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Let I C R be an interval non-degenerate in the point, by = sup I and

Ip=1\{b}.

Consider the linear system of impulsive equations with fixed points of impulses actions

Z—f = P(t)z +q(t) for a.a. t € I\ {n};LT, (1)
z(n+) —z(n—)=Gz(n)+a (1=1,2,...), (2)

where P € Lipe(Io, R, q € Lipe(Io,R"), Gy e R™™ (1=1,2,...), g €eR* (1=1,2,...), 7 € I
(l: 1,2,...), Ti #Tj lfl%], and lim Tl :bo.
=400
Let H = diag(hq,...,hy) : lo = R™ "™ be a diagonal matrix-functions with continuous diagonal
elements hy, : o —]0,4+o00[ (k=1,...,n).
We consider the problem of the well-posedness of solution x : Iy — R™ of the system (1), (2),
satisfying the modified Cauchy condition

lim (H~(t)z(t)) = 0. (3)

t—bg

Along with the system (1), (2) consider the perturbed singular system

% — B(t)a +G(t) for aa. t €I\ {n}>, (4)
w(n+) —z(n—) = Gun) +a (1=1,2,...), (5)

where P € Lioo(Io, R™ "), § € Lipe(Io, R™), G € R™" (1=1,2,...), G €R" (1=1,2,...).

In the paper, we investigate the question when the unique solvability of the problem (1), (2); (3)
guarantees the unique solvability of the problem (4),(5); (3) and also nearness of its solutions in
the definite sense if matrix-functions P and P, G; and G; (I = 1,2,...), and vector-functions g and
gand g; and g; (I =1,2,...) are accordingly close to each other.

The analogous problem for systems (1) of ordinary differential equations with singularities are
investigated in [2—4].

The singularity of system (1) is considered in the sense that the matrix P and vector g functions,
in general, are not integrable at the point b. In general, the solution of the problem (1), (2);(3)
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is not continuous at the point b and, therefore, it is not a solution in the classical sense. But its
restriction on every interval from Iy is a solution of the system (1), (2). In connection with this we
give the example from [4].

Let & > 0 and € €0, «[. Then the problem

‘Cllit“" = =S et lim(ta(t) = 0
has the unique solution z(t) = [¢|*~“ sgnt. This function is not solution of the equation on the set
I =R, but its restrictions on | — 0o, 0[ and ]0, +o0[ are solutions of that.

We give sufficient conditions guaranteeing the well-posedness of the problem (1), (2);(3). The
analogous results belong to I. Kiguradze [3,4] for the modified Cauchy problem for systems of
ordinary differential equations with singularities.

Some boundary value problems for linear impulsive systems with singularities are investigated
in [1] (see, also references therein).

In the paper, the use will be made of the following notation and definitions.

N is the set of all natural numbers.

R =] — 00, 4+00[, Ry = [0,+00], [a,b] and |a,b] (a,b € R) are, respectively, closed and open
intervals.
n
R™*™ is the space of all real nxm matrices X = (x”)?’f;l with the norm || X[ = max ) |z
’ J=L...m ;-1

If X = (25); 52, € R™™, then |X| = (|z]); /2,

RY™ = {(zy) 72y s w5 >0(=1,...,n; j=1,...,m)}.

R™ = R"*! is the space of all real column n-vectors z = (z;)"_;.

If X € R™" then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

X(t—) and X(t+) are, respectively, the left and the right limits of the matrix-function X :
[a,b] — R™ ™ at the point t.

6([a,b],D), where D C R"™ ™, is the set of all absolutely continuous matrix-functions X :
[a,b] — D.

Cloe(Ip \ {n}, D) is the set of all matrix-functions X : I;, — D whose restrictions to an
arbitrary closed interval [a,b] from I \ {7};"% belong to C(la,b], D).

L([a,b]; D) is the set of all integrable matrix-functions X : [a,b] — D.

Lioe(Io; D) is the set of all matrix-functions X : Iy — D whose restrictions to an arbitrary
closed interval [a, b] from Iy belong to L(]a,b], D).

A vector-function z € Cpoe(Ip \ {n};1°7,R") is said to be a solution of the system (1), (2) if

2'(t) = P(t)z(t) + q(t) for a.a. t € Ly \ {n};-F

and there exist one-sided limits z(m;—) and z(n+) (I =1,2,...) such that the equalities (2) hold.
We assume that
det(l, +G;) #0 (I=1,2,...).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corre-
sponding nonsingular systems, i.e. for the case when P € Lj,.(I,R"*™) and q € Lj,.(I,R™).
Let Ny = {l eEN: t<n< b} and 10(5) = [bo — 9, bo[ﬂ]o for every § > 0.



International Workshop QUALITDE — 2018, December 1 — 3, 2018, Tbilisi, Georgia 9

Definition. The problem (1), (2);(3) is said to be H-well-posed if it has the unique solution x and
for every e > 0 there exists n > 0 such that the problem (4), (5); (3) has the unique solution z and
the estimate

|H(t)(x(t) —2(t))|| <& for teT

holds for every P € Lioe(Io, R"™"), § € Lipe(Io,R"), G € R™™ (1=1,2,...), G € R (1=1,2,...)
such that det(l, + G;) #0 (I =1,2,...),

.
H/H_l(s)US(S) — P(s)|H(s)ds|| + H S H (m)|Gy —Gl|H(n)H <1 for t € Iy(6)
t

H/H s)la(s) —q(s)|ds

Let Py € Lipe(L1y, R™*™) and Go; € R™™ "™ (I =1,2,...). Then a matrix-function Cy : Iy x Iy —
R™ ™ is said to be the Cauchy matrix of the homogeneous impulsive system

and

+H Z HY(7)[3 — g H < for t € Iy(d).

X = R, (6)
z(n+) —z(n—) = Guz(n) (1=1,2,...), (7)

if, for every interval J C Iy and 7 € J, the restriction of Cy(-,7) : [y — R™ ™ on J is the
fundamental matrix of the system (6), (7) satisfying the condition Cy(7,7) = I,,. Therefore, Cj is
the Cauchy matrix of (6), (7) if and only if the restriction of Cy on J x J, for every interval J C I,
is the Cauchy matrix of the system in the sense of definition given in [5].

Theorem. Let there exist a matriz-function Py € Lioe(Iy,, R™*™) and constant matrices Gy € R™"*"
(1=1,2,...) and By, B € R*" such that

det(Iy + Go) 20 (1=1,2,...),

and the estimates
ICo(t,7)| < H(t)BoH Y1) for b—d<t<7<b, 7#7 (1=12,...),
|Co(t,)Go(In + Go) | S H{t)BoH ' (1) for b—6<t<m<b (I=1,2,...)
and

b—

[ 1Cote.m @) - Ao ) dr

t

+ Z ’Co t, )G (I + Go) 1‘ |G — Gu|H (1)) < H(t)B for t € Ip(9)
leNo

hold for some 6 > 0, where Cy is the Cauchy matriz of the system (5), (6). Let, moreover,

1m(H/H IColt, ™)l la(r)| dr

t—b

+H S HY(7)|Colt, m)GoIn + Gar) 1||gz|H> =0.
1eNo

Then the problem (1), (2);(3) is H-well-posed.
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