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Let
G(ε0) = {t, ε : t ∈ R, ε ∈ [0, ε0], ε0 ∈ R+}.

Definition 1. We say that the function p(t, ε) belongs to the class S(m; ε0) (m ∈ N ∪ {0}) if

1) p : G(ε0) → C;

2) p(t, ε) ∈ Cm(G(ε0)) with respect to t;

3)
dkp(t, ε)

dtk
= εkp∗k(t, ε) (0 ≤ k ≤ m)

and

∥p∥S(m,ε0)
def
=

m∑
k=0

sup
G(ε0)

|p∗k(t, ε)| < +∞.

Definition 2. We say that the function f(t, ε, θ(t, ε)) belongs to the class F (m; ε0; θ) (m∈N∪{0}) if

f(t, ε, θ(t, ε)) =

∞∑
n=−∞

fn(t, ε) exp(in θ(t, ε)),

and

1) fn(t, ε) ∈ S(m, ε0) (n ∈ Z);

2)

∥f∥F (m;ε0,θ)
def
=

∞∑
n=−∞

∥fn∥S(m;ε0) < +∞;

3) θ(t, ε) =
t∫
0

φ(τ, ε) dτ , φ ∈ R+, φ ∈ S(m, ε0), inf
G(ε0)

φ(t, ε) = φ0 > 0.

Definition 3. We say that the infinite dimensional x(t, ε) = col (x1(t, ε), x2(t, ε), . . . ) belongs to
the class S1(m; ε0) if xj ∈ S(m; ε0) (j = 1, 2, . . . ), and

∥x∥S1(m;ε0)
def
= sup

j
∥xj∥S(m;ε0) < +∞.
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Definition 4. We say that the infinite dimensional matrix A(t, ε) = (ajk(t, ε))j,k=1,2,... belongs to
the class S2(m; ε0) if ajk ∈ S(m; ε0), and

∥A∥S2(m;ε0)
def
= sup

j

∞∑
k=1

∥ajk∥S(m;ε0) < +∞.

Definition 5. We say that the infinite dimensional vector x(t, ε, θ) = col (x1(t, ε, θ), x2(t, ε, θ), . . . )
belongs to the class F1(m; ε0, θ) if xj ∈ F (m; ε0; θ) (j = 1, 2, . . . ), and

∥x∥F1(m;ε0,θ)
def
= sup

j
∥xj∥F (m;ε0,θ) < +∞.

Definition 6. We say that the infinite dimensional matrix A(t, ε, θ) = (ajk(t, ε, θ))j,k=1,2,... belongs
to the class F2(m; ε0, θ) if ajk ∈ F (m; ε0, θ), and

∥A∥F2(m;ε0,θ)
def
= sup

j

∞∑
k=1

∥ajk∥F (m;ε0,θ) < +∞.

Obviously, if A ∈ F2(m; ε0; θ), x ∈ F1(m; ε0; θ), then Ax ∈ F1(m; ε0; θ), and

∥Ax∥F1(m;ε0;θ) ≤ 2m∥A∥F2(m;ε0;θ) · ∥x∥F1(m;ε0;θ).

The condition ∥A∥F2(m;ε0;θ) < 1 guarantees the existence of a matrix

(E +A)−1 = E +
∞∑
k=1

(−1)kAk,

where E = diag(1, 1, . . . ).
For any vector x(t, ε, θ) ∈ F1(m; ε0; θ) we denote

Γn[x] =
1

2π

2π∫
0

x(t, ε, θ) exp(−inθ) dθ, n ∈ Z.

For infinite dimensional vectors x = colon(x1, x2, . . . ), y = colon(y1, y2, . . . ) we denote [x, y] =
colon(x1y1, x2y2, . . . ).

We consider the following countable system of differential equations

dx

dt
= Λ(t, ε)x+ µB(0)(t, ε, θ)x+ µ2B(t, ε, θ)x, (1)

where

t, ε ∈ G(ε0), x = colon(x1, x2, . . . ),

Λ(t, ε) = diag
[
λ1(t, ε), λ2(t, ε), . . .

]
∈ S2(m; ε0),

B(0)(t, ε, θ) = diag
[
b1(t, ε, θ), b2(t, ε, θ), . . .

]
∈ F2(m; ε0; θ),

B(t, ε, θ) = (bjk(t, ε, θ))j,k=1,2,... ∈ F2(m; ε0; θ),

bjj(t, ε, θ) ≡ 0 (j = 1, 2, . . . ), µ ∈ (0, µ0) ⊂ R+.

