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Let
G(ε0) =

{
t, ε : 0 < ε < ε0, −Lε−1 ≤ t ≤ Lε−1, 0 < L < +∞

}
.

Definition 1. We say that a function p(t, ε) belongs to the class S(m; ε0) (m ∈ N ∪ {0}) if

• p : G(ε0) → C;

• p(t, ε) ∈ Cm(G(ε0)) with respect to t;

• dkp(t, ε)/dtk = εkp∗k(t, ε) (0 ≤ k ≤ m),

∥p∥S(m;ε0)
def
=

m∑
k=0

sup
G(ε0)

|p∗k(t, ε)| < +∞.

Under a slowly varying function we mean a function of class S(m; ε0).

Definition 2. We say that a function f(t, ε, θ(t, ε)) belongs to the class F (m; ε0; θ) (m ∈ N∪{0})
if this function can be represented as

f(t, ε, θ(t, ε)) =
∞∑

n=−∞
fn(t, ε) exp(in θ(t, ε)),

and

• fn(t, ε) ∈ S(m; ε0);

•
∥f∥F (m;ε0;θ)

def
=

∞∑
n=−∞

∥fn∥S(m;ε0) < +∞,

• θ(t, ε) =
t∫
0

φ(τ, ε) dτ , φ(t, ε) ∈ R+, φ(t, ε) ∈ S(m; ε0), inf
G(ε0)

φ(t, ε) = φ0 > 0.

We consider the next system of differential equations

dxj
dt

= λj(t, ε)xj + µ

N∑
k=1

pjk(t, ε, θ)xk, j = 1, N, (1)

where λj(t, ε) ∈ S(m; ε0), pjk(t, ε, θ) ∈ F (m; ε0; θ) (j, k = 1, N), µ ∈ (0, µ0) ⊂ R+.
We study the problem about the structure of fundamental system of solutions xjk(t, ε, µ) (j, k =

1, N) of system (1).
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Lemma 1. Let the function

f(t, ε, θ(t, ε)) =

∞∑
n=−∞
(n̸=0)

fn(t, ε) exp(in θ(t, ε))

belong to the class F (m− 1; ε0; θ). Then the function

x(t, ε, θ(t, ε)) = ε

t∫
0

f(τ, ε, θ(τ, ε)) dτ

belongs to the class F (m − 1; ε0; θ) also, and there exists K1 ∈ (0,+∞), that does not depend on
the function f such that

∥x(t, ε, θ)∥F (m−1;ε0;θ) ≤ K1∥f(t, ε, θ)∥F (m−1;ε0;θ).

Lemma 2. Let we have the linear nonhomogeneous first-order differential equation:

dx

dt
= λ(t, ε)x+ εu(t, ε, θ(t, ε)), (2)

where λ(t, ε) ∈ S(m; ε0), u(t, ε, θ) ∈ F (m − 1; ε0; θ). Let the condition |Reλ(t, ε)| ≥ γ0 > 0 hold.
Then equation (2) has a particularly solution x(t, ε, θ(t, ε)) ∈ F (m − 1; ε0; θ), and there exists
K2 ∈ (0,+∞), that does not depend on the function u(t, ε, θ) such that

∥x(t, ε, θ)∥F (m−1;ε0;θ) ≤
K2

γ0
∥u(t, ε, θ)∥F (m−1;ε0;θ). (3)

Lemma 3. Let the system (1) be such that∣∣Re(λj(t, ε)− λk(t, ε))
∣∣ ≥ γ1 > 0 (j ̸= k). (4)

Then there exists µ1 ∈ (0, µ0) such that for all µ ∈ (0, µ1) there exists the Lyapunov’s transformation
of kind

xj = yj + µ
N∑
k=1

ψjk(t, ε, θ, µ)yk, j = 1, N, (5)

where ψjk ∈ F (m− 1; ε0; θ), reducing the system (1) to

dyj
dt

=
(
λj(t, ε) + µuj(t, ε, µ)

)
yj + µε

N∑
k=1

vjk(t, ε, θ, µ)yk, j = 1, N, (6)

where uj ∈ S(m; ε0), vjk ∈ F (m− 1; ε0; θ) (j, k = 1, N).

