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In the domain DT : 0 < x < l, 0 < t < T consider the following mixed problem

utt − uxx +Aux +But + Cu+ f(x, t, u) = F (x, t), (x, t) ∈ DT , (1)
u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l, (2)

(Mux +Nut + Su)(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T, (3)

where A, B, C, M , N , S are given n-th order quadratic real matrix-functions; f = (f1, . . . , fn),
F = (F1, . . . , Fn), φ = (φ1, . . . , φn) and ψ = (ψ1, . . . , ψn) are given and u = (u1, . . . , un) is an
unknown real vector-functions, n ≥ 2.

Below we consider the problem (1)–(3) in a classical statement, when its regular solution is
searched in the class C2(DT ) and it is supposed that the problem data have corresponding smooth-
ness and in the points (0, 0) and (l, 0) satisfy second order agreement conditions.

Divide the domain Dl, being a quadrat with the center in O1(
l
2 ,

l
2), into four triangles:

D1
l := OO1O2, D2

l := OO1O3, D3
l := O2O1O4, D4

l := O3O1O4,

where
O = (0, 0), O2 = (l, 0), O3 = (0, l), O4 = (l, l).

Assuming that
det(M −N)(0, t) ̸= 0, 0 ≤ t ≤ l,

the problem (1)–(3) can be equivalently reduced to the Volterra type nonlinear integro-differential
equation with respect to variable t by using the methods of Riemann matrices-functions and Lapla-
cian invariants

u(x, t) = (Tu)(x, t), (x, t) ∈ Dl,

where

(Tu)(x, t) = χ1
1
(x, t)φ(x− t) + χ1

2
(x, t)φ(x+ t)

+

∫
P 1
1 P

1
2

[
Λ1
1(x, t; ξ)φ(ξ) + Λ1

2(x, t; ξ)ψ(ξ)
]
dξ

+

∫
D1

x,t

K1(x, t; ξ, η)
[
F (ξ, η)− f(ξ, η, u)

]
dξ dη, P 1(x, t) ∈ D1

l , (4)
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where P 1
1 = (x− t, 0), P 1

2 = (x+ t, 0), D1
x,t is a triangle P 1

1P
1P 1

2 ;

(Tu)(x, t) = χ2
1
(x, t)φ(0) + χ2

2
(x, t)φ(t− x) + χ2

3
(x, t)φ(t+ x)

+

∫
OP 2

3

[
Λ2
1(x, t; ξ)φ(ξ) + Λ2

2(x, t; ξ)ψ(ξ)
]
dξ

+

∫
D2

x,t

K2(x, t; ξ, η)
[
F (ξ, η)− f(ξ, η, u)

]
dξ dη, P 2(x, t) ∈ D2

l , (5)

where P 2
1 = (0, t− x), P 2

3 = (t+ x, 0), D2
x,t is a quadrangle OP 2

1P
2P 2

3 ;

(Tu)(x, t) = χ3
1
(x, t)φ(x− t) + χ3

2
(x, t)φ(2l − x− t)

+

∫
P 3
1O1

[
Λ3
1(x, t; ξ)φ(ξ) + Λ3

2(x, t; ξ)ψ(ξ)
]
dξ

+

∫
D3

x,t

K3(x, t; ξ, η)
[
F (ξ, η)− f(ξ, η, u)

]
dξ dη, P 3(x, t) ∈ D3

l , (6)

where P 3
1 = (x− t, 0), P 3

3 = (l, x+ t− l), D3
x,t is a quadrangle P 3P 3

1O1P
3
3 ;

(Tu)(x, t) = χ4
1
(x, t)φ(0) + χ4

2
(x, t)φ(t− x) + χ4

3
(x, t)φ(2l − x− l)

+

∫
OO1

[
Λ4
1(x, t; ξ)φ(ξ) + Λ4

2(x, t; ξ)ψ(ξ)
]
dξ

+

∫
D4

x,t

K4(x, t; ξ, η)
[
F (ξ, η)− f(ξ, η, u)

]
dξ dη, P 4(x, t) ∈ D4

l , (7)

where P 4
1 = (0, t − x), P 4

4 = (l, x + t − l), D4
x,t is a quadrangle P 4P 4

1OO1P
4
4 ; everywhere here χj

i
,

Λj
k and Kj , i = 1, 2, 3, k = 1, 2, j = 1, 2, 3, 4 are well-known defined matrices.

For f = 0 the formulas (4)–(7) give the solution of the posed linear problem in quadratures.
Notice, on supposition that f ∈ C1(D∞ ×R) the problem (1)–(3) is locally always solvable, i.e.

there exists a number T0 = T0(F,φ, ψ) > 0 such that for T < T0 the problem is solvable in domain
DT . Besides, without additional requirements on the increment of nonlinearity of vector-function
f and its structure, the problem (1)–(3) may not have a solution.