We suppose
λj(t, ε)− λk(t, ε) = injkφ(t, ε), (2)
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njk ∈ Z (j, k = 1, 2, . . . ), φ(t, ε) – function in Definition 2. In this sense we say that we have a
resonance case.

We study the problem on the existence of the transformation of kind

x = (E +Q(t, ε, θ, µ))y, (3)

y = colon(y1, y2, . . . ), Q(t, ε, θ, µ) = (qjk(t, ε, θ, µ))j,k=1,2,... ∈ F2(m1; ε2; θ) (m1 ≤ m, ε1 ≤ ε0),
qjj(t, ε, θ, µ) ≡ 0, which leads the system (4) to kind:

dy

dt
= D(t, ε, θ, µ)y, (4)

D(t, ε, θ, µ) = diag
[
d1(t, ε, θ, µ), d2(t, ε, θ, µ), . . .

]
∈ F2(m1, ε1; θ).

We consider the auxiliary countable system of differential equations

dz

dt
= iφ(t, ε)Λ1z + µU(t, ε, θ)z + g(t, ε, θ) + µ2C(t, ε, θ)z + µ4[z,R(t, ε, θ)z], (5)

where

t, ε ∈ G(ε0), z = colon(z1, z2, . . . ), Λ1 = diag[n1, n2, . . . ], nj ∈ Z (j = 1, 2, . . . ),

U = diag
[
u1(t, ε, θ), u2(t, ε, θ), . . .

]
∈ F2(m; ε0; θ),

g = colon
(
g1(t, ε, θ), g2(t, ε, θ), . . .

)
∈ F1(m; ε0; θ),

C = (cjk(t, ε, θ))j,k=1,2,... ∈ F2(m; ε0; θ), cjj ≡ 0 (j = 1, 2, . . . ),

R ∈ F2(m; ε0; θ), µ ∈ (0, µ0) ⊂ R+.

Lemma 1. Let the system (5) satisfy the next conditions:

1) ∀ t, ε ∈ G(ε0):
2π∫
0

gj(t, ε, θ) exp(−injθ) dθ = 0, j = 1, 2, . . . ;

2)

inf
G(ε0)

∣∣∣∣
2π∫
0

uj(t, ε, θ) dθ

∣∣∣∣ ≥ γ > 0, j = 1, 2, . . . .

Then there exists µ1 ∈ (0, µ0) such that ∀µ ∈ (0, µ1) and ∀ q ∈ N there exists the transfor-
mation of kind

z =

2q−1∑
s=0

ξ(s)(t, ε, θ)µs +Φ(t, ε, θ, µ)z(1), (6)

ξ(s) ∈ F1(m; ε0; θ), Φ ∈ F2(m; ε0; θ), which leads the system (6) to kind:

dz(1)

dt
=

( q∑
l=1

K(l)(t, ε)µl
)
z(1) + εh(11)(t, ε, θ, µ) + µ2qh(12)(t, ε, θ, µ)

+ εV (1)(t, ε, θ, µ)z(1) + µq+1P (1)(t, ε, θ, µ)z(1)

+ µ
[
R(11)(t, ε, θ, µ)z(1), R(12)(t, ε, θ, µ)z(1)

]
,

where K(l) ∈ S2(m; ε0), and ∀µ ∈ (0, µ1); h(11), h(12) ∈ F1(m−1; ε0; θ), V (1), P (1), R(11), R(12) ∈
F2(m− 1; ε0; θ).
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We consider the countable linear homogeneous system of differential equations:

dx(0)

dt
= A(t, ε)x(0), (7)

where A(t, ε) ∈ S2(m; ε0).

Definition 7. The Green-matrix of the system (7) is the matrix G(t, τ, ε) = (gjk(t, τ, ε))j,k=1,2,...,
such that

1) if t ̸= τ :
∂G(t, τ, ε)

∂t
= A(t, ε)G(t, τ, ε),

∂G(t, τ, ε)

∂τ
= −G(t, τ, ε)A(τ, ε);

2)
G(τ + 0, τ, ε)−G(τ − 0, τ, ε) = E, G(t, t+ 0, ε)−G(t, t− 0, ε) = −E.

