , |z]lem < M;
(iii) problem (4),(2) has only the trivial solution for X = 1 and arbitrary z € CZ'(R"™), ||z]|cm < M.

Then, problem (1), (2) has a solution ug € B™(0; M), and it is strongly strongly (ug,r) well-posed
for some r > 0.
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Consider the equations of even and odd orders:

(B)
uCm = 37 (parplx Dul)u®) " + gl D™ ), (10
a,B<m
()
uC™ = 37 (pa e D ful) ul®) "+ g, D™ ) (1)
a<m
and
W) = 5™ (poyain, (6 D )P 1+ S poa(®a)u® 4 g, D)) (12)
o,f<m a<m

Theorem 4. Let poip € CE’HB”(R” xR ) (a, B < m), and let ¢ € Cy,(R™ x R™) satisfy equality
(9) uniformly on R™ x R™. Furthermore, let there exist § > 0 such that

Z (_1)Hmll+llﬁllflpa+ﬂ(xj Z)vavs > 6 Z W2 for (x,Z) € R x R2m+1,

o,3<m a<m
Then problem (10), (2) has at least one solution.

Corollary 1. Let po, € Cg’”aH(R” x R*M) (o < m), and let ¢ € C,(R™ x R™) satisfy equality
(9) uniformly on R™ x R™. Furthermore, let there exist § > 0 such that

(=))lml+lel=1y (x,Z) > 6 for (x,Z) € R® x R?™*1 (a < m).
Then problem (11),(2) has at least one solution.

Theorem 5. Let poig € Cg’”ﬁ”(R” xR (o, B < m), and let ¢ € C,,(R™ x R™) satisfy equality
(14) uniformly on R™ x R™. Furthermore, let there exist § > 0 such that

Z (—1)Hm”+”'6”*1pa+ﬁ+1n (x,Z)20 28 > 6 Z 22 for (x,Z) € R" x R*™*1

a,3<m a<m

and
(—D)Ilopee(Ra) > 8 for x €R™ (a < m).

Then problem (12), (2) has at least one solution.
Remark 1. In Theorems 1-3 continuous differentiability of the function f(x,Z) with respect to the
phase variables Z can be replaced by Lipschitz continuity, although that will make the formulation
of the theorems more cumbersome. However, Lipschitz continuity of the function f(x,Z) with
respect to the principal phase variables zo (@ € Yy,) is essential and cannot be replaced by Holder
continuity with the exponent v € (0,1).
As an example consider the two—dimensional problem
u?? = 420 402 _ 51771,02) _ 47 sgn(u®?) — ) — u — sin o, (13)
u(xy + 27, we) = u(wy + 27, 22), w(w1, w2 + 27) = u(w1, 22) (14)

where § > 0 and v € (0,1).
Let u be a solution of problem (10), (11). Set:

v(21, 29) = u®? (21, 29) — u(wy, 22). (15)
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Then v is a solution of the problem

020 =y — 5177 |u]7 sgn(v) — sin 2o, (16)
v(xy + 27, x9) = v(w1, T2). (17)
If § = 0, then it is clear that problem (16), (17) is a uniquely solvable linear periodic problem
with the solution
v(z1,22) = sin g,
and problem (10), (11) is a well-posed linear problem with the solution

z2

cosh(zg —t —m) .
u(zy,x2) = u(zg) = / 2(sii1h(7r) ) sint dt.

XTo—2T

Let us show that problem (10),(11) has no classical solutions for sufficiently small 6 > 0. For
that it is sufficient to show that for sufficiently small § > 0 problem (16), (17) has no solution that
is continuous with respect to xs.

Problem (16), (17) is a periodic problem for an ordinary differential equation depending on the
parameter xo. It has a solution v(x1,x2) = v*(z2), where, for every xa, v*(x2) is the root of the
equation

v — 677 |v["sgn(v) — sinzy = 0. (18)

One can easily show that problem (16),(17) is solvable for every zo if § € (0,1). Moreover, if
1
§ € (0,27-1), then problem (16), (17) is uniquely solvable for x5 = 7, and its solution is positive.
The latter fact implies that v*(5) > 0.

1
Let 6 € (0,27-1), and let v(z1,22) be a solution of problem (16), (17) that is a continuous
function of z3. Then v(z1, ) = v*(5) > 6. Due to continuity there exists € > 0 such that

v(xi,x2) > 6 for xy € g—a,g—ke C (0,m). (19)
But then problem (16), (17) is uniquely solvable for z3 € [§ — ¢, 5 4 ¢]. Indeed, let vi(x1) > 6
and vz(x1) > 0 be arbitrary solutions of problem (16),(17) for some z9 € [§ —&,5 +¢|. Then
v(x1) = vo(x1) — v1(x1) is a solution of the problem

v = (1= 0(z1,22))v, v(x1+271) = v(71), (20)

where
1
5=

01, 2) = 70/ (vi1(z1, x2) + (1 = t)(v2(21, w2) — v1 (w2, 21)))t~

Sdt <y <1, (21)

The latter inequality implies that problem (20) has only the trivial solution, i.e. problem (16), (17)
is uniquely solvable. Consequently, v(x1,z2) = v*(x2) for 3 € [ — ¢, § +¢]. However, it is easy
to see that a positive root of equation (18) is strictly bigger than ¢ for x5 € (0, 7). Hence

v(xy, z2) =v*(x2) > 9 for g € [g — &, g +€] C (0,m). (22)

From (19)—(22) one can easily deduce that

v(xy, z9) = v*(x2) > § for o € (0,7). (23)
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Similarly one can show that
v(x1,x2) = v*(z2) < =6 for x9 € (—m,0). (24)

(23) and (24) imply that v*(0+) = ¢ and v*(0—) = —4. Thus v(x1,x2) = v*(x2) is discontinuous
at 0. Consequently, problem (13), (14) has no classical solutions for sufficiently small ¢ € (0, 2%1)

This is the result of the fact that the righthand side of equation (13) is not Lipschitz continuous
with respect to the principal phase variables, but instead is a Hélder continuous function with the
exponent v € (0,1).

Remark 2. The aforementioned example also demonstrates that:
(A) Condition (6) in Definition 1 is optimal and cannot be relaxed,;

(B) Only inequality (7), without inequality (6) does not guarantee even solvability of a perturbed
problem.
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