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Let O C R™ and Uy C R" be open sets. Let 65 > 01 > 0 be given numbers and n-dimensional
function f(t,z,y,u) satisfy the following conditions: for almost all fixed ¢ € I = [a, b] the function
f(t, -): O? x Uy — R™ is continuously differentiable; for each fixed (z,y,u) € O? x Uy the functions
ft,z,y,u), f(t, ), fy(t, -) and fu(t, -) are measurable on I; for compact sets K C O and U C Uy
there exists a function mg 7 (t) € Li(1, [0, 00)) such that

|f(t7$7y7u)| + ‘fx(tv )| + |fy(t’ ) + |fu(ta )| < mK,U(t)

for all (z,y,u) € K? x U and for almost all ¢+ € I. Furthermore, ® is the set of continuous initial
functions ¢ : Iy = [7,b] = O, T = a — 03 and (2 is the set of measurable control functions u : I — U
with clu(I) is a compact set and clu(l) C U.

To each element p = (to, 7, o, ¢(t), u(t)) € A = [a,b) x [01,02] x O x ® x Q we assign the delay
controlled functional differential equation

z(t) = f(t,x(t),m(t—T),u(t)) (1)
with the discontinuous initial condition
z(t) = ¢(t), te[r to), =x(to) = o (2)
Condition (2) is said to be the discontinuous initial condition because, in general, z(to) # ¢(to).

Definition. Let pu = (to, 7, o, p(t),u(t)) € A. A function z(t) = x(t; u) € O, t € [T, t1], t1 € (to, b]
is called a solution of equation (1) with the initial condition (2) or the solution corresponding to
w1 and defined on the interval [7, 1] if it satisfies condition (2) and is absolutely continuous on the
interval [to, 1] and satisfies equation (1) almost everywhere on [tg, t1].

Let us introduce the set of variation:

V= = (0?0, 0T, 00, ,ou) @ otg| < o, |0T| < @, [0z < @
{81 = (3to, 67,820, 80, 0u) : 8to| < a, |67] < a, |6z
k k
(S(p:Z/\i&pi, 6u:2/\i5ui, |AZ‘ S «, i:ﬁ},

i=1 =1

where dp; € ® — g, du; € Q —ug, i = 1, k. Here ¢g € ®,ug € Q are fixed functions and a > 0 is a
fixed number.

Let 1o = (too, 70, 00, po(t), uo(t)) € A be a fixed element, where ty,t10 € (a,b), too < t10 and
To € (61,602). Let xo(t) be the solution corresponding to pg. There exist numbers §; > 0 and 1 > 0
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such that for arbitrary (¢,0u) € (0,e1) x V, we have po + edp € A, and the solution x(¢; o + €dp)
defined on the interval [T, t19 + d1] C I; corresponds to it (see, [2, Theorem 1.4]).

By the uniqueness, the solution x(¢; 9) is a continuation of the solution xy(¢) on the interval
[T,t10 + 01]. Therefore, we can assume that the solution z((t¢) is defined on the whole interval
[T,t10 + 01]. Now we introduce the increment of the solution xo(t) = x(¢; o) :

Az(t;edp) = x(t; po +edp) — xo(t), (t,e,0pm) € [T,t10 + 1] x (0,e1) x V.
Theorem 1. Let the following conditions hold:
1) too + 70 < t10;

2) the function po(t) is absolutely continuous and po(t),t € I is bounded;

w

)
)
) the function f(w,u), where w = (t,z,y) € I x O? is bounded on I x O? x Uy;
4)

there exists the finite limit

lim f(w,u(t)) = f~, w € (a,to0] x O,

w—rwo

where wo = (too, o(too), vo(too — 70))-

5) there exist the finite limits

lim [ un(t) — fwnun(t)] = i, wiw € (a,b) x 07,

(wl 7w2)4)(w? 7wg)

where
w? = (t00, zo(too + 70), Z00), wS = (200, zo(too + 70), wo(too))-

Then there exist numbers 9 € (0,£1) and d2 € (0,01) with t1g — d2 > too + 70 such that for arbitrary
(t,e,0p) € [tio — 02,t10 + 2] X (0,2) X V=, where V=~ = {du € V : 6ty < 0}, we have

Ax(t;edp) = edx(t; o) + o(t; edpu). (3)
Here

dx(t; 0p) = =Y (toos t) f~ ot + B(t; 0p), (4)
t

B(t;0p) =Y (too; t)dxo—Y (too + 7o5t) f16t0— [Y(too + 705t) f1 +/Y(5;t)fy[€]j?0(§—70) dé|oT

t t o
+ / Y (€ + 05 ), € + o]0 (€) dé + / Y (€:0) fuld)ou(e) de,
too—T0 too

where it is assumed that

t too+70 t
/Y(g; t) fyl€lEo(€ — m0) d€ = / Y (&) fyl€leo(§ — 70) dE + / Y (&) fylylo(§ — m0) d€.
too too too+70

Nezxt, Y (&;t) is the n X n-matriz function satisfying the equation

Ye(&t) = =Y (& 8) fo8] = Y (E+70:) fyl€ + 70l € € [too, t]
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and the condition
H for £ =t,

Y&t = {@ for & >t,
H is the identity matriz and © is the zero matriz; fy, = a% Iy fylé] = fy(& x0(§), z0(€ —T10), uo(§)).

Some comments. The expression (3) is called the variation formula of a solution.

The addend —Y (tgo;t)f~dto — Y (too + 70;t) f10to in the formula (4) is the effect of the discon-
tinuous initial condition (2) and perturbation of the initial moment tgg.

The addend

t
- [Y(too )i+ / Y (&) fur [Elio(€ — o) de]| o7
too

in formula (4) is the effect of the discontinuous initial condition (2) and perturbation of the delay
parameter 7.

The expression
t

Y (to0: )50 + / Y (€ 1 700 1) fn € + TolSep(€) de

too—70
in formula (4) is the effect of perturbations of the initial vector zgp and the initial function ¢o(t).
The expression

[ visonigsue e

is the effect of perturbation of the control function ug(¢). Finally, we note that in [4] variation
formulas of solutions were proved for equation (1) with the discontinuous initial condition (2) in
the case when the initial moment and delay variations have the same signs. In the present paper
variation formulas of solutions are obtained with respect to wide classes of variations (see, V'~
and V). The variation formulas of solutions for various classes of controlled delay functional
differential equations, without perturbations of delay, are proved in [1,3].

Theorem 2. Let the conditions 1)-3) and 5) of Theorem 1 hold. Moreover, there exists the finite
limat
lim f(w,up(t)) = fT, w € [too,b) x O

w—w
Then there exist numbers eo € (0,e1) and d2 € (0,01), with t1g— 02 > too+ 7o such that for arbitrary
(t,e,0p) € [tio — da2,t10 + 2] X (0,82) X V', where V't = {6 € V : 5ty > 0}, formula (4) holds,
where
x(t;6p) = =Y (too; ) f Fto + B(t; Op).

Theorem 3. Let the conditions 1)-5) of Theorem 1 and the condition 6) hold. Moreover, f~ =
ft = f. Then there exist numbers e5 € (0,e1) and d2 € (0,81), with tig — d3 > too + 7o such that
for arbitrary (t,e,dp) € [tio — d2,t10 + 02] X (0,e2) X V', formula (4) holds, where

§x(t;0p) = Y (too; t) fto + B(t; Ops).
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