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Consider the system of functional differential inequalities

D(o(t))[u/(t) — £(u)(t)] =0 for a.e. t € [a,b], (1)
p(u) =0, (2)

where £ : C([a,b];R™) — L([a,b];R™) is a linear bounded operator, ¢ : C([a,b];R") — R" is a
linear bounded functional, o = (o) 4, 0; : [a,b] — {—1, 1} are functions of bounded variation, and
D(o(t)) = diag(o1(t),...,on(t)). In the present contribution, we establish conditions guaranteeing
that every absloutely continuous vector-valued function u satisfying (1) and (2) admits also the
inequality u(t) > 0 for ¢ € [a, b]. For this purpose we will need the following notation and definitions.

R is a set of all real numbers, Ry = [0, 4+o00[, R™ is a space of n-dimensional column vectors
z = (z;)j2; with elements z; € R (i = 1,...,n), R™" is a space of n x n-matrices X = ()} ;4
with elements z;; € R (4,5 = 1,...,n), R} and R}*" are sets of non-negative column vectors and
matrices, respectively. The inequalities between vectors and matrices are understood component-
wise. If 0 and 1 are used as vectors, then 0 is a zero column vector and 1 is a column vector with
all components equal to one; &;; is the Kronecker’s symbol; X ~! is the inverse matrix to X; 7(X)
is the spectral radius of the matrix X; © is a zero matrix.

C([a,b]; R™) is a Banach space of continuous vector-valued functions = (x;)!"_; : [a,b] — R"

endowed with the norm
n
|z|lc = max { D lai(t)] : t € a, b]}.
i=1

AC([a, b]; R™) is a set of absolutely continuous vector-valued functions z : [a,b] — R™.
L(Ja,b];R™) is a Banach space of Lebesgue integrable vector-valued functions p = (p;)"; :
[a,b] — R™ endowed with the norm

b n
”pHL:/Z|pi(S)|ds.
i—1

a

LY is a set of linear bounded operators £ : C([a, b];R™) — L([a, b]; R"™).

Cl" is a set of linear bounded functionals ¢ : C([a,b]; R") — R™.

For any ¢ € L7, the operators ¢; : C([a,b];R™) — L([a,b];R) and £;, : C([a,b];R) = L([a, b]; R)
(i,k =1,...,n) are defined as follows:

o for any v € C([a,b];R™), ¢;(v) is the i-th component of the vector-valued function ¢(v);
o for any z € C([a,b]; R) we put £;;(2) = 4;(2), where 2 = (§;2)}"_;.

For any functional ¢ € CJ;" we define the functionals ¢; : C([a,b];R") — R and ¢ :

C([a,b];R) — R in a similar way. Moreover, we put ® = (%’k(l))?k:l-
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Definition 1. An operator £ € L7, is said to be o-positive if the relation
D(o(t))l(u)(t) > 0 for a.e. t € [a,b (3)
is fulfilled whenever u € C([a, b]; R™) is such that
u(t) >0 for t € [a,b] (4)
holds. A set of o-positive operators is denoted by P (o).

Definition 2. We will say that an operator £ € L, belongs to the set PSI;JF(J) if the relation (3)
is fulfilled whenever u € AC([a, b]; R™) is such that (4) and

D(a(t))u'(t) >0 for a.e. t € [a,b] (5)
hold.
Remark 1. Obviously, P% () € Pl (o).

Definition 3. We will say that a pair of operators (£, ) € L x C.;" belongs to the set S” (o) if
every function u € AC([a, b]; R™) satisfying (1), (2) admits also (4).

Remark 2. Obviously, if (¢,¢) € 8, (o), then the problem
u'(t) = L(u)(t) + q(t) for ae. t € [a,b], o(u)=rc

has a unique solution u € AC([a, b]; R™) for every ¢ € L([a,b];R™) and ¢ € R™, and this solution is
non-negative if D(o(t))q(t) > 0 for a. e. t € [a,b] and ¢ > 0.

In the formulation of the main results, the inclusion (0,¢) € S (o) is used. Therefore, we
present here some basic implication of this inclusion.

Proposition 1. Let (0,¢) € 87, (o). Then
(i) det® #0,
(i) @~ > ©.
Proposition 2. Let (0,¢) € 8% (o) and let u € AC([a,b];R™) satisfy (5). Then

u(t) > ® Lo(u) for t € [a,b].

Main results

Theorem 1. Letl € P, (o), (0,¢) € SI (o). Then (¢,p) € ST, (o) iff there exists v € AC([a, b]; R™)
such that

D(o(t) [4/(t) ~ 4)(0)] 20 for ace. t€ [a,b],
() >0 for t €[a,b], @ to(y)>0.