If t = τ , then Green-matrix is not defined.
Along with the system (7) consider the countable linear inhomogeneous system:

dx

dt
= A(t, ε)x+ f(t, ε, θ), (8)

where f ∈ F1(m; ε0; θ), matrix A(t, ε) is the same as in the system (7).

Lemma 2. Let the system (7) have the Green-matrix G(t, τ, ε) = (gjk(t, τ, ε))j,k=1,2,... such that

|gjk(t, τ, ε)| ≤ M0 exp
(
− γ0|t− τ |

)
,

where M0, γ0 ∈ (0,+∞), and M0, γ0 do not depend on t, τ , ε. Then the system (8) has a unique
particular solution x(t, ε, θ) ∈ F1(m; ε0; θ), and there exists K0 ∈ (0,+∞) such that

∥x(t, ε, θ)∥F1(m;ε0;θ) ≤
K0

γ0
∥f(t, ε, θ)∥F1(m;ε0;θ).

Lemma 3. Let the system (5) be such that

1) the conditions of Lemma 1 hold;

2) for the linear homogeneous system

dx

dt
=

( q∑
l=1

K(l)(t, ε)µl
)
x,

where matrices K(l)(t, ε) are defined by Lemma 1, there exists the Green-matrix G(t, τ, ε, µ) =
(gjk(t, τ, ε, µ))j,k=1,2,... such that

|gjk(t, τ, ε, µ)| ≤ M1 exp
(
− γ1µ

q0 |t− τ |
)
,

q0 ∈ [1, q], M1, γ1 ∈ (0,+∞) and do not depend on t, τ , ε, µ.

Then there exist µ2 ∈ (0, µ0), ε2(µ) ∈ (0, ε0) such that ∀µ ∈ (0, µ2), ε ∈ (0, ε2(µ)) the system (5)
has a particular solution, belonging to the class F1(m− 1; ε2(µ); θ).
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Now we return to the system (1) and make in it substitution (3). Taking into account the
condition of diagonality of transformed system (4) and condition (2), we obtain the next countable
system of differential equations for the elements qjk (j ≠ k) of matrix Q:

dqjk
dt

= injkφ(t, ε)qjk + µ
(
bj(t, ε, θ)− bk(t, ε, θ)

)
qjk + µ2bjk(t, ε, θ)

+ µ2
∞∑
s=1

(s ̸=j, s ̸=k)

bjs(t, ε, θ)qsk − µ2qjk

∞∑
s=1
(s ̸=k)

bks(t, ε, θ)qsk, j, k = 1, 2, . . . ; j ̸= k. (9)

The elements of the diagonal matrix D in system (4) are defined by formulas:

dj(t, ε, θ, µ) = λj(t, ε) + µbj(t, ε, θ) + µ
∞∑
s=1
(s ̸=j)

bjs(t, ε, θ)qsj(t, ε, θ, µ). (10)

The substitution
qjk = µ2q̃jk, j, k = 1, 2, . . . ; j ̸= k

leads the system (9) to kind:

dq̃jk
dt

= injkφ(t, ε)q̃jk + µ
(
bj(t, ε, θ)− bk(t, ε, θ)

)
q̃jk + bjk(t, ε, θ)

+ µ2
∞∑
s=1

(s ̸=j, s≠k)

bjs(t, ε, θ)q̃sk − µ4q̃jk

∞∑
s=1
(s ̸=k)

bks(t, ε, θ)q̃sk, j, k = 1, 2, . . . ; j ̸= k. (11)

In the system (11) index k is fixed, then for any k = 1, 2, . . . system (11) is the separate
countable system of the differential equations for q̃1k, q̃2k, . . . , q̃k−1,k, q̃k+1,k, . . . . It is not difficult
to see that vector-form of such system has a kind (5). Then we can prove the validity of the next
theorem.

Theorem. Let for the system (1) hold (2), and for all k = 1, 2, . . . the system (11) satisfy all
the conditions of Lemma 3. Then there exist µ3 ∈ (0, µ0), ε3(µ) ∈ (0, ε0) such that ∀µ ∈ (0, µ3),
ε ∈ (0, ε3(µ)) there exists the transformation of kind (3), where Q(t, ε, θ, µ) ∈ F2(m − 1; ε3(µ); θ),
which leads the system (1) to kind (4), where the elements of diagonal matrix D(t, ε, θ, µ) ∈
F2(m− 1; ε3(µ); θ) are defined by formulas (10).


