42 International Workshop QUALITDE — 2018, December 1 — 3, 2018, Tbilisi, Georgia

On the Problem on Minimization
of the Functional Generated by a Sturm—Liouville Problem

S. Ezhak, M. Telnova

Plekhanov Russian University of Economics, Moscow, Russia
E-mails: svetlana.ezhak@gmail.com; mytelnova@yandez. ru

1 Introduction

Consider the Sturm—Liouville problem

v +Q(x)y+ Iy =0, x€(0,1), (1.1)
y(0) = y(1) =0, (1.2)

where @) belongs to the set T, g of all real-valued locally integrable on (0, 1) functions with non-
negative values such that the following integral condition holds

1
/w l—x’BQV( Yder =1, a,B,7€R, v#0. (1.3)
0

A function y is a solution to problem (1.1),(1.2) if it is absolutely continuous on the segment
[0,1], satisfies (1.2), its derivative 3’ is absolutely continuous on any segment [p,1 — p], where
0 < p < i, and equality (1.1) holds almost everywhere in the interval (0, 1).

For any function Q € T, g~ by Hg we denote the closure of the set C§°(0,1) with respect to

the norm
1
ol = ( / viart [y dx)
0

We consider the functional generated by problem (1.1), (1.2)

jya dx — jqu(nr:)y2 dx
RQ.y) =~ =

[y?dz

0

We give estimates for

Mq, gy = _ inf inf R|Q,y], Mypg~y= sup inf Q,yl.
I Qe 5., yeHQ\(0} (@l Mapy Q€T 5., vEHQ\{0} Rl

Remark 1.1. This work is the continuation of the study of estimates for the first eigenvalue
of Sturm—Liouville problems with integral conditions on the potential, which was initiated by
Y. V. Egorov and V. A. Kondratiev [1]. The history of the research can be found in [2].
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2 Main results

2.1 On precise estimates for M,3, as v < —1, o, > 2y —1

It is proved [3] that M, g, < 72 for all a, 3, v, ¥ # 0, and M, g, < 7% as v <0, a, 8 > 3y — 1.
In case of v < 0, using the Holder inequality for any functions Q € T, 3, and y € Hg, we

obtain
~y—1

1 1
/Q Yy dx > </a:1"/1—a:17]y|71d:n)7
0 0

inf R|Q,y] < inf G
yeiil o Tyl < nf Gl

and

where

—_

1 o _

[/ da = (275 (1 = )7y 7T da) T

) 0
Gly] =

1
Jy?dx
0

Consider the functional G in H{ (0, 1). It is proved [4] that for v < 0, o, 8 > 2y—1 the functional
G is bounded below in H}(0,1) and there exists

m = inf Glyl.
yEHG (0,1)\{0}

Similarly to [4] we prove that for v < 0, o, 5 > 2y — 1 any minimizing sequence of the functional
G in H}(0,1) converges to some function u € Hg(0,1) and

inf Gly] = Glu] = m.
yEHg (0,1)\{0}

As in the case of a = = 0 [2] we prove that function u is positive on (0, 1).
For 0 <e < %, we consider the function

o(z) = {0, ze0,e]Ul—e 1],

u, z€(e,l—¢)

and its averaging v, with p = 5 (see, for example, [5, I, § 1]). Then for any function Q € T4 g,
we obtain
inf  R[Q,y] < inf G lim Glv Glul=m
bt RQu< it Gyl < Iim Gluy] = Gl
and

M, sup inf Q,yl <m.
O et s vEHR\(0) RlQ.1]

o 8

On (0,1) we consider the function Q.(z) = zT-7(1 — x)ﬁu% which satisfies the integral
condition (1.3) and u € Hg,. Since the function w is the first eigenfunction for problem (1.1)—(1.3)
for Q@ = Q. and the first eigenvalue \;(Q.) = m, then

[Q*’ ] - R[Q*au} =m

yGHQ \{0}

Therefore, M, g~ > m. Hence, the following theorem holds.
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Theorem 2.1. If v < —1, a, 8 > 2y —1 and m = inf Gly], then there exist functions
yeH};(0,1)\{0}

Q« € Topy and u € Hg,, u > 0 on (0,1), such that My g~ = R[Q«,u], moreover, u satisfies the

equation

o B8 a1
' +mu=—277(1 — ) Tyt (2.1)
and the integral condition
1
8 2+
/:nlwl—:vlvuv Tdr =1. (2.2)
0

2.2 On estimates for M,z as v >0
Theorem 2.2.

If v > 1, then My g = .

-Ifo<y<1l, a<2y— 1,—oo<6<+ooor/8<2'y—1,—oo<a<+oo,thenMa,577:7r2.

-Ifo<y <], o,8>3y—1, thenMa7577<7T2.

If0<y<1/2, a,8>0, then My g~ < .
- If1/2<y< 1, 2y —1<a,B<3y—1, then My g~ < 72
Remark 2.1. The result My, < 72 as 0 < v < 1/2 was obtained in [6].
Remark 2.2. We can give some lower bounds for M, g in cases of v <0 or 0 <~ < 1:

-Ify <0, 0,820, then M, 5, > 72— 1.

2=

)2

Ify<0,2y-1<B8<0<a, then Myp, > (1 —4(8— 27_{_1)%) 2

Ify<0,2y-1<a<0<f, then Myg, > (1 —4(a—2y+1)

9+47 2

Ifvy<0,2y-1<a,6<0,then Myg > (1—}—97-2 )72, 6 = min{a, B} — 2y + 1.

2.3 Some estimates for m, s, below

Theorem 2.3.
- Ify<0or0<~y<1, then myg, = —00.
-Ify=1and o, <0, then mqypg~ > %772.
-Ify=1,<0<a<lora<0<p <1, then mag, > 0.

-Ify=1,0<a,B <1, then —m% < Mafry < 72,

Ifvy>1and 0 < o, B <2y —1, then

Masy > (1= 2
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-Ilfy>land B<0<a<<2y—1ora<0<p<2y—1, then

2y — 1\ 25+
mas > (1 () T )

- Ify>1and o, <0, then my g~ = 0.

Theorem 2.4. If v > 1 and o, 8 < 2v — 1, then there exist functions Q« € T, and u € Hg,,
u > 0 on (0,1), such that ma g, = R[Q+,u] = m, moreover, u satisfies equation (2.1) and the
integral condition (2.2).
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