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Abstract

We consider an initial value problem (IVP) for a nonlinear system of non-instantaneous
impulsive differential equations with state dependent delay (NIDDE) and Ulam-type stability
is studied.

1 Statement of the problem

Let the points t;,s; € [0,T]: 5o =0, tp11 =T,0 < t; < 8; < tiy1,1=1,2,...,k be given. Consider
the space PCy = C([—r,0], E) endowed with the norm ||y||pc, = sup {||ly(¢)||g: y € PCo}; here

te[—r,0]
FE is a Banach space.
The intervals (s;, ti+1), @ =0,1,2,...,k will be the intervals on which the fractional differential
equation will be given and the intervals (¢;,s;), 7 = 1,2, ...,k will be called impulsive intervals and

on these intervals impulsive conditions are given.
Consider the IVP for the NIDDE

x'(t) = f(t,:(}p(t’xt)) for t € <8i,ti+1], 1=0,1,2,...,k,

l’(t) = gi(t, l‘(ti)), t e (ti, Si], i=1,2,...,k, (1.1)

z(t) = ¢(t) for t € [—r0],
where the functions f : [0,T]|x PCy — E; p: [0,T|x PCy — [0,T], ¢ : [-7,0] = E; g; : [ti,si| x E —
E,i=1,2,...,k. Here for any t € [0,T] the notation z:(s) = xz(t + s), s € [—r,0] is used, i.e. x¢
represents the history of the state x(t) from time ¢t — r up to the present time t. Note that for any

t € [0,T] we let yy0,)(s) = z(p(t,z(t + 5)) +5), s € [-r,0], i.e. the function p determines the
state-dependent delay.
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Remark 1.1. Note in the special case p(t,z) = t problem (1.1) reduces to an IVP for a delay
non-instantaneous impulsive differential equation.

Let PC be the Banach space of all functions y : [-r,7] — E which are continuous on [0, 7]
except for the points ¢; € (0,7 at which y(t;4) = grtn y(t) and y(t;—) = y(t;) = ltITItH y(t) exist and
it is endowed with the norm |ly|[pc = sup {|ly(t)|lz: v € PC}.

te[—r,T]
We consider the assumptions:

k
A1l. The function f € C( U [si, tit1] X E, E).

=0
A2. The function ¢ € PCy.

k k
A3. The function p € C( U [si tiv1] x E,[0,T]) is such that for any ¢ € | [s;,ti+1] and any
i=0 =0
function u € PCj the inequality p(t,u) < ¢ holds.

A4. The functions g; € C([t;,s;] x E,E),i=1,2,...,k.

Definition 1.1. The function x € PC is a solution of the IVP (1.1) iff it satisfies the following
integral-algebraic equation

(qb(t)? te [—7", O]a
t
¢(0) + /f(37xp(s,xs)) ds, te (Ovtl}a
— 0
l’(t) B gi(t,x(ti)), t e (ti,si}, 1= 1,2,...,]{7, (1 2)
t
gl(sl)x(tl)) + / f(‘S?xp(S,xs)) dS, te (Si7ti+1]7 1= 1) 2) ceey k.

S

2 Ulam types stability

k
Let € > 0, ¥ > 0 and ® € C( U [si,ti41],[0,00)) be nondecreasing. We consider the following
i=1
inequalities:
Hy,(t) - f(tayp(t,yt))HE <e for te (SivtiJrl]a i=0,1,2,... K, (2 1)
Hy(t) - gl(tay(t’t))HE <e te (tl’ Si]7 i=1,2,...k,
and . '
Hy (t) B f(t’yp(tyyt))HE < q)(t) for ¢ € (8i7ti+1]7 L= Oa 17 27 AR k:a (2 2)
y(@) = gilt,y(t)|| g < ¥, te (tisd, i=1,2,....k,
and , .
Hy (t) — f(t,yp(t,yt))HE <ed(t) for t € (siytiy1], 1 =0,1,2,... k, 2.3)

(@) — gi(t,y(t:)||p < ¥, te (tisd, i=12,... k.

