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Consider on the interval I = [0,w] the second order linear integro differential equation

:/pts ))ds + q(t), (1)
0

and the nonlinear functional differential equation

u(t) = F(u)(t) + f(t), (2)
with the periodic type two-point boundary value conditions
u(i_l) (w) - u(i_l) (O) =G (Z = 17 2)7 (3)

where c1,c2 € R, p € Loo(I?2,R), F : C(I,R) — L(I, R) is a continuous operator, 7 : I — [ is a
measurable function, and g € L(I, R).

By a solution of problem (1), (3) we understand a function v € C’(I, R) which satisfies equation
(1) almost everywhere on I and satisfies conditions (3).

Throughout the paper we use the following notations.

R is the set of all real numbers, Ry = [0, +00[;

C(I; R) is the Banach space of continuous functions v : I — R with the norm |ullc =
max{|u(t)|: t € I};

C'(I; R) is the Banach space of functions u : I — R which are continuous together with their
first derivatives with the norm |julc = max{|u(t)| + |u/(t)| : t € T};

C’ (I; R) is the set of functions u : I — R which are absolutely continuous together with their
first derivatives;

L(I; R) is the Banach space of the Lebesgue integrable functions p : I — R with the norm

b

Iplle = J Ip(s)lds;

(I, R) is the space of essentially bounded functions p : I — R with the norm ||pll =

esssup{|p(t)| : t € I};
Loo(I?, R) is the set of such functions p : I? — R that for arbitrary y € Loo(I, R) and fixed
tel, p(t, -)y(-) € LI, R), and

w

/p s)ds € Loo(I, R);

For arbitrary p € Lo (I?, R) and measurable 7 : I — I we will use the notation:

w w 1/2
00 =2 ([ [ wte sl el asa)
0 0
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Definition 1. Let o € {—1,1}. We say that the function h € L (I%, R) belongs to the set K7, if
h(t, s) > 0 and for an arbitrary function p € Lo (12, R) such that

0 <op(t,s) < h(t,s), [ p(t,&)dE#0 for (t,s) € I,

Y~

the homogeneous problem

has no nontrivial solution.

Main results

Proposition 1. Let 0 € {—1, 1},
ts) 20, [(t.€)as#0 for (t5) € 1
0

and for almost all t € I the inequality

w w 1/2 5
/htsds+£hr</hts ) <(5)
0 0

heK7,.

hold. Then
Theorem 1. Let 0 € {—1, 1},
op(t5) 20, [p(tOAE£O for (t5) € I
0

and for almost all t € I the inequality

w

(150)/ (t,s)ds + £(p,T) </wp )1/2<(2(:)2
0

0

hold. Then problem (1), (3) is uniquely solvable.

On the basis of Proposition 1 we can prove the necessary conditions for solvability and unique
solvability of nonlinear problem (2), (3). First for arbitrary h € Lo (I%, R) and r > 0 introduce the
set Uy and the operator ¢y, -(x) : C(I, R) — L(I, R) by the equalities

O/O/hg, M\w}

Up, = {m e C'(I,R) : 2" V(w) -2 V(w)=¢ (i =1,2),
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( w

1 for [ h(t,s)x(7(s))ds > 0,
[
Ypr(z)(t)=4q0  for /h(t, s)z(7(s))ds =0,
0

-1 for /h(t, s)x(7(s))ds < 0,

0

and the class K, -(C, L) of the operators by the next definition.

Definition 2. Let p € Loo(I?,R) and 7 : I — I be measurable function, then we say that
FeK,.(CL)it F:C(I,R) — L(I, R) is continuous operator and for arbitrary r > 0

sup{ ‘O/O/h &, s) dsd§‘<r}€L(I R).

Then the next theorem is true.

Theorem 2. Let F' € K}, -(C, L), there exist numbers o € {—1,1}, rg > 0, measurable 7 : [ — I
and functions g,90 € L(I,R+), and h € KfT such that for arbitrary v € Up,, on I the next
conditions hold

n(0) < F (@) (O 0)0) < | [ 1t )a(r(6)) 5] + 10
0

if Ynzr(@)(t) # 0, and

F(z)(t) =0 if ¢p-(2)(t) = 0.
Let, moreover,

[ 10| < [l @

0 0
Then problem (2), (3) has at least one solution.

From this theorem for the equation
()= fo(t [ t.sutr(s) ds) + 700 9
0

where the function fy : I? — R is from the Carathéeodory’s class, fo(t,0) =0, p € Loo(I?, R), and
7 : 1 — I is a measurable function, it follows

Corollary 1. Let there exist numbers o € {—1,1}, ro > 0, and functions w, g, go € L(I, Ry) such
that w(t) >0, o,w,p € K7,

go(t) < fo(t,z)sgnx < w(t)|x|+ g(t) for |z| >ro, tel,

and inequality (4) holds. Then problem (5),(3) has at least one solution.
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Remark. Inequality (4) in Theorem 2 (Corollary 1) cannot be replaced by the inequality

[ 0
J

no matter how small € > 0 would be. Indeed, if F =0, f(t)=5,90=9g=0, c2 =0, and

hit, s) = (%)2 5(11, ;)i@

then instead of (4) inequality (6) holds and all other conditions of Theorem 2 (Corollary 1) are
fulfilled. Nevertheless, in that case problem (2), (3) is not solvable.

< /go(s) ds —|co| + & (6)
0

Theorem 3. Let F' € Ky, (C,L), there exist a number o € {—1,1}, a continuous functional
n: C(I,R) — Ry, measurable T : I — I, and functions hg € L(I,Ry), h € K7, such that for
arbitrary x,y € Upo on I the next conditions hold

ho(®)n(z — v) < o(F(@)(t) — Fu)(6)nr(z - ) [ s —y(r(s))) ds
0

if Yn.-(x —y)(t) # 0, and

if Ynr(x —y)(t) =0, where

ho(t) 20 for t €1, n(=) >0 if minf=(t)]} > 0.

Let, moreover, there exist a number ro > 0 such that condition (4) holds, where

go(t) = ho(t) min {77(«2) zlle > o= o }
[ h(¢,s) dsdé
0

Oo—c¢

Then problem (2), (3) is uniquely solvable.

As examples we consider the differential equations

” o(1+ |sinu(mo(t 7
u'(t) = h(t ) ds + fo(t) (7)
e

and

u'(t) = 2 + fo(t), (8)

w
where o € {-1,1}, @ € (0,1], h € K¢_, and [ fo(s)ds = 0. Then in view of Theorem 2 with
0

ro > |ca| { [ h(t, s)u(r(s)) ds‘_l (Theorem 3) problem (7), (3) (problem (8), (3)) is solvable (uniquely
0

solvable).
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