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Let t1 > tg and 02 > 61 > 0 be given numbers with tg + 05 < t1; let O C R™ and U C R" be
open and compact sets. Let us consider the function F(t,z,y,u) = (f°, f), (t,z,y,u) € [ x 0> xU
satisfying the standard conditions: for almost all fixed t € I = [to,?1] the function F(¢, -) :
0? x U — R is continuous in (z,y,u) € O? x U and continuously differentiable in (z,y) € O?;
for each fixed (z,y,u) € O? x U the functions F(¢,z,y,u), Fy(t, -) and Fy(t, -) are measurable on
I; for any compact set K C O there exists a function mg(t) € L1(I,R;), Ry = [0,00) such that

[E(t, g, w)| + [Fo(E, )]+ [Fy(ts )| < mic(t)

for all (z,y,u) € K? x U and for almost all ¢ € I.

Furthermore, by €2 we denote the set of measurable control functions v : I — U; the initial
function ¢ (t) € C(I1,0), where I} = [T,t1], T = top — 02; the initial vector xo9 € O, the function
q0(7,$) € C(IQ X O,R), where I, = [91,02].

To each element w = (7,u(t)) € W = I x  we set in correspondence the controlled delay
functional differential equation

i(t) = f(t,z(t),z(t — 7),u(t)) (1)
with the initial condition
z(t) = po(t), t€[T,t0), x(to) = oo (2)

Definition 1. Let w = (7, u(t)) € W. A function z(t) = z(t;w) € O, t € [T, 1], is called a solution
of the equation (1) with the initial condition (2) or a solution corresponding to the element w and
defined on the interval [7,t;] if it satisfies the condition (2) and is absolutely continuous on the
interval [tg, t1] and satisfies the equation (1) almost everywhere on [tg,¢1].

By Wy we denote the set of all w € W elements for which there exist solutions x(¢;w) defined
on the interval I. In the sequel it is assumed that Wy # @.

Definition 2. An element wy = (70, up(t)) € Wy is said to be optimal or a solution of the problem
(1)=(3) if for an arbitrary element w € Wy the inequality

J(wo) = ¢*(ro, zo(tr)) + / £t 2o(t), 2ot — 7o), uo(t)) dt

t1
< J(w) = (1, 2(t1)) + /fo(t, z(t),z(t — 7),u(t)) dt (3)

holds, where z((t) = z(t;wo), z(t) = x(t; w).
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The problem (1)—(3) is called the optimization problem of delay parameter.
Theorem 1. There exists an optimal element wy if the following conditions hold:

1.1 there exists a compact set Ko C O such that for an arbitrary w € Wy

z(t;w) € Ko, te€;
1.2 the set

Ppt,z,y) ={®",p)" e R™: JueU, p° > fOt,2,y,u), p= f(t,z,y,u)}
is convex for all fized (t,x,y) € I x K3.

Remark 1. Let U be the convex set. Let f(¢,z,y,u) = A(t,z,y) + B(t, z,y)u and let the function
fO(t,z,y,u) be convex in u € U, then the condition 1.2 of the Theorem 1 holds.

Theorem 2. Let the conditions 1.1 and 1.2 of Theorem 1 hold. Then for every e > 0 there exists
§ = 8(g) > 0 such that for every (wos, ps, s, Gs), where xo5 € O, @5 € C(I1,0), ¢§ € C(I x O,R),
Gs = (99, 9s5) satisfying the condition

|00 — @os| + llpo — @sll + la° = a§ | + G5, <6,
there exists a solution ws = (75,us(t)) of the perturbed optimal problem

() = f(t 2(t), 2(t — 7),u(t) + g5 (t, (t), 2(t — 7)),

z(t) = ps(t), t€[T,t0), x(to) = Tos,

J(w;d) = qg(T,x(tl)) +/ {fo (t,$(t),x(t — T),u(t)) + gg (t, x(t), x(t — T))] dt — min

to

and |J(wo) — J(ws; )| < €. Here, the functions Gs(t,z,y) satisfy the standard conditions on the
set I x O? and

/sup{\G(;(t,:r:,y)] + |Gz (t, )|+ |Gsy(t, -)| = (x,y) € K12} dt < const,
T

where K1 C O is a compact set containing a neighborhood of Koy;

0
Gsp = 2 Gs, llpo — @5l =sup {|po(t) — ws(t)] : t € I1},

lao = asll = sup {lao(7. 2) = as(r.2)| = (r.2) € o x K1 .

52
1Gsllx;, = SHP{‘ /G(;(t?x)y) dt' : (s1,80,7,y) € I x K%}

Theorem 3. Let the conditions 1.1 and 1.2 of Theorem 1 hold. Then for every € > 0 there exists
§ = 8(g) > 0 such that for every (zos, 5,43, Gs), where xo5 € O, @5 € C(I1,0), ¢ € C(Ix x O,R),
Gs(t,x,y,u) = (92, 9s5) satisfying the conditions

|00 — o] + llvo — sl + lla® — a5l + |Gl < 6
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and the set Ppyq,(t,z,y) is convex, there exists a solution ws = (75, us(t)) of the perturbed optimal

problem
i(t) = f(t,x(t),z(t —7),ut)) + gs(t, (1), z(t — 7),u(t)),
z(t) = @s(t), t€[7,to), x(to) = zos,
J(w;6) = ¢)(r, x(t1)) + / [fo(t,:c(t),:c(t —7),u(t)) + g9 (t, x(t), z(t — T),u(t))} dt — min

and |J(wo) — J(ws; 0)| < €. Here, the functions Gs(t,z,y,u) satisfy the standard conditions on the
set I x O? x U and

[0 {[Gaut. .00l + (Gt )]+ (@) € K x U dt < consty
I

IGsll1 = /sup{]G(;(t,a:,y, w)|: (z,y,u) € K12 X U} dt.
T

Theorem 4. Let wy = (70, uo(t)), 0 € (01,02), be an optimal element and the following conditions
hold:

4.1 the initial function po(t) is absolutely continuous and po(t) is bounded;
4.2 the function F(t,x,y,uo(t)), (t,z,y) € I x O? is bounded;

4.3 there exist the finite limit

lim  [F(on,uo(t)) — Flv2,uo(t)] = Fo = (f8. fo)",

(v1,v2)—(v10,v20)

where v1,v2 € I x O?,
vio = (to + 70, zo(to + 70), Z0), 20 = (to + 70, Zo(to + 70), ¢o(to)).

Then the following conditions hold:

4.4 the condition for the optimal delay parameter 1y

— 2 aolr, zoft)) = ~fS + B0 + ) fo

to+7o

+ / { = £t +70) + () fy [t + 7o) }o(t — o) dt

[ L= Al el + e ORl+ ool — ) s

to+7o
4.5 the condition for the optimal control uy(t)

— fO(t, mo(t), zo(t — 70), u0(t)) + () f(t, zo(t), zo(t — 7o), uo(t))

Z%%[—ﬂ@mﬁxmu—m%m+¢@ﬁ@ﬂﬁ%m@—m%@.
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Here 9(t) is the solution of the equation

P(t) = fIt] — () fo[t] + x(t + 70) { fo[t + 70] — (t + 7o) fylt + 7]}, t € [to, 1]

with the initial condition

¥(t1) = —q5 (70, z0(t1));
F2ltl = £t mo(t), zo(t — 70), uo(t)).

Some comments. The theorems of existence and sensitivity of the functional minimum for optimal
problems involving various functional differential equations with fixed delay are given in [1-3].
Theorems 1-3 and Theorem 4 are proved by the scheme given in [3] and [4], respectively.
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