The inequalities (2.1)—(2.3) have connections with the definitions of Ulam-Hyers stability,
Ulam—Hyers—Rassias stability with respect to ®, ¥ and generalized Ulam—Hyers—Rassias stabil-
ity, respectively (for detailed definitions see, for example [2]).

Lemma 2.1. Let assumptions Al, A3, A4 be satisfied.
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- If y € PC is a solution of inequalities (2.1), then it satisfies the following integral-algebraic
inequalities

wa—wm—/}@wm%nw

Hy gl(t y HE’ te(tiasi]a i:172,"'7k7

H gz Siy Y 1 /f Sy Yp(s,ys) ds
E

- If y € PC is a solution of inequalities (2.2), then it satisfies the following integral-algebraic

inequalities
¢ ¢
—/f(s,yp(&ys))ds < /(I)(S) ds, t € (0,t1],
E
0

lly(t) — gi(t, y(t: HE<\I' te(ts), i=12...k
t

y(t) — gilsi y(t) ‘/VSWW)MS <W+/@)%,t€@MHLi=L%~%-

Si Si

< 5t7 te (Oa tl]a
E

<e+e(t—si), te(sitit], k=1,2,... k.

Remark 2.1. We have a similar result for the inequality (2.3).

Next we discuss the existence of the solution of (1.1), given by Definition 1.1, using the Banach
contraction principle.

Theorem 2.1 (Ezxistence result). Let the following conditions be satisfied:

k
1. Assumption Al is satisfied and there exists a constant Ly > 0 such that for anyt € U [$iytit1)
=1

and any functions u,v € PC the inequality

Hf(t7up(t,ut)) - f( Vp(t,v1) HE < LfHU (t,ue) vp(t,vt)HPCO
holds.

2. Assumption A4 is satisfied and there exist constants Ly, >0, ¢ =1,2,...,k, such that

|’gi(t7m)_gi(tvy)HESLQin_y”E7 tE[ti,Si], Jf,yGE, i:1727"‘7k'

3. Assumptions A2, A3 are satisfied.

4. The inequality v = max kngi +nLy <1 holds, where n = max{t;y1 — s;, i1 =0,1,...,k}.
1=1,2,...,

Then the initial value problem (1.1) has a unique solution x € PC as defined in Definition 1.1.

Theorem 2.2 (Stability results). Let the conditions of Theorem 2.1 be satisfied.
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(i) Assume for any € > 0 inequality (2.1) has at least one solution y. € PC. Then problem (1.1)
is Ulam—Hyers stable, i.e.

[2(t) =y < crg.e, T €[0,T]

with
k-1 j—1 ‘ k
= te o0 S (I ot (T
j=1 m=0 j=1

where x is the solution of (1.1).
k
(ii) Suppose there exist constants ¥ >0, Ag > 0 and a function ® € C( U [si, tit1], [0, oo)) such
i=1

t
that for any t € [s;,tix1], i = 0,1,2,...,k inequality [ ®(s)ds < Ae®(t) holds and for any

si
e > 0 inequality (2.3) has at least one solution y.(t) € PC. Then problem (1.1) is generalized
Ulam—Hyers—Rassias stable with respect to ®, .

k
(iii) Assume there exist constants ¥ > 0, Ap > 0 and a function ® € C( | [si, tit1],[0,00)) such
i=1

t

that for any t € [s;,tiz1], 1 =0,1,2,...,k inequality [ ®(s)ds < Ae®P(t) holds and inequality
si

(2.2) has at least one solution y € PC. Then problem (1.1) is Ulam—Hyers—Rassias stable

with respect to @, U, i.e. ||z(t) —y(t)|e < cpq, (¥ + D(2)), t € [0,T] with

k

i—1
C=max{ldo}. egg =0 (14 3 T] (o)

i=1 m=0
where x is the solution of (1.1).

Remark 2.2. Ulam stability properties of ordinary differential equations were studied in [2], for
impulsive differential equations without any type of delays see [3] and for impulsive differential
equations with variable delays see [4].
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