Lemma 4. Let the condition (4) hold. Then there exists µ2 ∈ (0, µ1) (µi are defined in Lemma 3)
such that for all µ ∈ (0, µ2) there exists the Lyapunov’s transformation of kind

yj = zj + µ

N∑
k=1

qjk(t, ε, θ, µ)zk, j = 1, N, (7)

where qjk ∈ F (m− 1; ε0; θ), reducing the system (6) to the pure diagonal form

dzj
dt

= dj(t, ε, θ, µ)zj , j = 1, N, (8)
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where

dj = λj(t, ε) + µuj(t, ε, µ) + µεvjj(t, ε, θ, µ) + µε
N∑
k=1
(k ̸=j)

vjk(t, ε, θ, µ)qkj(t, ε, θ, µ), j = 1, N. (9)

Theorem. Let for the system (1) the condition (4) holds. Then there exists µ3 ∈ (0, µ0) such that
for all µ ∈ (0, µ3) the system (3) has a fundamental system of solutions of kind:

xjk = rjk(t, ε, θ, µ) exp

( t∫
0

σj(s, ε, µ) ds

)
, j, k = 1, N (10)

j – the number of solution, k – the number of component, where rjk(t, ε, θ, µ) ∈ F (m − 1; ε0; θ),
σj(t, ε, µ) ∈ S(m− 1; ε0).

Proof. The fundamental system of solutions (FSS) of the system (8) has a kind:

zjk = δkj exp

( t∫
0

dj(s, ε, θ(s, ε), µ) ds

)
, j, k = 1, N

j – the number of solution, k – the number of component, δkj – the symbol of Kronecker. By virtue
(7) FSS of system (6) has a kind:

yjk = q̃jk(t, ε, θ, µ) exp

( t∫
0

dj(s, ε, θ(s, ε), µ) ds

)
, k = 1, N,

where q̃jk = δkj + (1 − δkj )µqjk (j – the number of solution, k – the number of component). By
virtue (5) FSS of system (1) has a kind:

xjk =
( N∑

l=1

ψ̃kl(t, ε, θ, µ)q̃lj(t, ε, θ, µ)
)
exp

( t∫
0

dj(s, ε, θ(s, ε), µ) ds

)
, j, k = 1, N, (11)

where ψ̃jk = δkj + µψjk(ψjk are defined in Lemma 3).
Consider

t∫
0

dj(s, ε, θ(s, ε), µ) ds =

t∫
0

(
λj(s, ε) + µj(s, ε, µ)

)
ds+ µε

t∫
0

wj(s, ε, θ(s, ε), µ) ds,

where wj = vjj +
N∑
k=1

ψjkqkj ∈ F (m− 1; ε0; θ). We represent the functions wj as wj = w∗
j (t, ε, µ) +

w̃j(t, ε, θ, µ), where

w∗
j (t, ε, µ) = wj(t, ε, θ, µ) =

1

2π

2π∫
0

wj(t, ε, θ, µ) dθ ∈ S(m− 1; ε0).
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Accordingly, w̃j ∈ F (m− 1; ε0; θ), and w̃j(t, ε, θ, µ) ≡ 0. Then

exp

( t∫
0

dj(s, ε, θ(s, ε), µ) ds

)

= exp

( t∫
0

(
λj(s, ε) + µuj(s, ε, µ) + µεw∗

j (s, ε, µ)
))

exp

(
µε

t∫
0

w̃j(s, ε, θ(s, ε), µ) ds

)
. (12)

By virtue Lemma 1, we conclude

ε

t∫
0

w̃j(s, ε, θ(s, ε), µ) ds ∈ F (m− 1; ε0; θ) (j = 1, N).

It follows by virtue of the properties of functions from class F (m; ε0; θ) that

gj(t, ε, θ, µ) = exp

(
µε

t∫
0

w̃j(s, ε, θ(s, ε), µ) ds

)
∈ F (m− 1; ε0; θ) (j = 1, N). (13)

By virtue of (11)–(13) we obtain the statement of the theorem.

Obviously, the formula (10) is an analogue of Floquet’s–Lyapunov’s theorem for the systems of
kind (1).


