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On a Mixed Nonlinear Hyperbolic Problem
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In the plane of independent variables x and ¢, in the domain Dy : 0 < xz < [, 0 < t < T,
consider a mixed problem of finding a solution w(z,t) for semilinear wave equation of the form

utt—uz$+g(u> :f(wat)a ($7t) € Dr, (1>
satisfying the following initial
u(z,0) = p(x), w(z,0)=1v(z), 0<x<lI, (2)

and boundary value conditions
uz(0,t) = Flu(0,¢)], wu(l,t)=0, 0<t<T, (3)
where f, ¢, ¥, g and F are given, while u is unknown real functions.
Let the following conditions of smoothness
feCl(Dr), 9,F € C'(R), v €C*([0,1]), v € C'([0,1]) (4)
be fulfilled. We assume that at points (0,0) and (/,0) the following conditions of agreement

¢'(0) = F[¢(0)], ¢'(0) = F'[¢(0)][{¢"(0) — gle(0)] + f(0,0)},
() =0, »(1)=0, g¢(0)—¢"(1)=f(0)
are also fulfilled. Let

/9(51)6151 > —Mys> — My, sF(s)>—Mz VseR, (6)
0

where M; := const > 0, 1 < i < 3. When conditions (4)-(6) are fulfilled, for the solution
u € C%(Dr) of the problem (1)-(3) it is valid the following a priori estimate

lullo@yy < allfllemyy + c2llelicrqon) + eslivlicon + calglleq-ielcqon Ieleqon) T 6 (7)
with positive constants ¢; = ¢;(My, My, M3,1,T), 1 < i <5, independent on functions u, f, ¢ and

.

The problem (1)—(3) can be reduced to the system of Volterra type nonlinear integral equations,
which has a continuous solution due to a priori estimate (7), Leray—Schauder’s theorem and addi-
tional condition F'(s) # —1, s € R. In view of the conditions of smoothness (4) and agreement (5)
this solution is a classical solution of the original problem. It is proved that the solution is unique.

Remark. When the conditions (6) are violated, the problem (1)—(3) may turn out to be insolvable
even locally, or locally solvable with a blow-up solution. For example, when ¢ = 0, f = 0,
F(s) = arctans — s, s € R, and |¢'(t) +¢(t)| > 5, t € [0,1], then the problem (1)—(3) is insolvable
even locally. Besides, if |¢/(t) + 9 (t)] < § for 0 <t < top < [ and |¢'(to) + ¢ (to)] = §, then a
solution of this problem exists in [0, ), and

im e,y = oo
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