Proof. Necessity: If (¢,¢) € 8", (o), then according to Remark 2 the problem

u'(t) = L(u)(t) + £(1)(t) for a.e. t € [a,b], (u)=0
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is uniquely solvable. Moreover, u(t) > 0 for ¢ € [a,b]. Put v(t) = u(t) + 1 for t € [a,b]. Then
D(o(t)[7/(t) — £(v)(t)] =0 for a.e. t € [a,b],
() >0 for t € a,b], @ lp(y) =0 o)+ 1)>0.
Sufficiency: Let u satisfy (1), (2) with u;(¢;) < 0 for some j € {1,...,n} and t; € [a,b]. Put

u;(t)
Yi(t)

)\i:max{— E[a,b]} (t=1,...,n)

and let

)\:max{)\l,...,)\n} > 0.

Then w(t) = M(t) +u(t) > 0 for t € [a,b], and there exist ig € {1,...,n} and tg € [a, ] such that
Wiy (to) = A\vig (to) + wiy (to) = 0. Consequently,

D(o(t))w' (t) > D(o(t))l(w)(t) > 0 for a.e. t € [a,b].
According to Proposition 2,

w(t) > p(w) = 2~ (Ap(7) + ¢(u)) >0,
a contradiction. ]

Theorem 2. Let { admit the representation £ = (T — = where {T,4~ € P2 (c). Let, moreover,

Le P (a), (UF,¢) € Sho), (0,0) € Sh(0).
Then £ € S} (o).

Proof. Let u satisfy (1),(2). According to Remark 2 there exists a unique solution z to the

problem
2'(t) = D(o(t))[D(o(t)u/(t)] _ for ae. t € [a,b], ¢(z)=0.

Moreover, we have z(t) > 0 for ¢ € [a,b]. Put w(t) = u(t) + x(¢) for ¢ € [a,b]. Then w(t) > u(t) for
t € [a,b],
D(o(t))w' (t) = [D(U(t))ul(t)]+ >0 forae. t€la,b], ¢w)>0.

Thus, w(t) > 0 for t € [a,b]. Let A; = {t € [a,b] : w)(t) = u(t)} and put

q(t) = D(o(t) [/ (t) — L(u)(t)] for a.e. t € [a,b].

Then, for every ¢ € {1,...,n}, we have

oi(t)ui(t) = ou(t) Y [ (ur) (8) — L (ur) (8)] + ai(t)

k=1

< ai(t) [E?I;:(wk’)(t) — U (ug) ()] + @i(t) for t € A,

0 for a.e. t € [a,b]\ A;.
On the other hand,

D(o(t)) [ (w)(t) — €~ (u)(t)] + q(t) > D(o(t))e(w)(t) + q(t) > 0 for ae. t € [a,b].
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Consequently,
D(o (b)) [w'(t) — €7 (w)(t)] < =D(o(t))™ (u)(t) + q(t) for ae. t € [a,b].
Put z(t) = u(t) — w(t) for t € [a,b]. Then
D(a(t) [ (t) — £7(2)(t)] =0 for ae. t € [a,b], ¢(z)=0,
and so z(t) > 0 for ¢ € [a,b], i.e. u(t) > w(t) >0 for t € [a,b]. O

As a consequences of the main results we formulate corollaries in the case when o is a constant
function. Therefore, in what follows we assume that o(t) = (0y)}_; for t € [a,b] with o; € {—1,1}.
First consider the system with deviating arguments

n

o; [u;(t) =5 (pa(tyur(ra(t)) - gik(t)uk(,uik(t)))} >0 for a.e. ¢ € [a,b)], (6)
k=1
uz(a) Z 0 if g; = 1, uz(b) Z 0 if g; = —1, (7)

where o;pir, 039k € L([a,b]; Ry), Tk, ik : [a,b] — [a, b] are measurable functions.
Corollary 1. Let
oi(pie(t) — gi(t)) =0,  oiokgi(t) (Tie(t) — pi(t)) >0 for ae. t € [a,b].

Let, moreover, there exist A= (a;,)",_, € RT*™ such that r(A) < 1 and

ik=1
b Tzk
/ <0'i (pik(t) — gik(t)) + oigan(t / Zpk] ) dt < ag.
a Nzk(t

Then every u € AC([a,b]; R™) that satisfies (6), (7) is non-negative.

The next corollary deals with the second-order differential inequality with deviations together
with mixed boundary value conditions

u”’(t) < —p(t)u(r(t)) + g(t)u(u(t)) for a.e. t € [a,b], u(a) >0, u'(b) > 0. (8)
Here p,g € L([a,b];Ry) and 7, i1 : [a,b] — [a,b] are measurable functions.

Corollary 2. Let

T(t) <t, p(t) 2 g(t), g@)(r(t) —p(t)) 20 for a.e. t € [a,b].
Let, moreover, there exists A1, A2 € Ry such that

+o00

ds
0/ A1+ Ags + s2 2b-aq,
t 7(t)
p(t) = g(t) + g()(7(t) — u(t)) /p(s) ds + g(t) /(S —p(t))p(s)ds < Ay for a.e. t € [a,b],
7(t) p(t)
g(t)(7(t) — u(t)) < Ay for a.e. t € [a,b],

and at least one of the last three inequalities is strict. Then every u € AC*([a,b];R) that satisfies
(8) is non-negative and nondecreasing.



