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The existence of a T-periodic solution to the second-order differential equation

u” = h(t)g(u) (1)

is studied in the first part. Here, h € L(R/TZ) and g € C*(R,;R,) (R, stands for positive real
numbers) is a nonincreasing function with a strong singularity at zero, i.e.,

1
lim [ g(s)ds = +o0. (2)

z—0t
x

By a T-periodic solution to (1) we understand a T-periodic positive function u : R — R which is
absolutely continuous together with its first derivative on [0, 7] and satisfies the equality (1) almost
everywhere on [0, 7.

In addition to the assumptions imposed on g previously, we will need to assume the following
technical condition hold:

1
there exists 7 > 0 such that liminf 93 +)z) H_>H,y, (3)
T—+00 g(l‘)

where

T T

Hy = [Ins))ds. H-= [I(s)-ds,
0 0
. 1 1 . L.

denoting by [a]+ 5 (la]+a), [a]- = 5 (|a] —a) for any real number a. Obviously, the condition (3)

implies that h ; T f h(s)ds < 0. However, this is not restrictive because h < 0 is also a necessary

condition for the ex1stence of a T-periodic solution in the case when ¢ is strictly decreasing (see
Remark 2 below). For example, the condition (3) is satisfied when g(z) = 1/2* (the nonlinearity
in the model equation) provided h < 0.

Remark 1. Without loss of generality we can and we will assume that

lim g(z) < 1. (4)

T—r+00

Indeed, if this is not the case, we can pass to the equation
' = h(t)g(w),
where h(t) = (goo + 1)A(t) for t € R, §(z) = g(x)/(goo + 1) for € Ry, and goo = lim g(z).

T—r+00
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Theorem 1. Let h < 0, g satisfy (2), (3), and (4), and let there exist pairwise disjoint intervals
[ak,bx] C [0,T] (k=1,...,n) such that

h(t) >0 for a.e. te U[ak,bkL
k=1

h(t) <0 fora.e te[0,T]\ Uak,bk

Let, moreover, there exist ¢, € (ag,br) (k=1,...,n) such that
by
lirn+ h(s)g(Ck(s —to)) ds = 400 for every to € [ax,cx] (k=1,...,n),
t—td
t

¢
lim [ h(s)g(Dg(to — s))ds = 400 for every to € [cp,br] (k=1,...,n),

t—ty
ag

where

r hl(by — r h|(cx —
Cp = L rls =) UGN
b, — ¢k, 4 L — ak 4

_ T
P =g ')+ lInlh.

Then the equation (1) has at least one T-periodic solution.

Remark 2. Note that the condition A < 0 is necessary for the existence of a T-periodic solution
to (1) in the case when g is a strictly decreasing function. Indeed, if u is a T-periodic solution to
(1), then dividing both sides of (1) by g(u) and integrating it over [0, 7] we arrive at

T T T
0>/u’28g’(u /us /h()d
2(u(s)) g(u(s) e
0 0 0

provided h(t) # 0.

The equation

;"

u// — (t) (5)

)\ Y
u
with A > 0, can be viewed as a particular case of (1). Thus from Theorem 1 we obtain the following
assertion.

Corollary 1. Let A > 1 and let there exist pairwise disjoint intervals [ag,b;| C [0,T] (k=1,...,n)
and o > 0 such that

h(t) > a(by —t)(t —ax)]*" for ace. t € fap,be] (k=1,...,n),

h(t) <0 for a.e. t€[0,T]\ O[ak,bk].
k=1

Then the equation (5) has a T-periodic solution if and only if h < 0.
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Slightly different result can be obtained in the case where the function g possesses two singu-
larities. Therefore, we will consider the equation of the form

u” = oh(t)g(u) (6)

in the second part. Here again, h € L(R/TZ), o > 0 is a parameter, and g : (A,B) — Ry is
a continuous function with —oo < A < B < +o00. Moreover, we assume that g is continuously
differentiable, and there exists P € (A, B) such that

g (x) <0 for x € (A, P), ¢'(z)>0 for z € (P,B), (7)
P T

[lim [ g(s)ds = +oo, i g(s)ds = +00 (8)
T P

In this case, by a T-periodic solution to (6) we understand a T-periodic function u : R — (A, B)
which is absolutely continuous together with its first derivative on [0, 7] and satisfies the equality
(6) almost everywhere on [0, 7).

Obviously, Hy H_ # 0 is a necessary condition for solvability of a periodic problem for (6).

Theorem 2. Let h #0, g satzsfy (7) (8 ) and let there exist pairwise disjoint intervals (ag,by) C
ce=1,.

0,77, (z4,9:) C[0,T] (k=1,. m) such that
U akabk U xzvyi] = [OvT]v (9)
k=1 i=1

h(t) >0 for a.e. te U(ambk),
k=1

h(t) <0 fora.e. te U(a;,,yz)

i=1
Let, moreover, there exist ci, € (ag,bg) and z; € (x;,y;) (k=1,...,n;i=1,...,m) such that
to-&-%}f
lim+ / h(s)g(A+ Ck(s — tg)) ds = +oo for every tg € [ag,cx] (k=1,...,n),
t—std
t
lim / g(A+ Dy(tog — s))ds = +oo for every tg € [cx,bi] (k=1,...,n),
t—t,
tof
tO+BI;iP
lim+ / |h(s)|g(B — Ki(s — tg)) ds = 400 for every to € [z, 2] (i=1,...,m),
t—std
t
¢
lim / |h(s)|g(B — Li(to — s)) ds = +oo for every to € [zi,yi] (i=1,...,m).
t—t,
OtO_BL—iP
where B-A B-A B-A B-A
Ck — -D - - ’ KZ = - I LZ = -
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Then there exists o, > 0 such that the equation (6) has at least two T-periodic solutions for every
0 < o < 04 and at least one T-periodic solution for o = o,. Moreover, there exists c* > o, such
that the equation (6) has no T-periodic solution for every o > o*.

The equation
" Uh(t)
_ 10
uM1 — u)H (10)

with A > 0, u > 0, can be viewed as a particular case of (6). Thus from Theorem 2 we obtain the
following assertion.

Corollary 2. Leth # 0, A > 1, u > 1 and let there exist pairwise disjoint intervals (ay, by) C [0, T},
(xi,y:) C[0,T) (k=1,...,n;i=1,...,m) such that (9) holds. Furthermore, let there exist a > 0
such that

h(t) > af(br, — 1)t —ar)]"" for ace. t€lap,bi] (k=1,...,n),

h(t) < —a[(yi —t)(t — xi)]“_l fora.e. t €z, y] =1,...,m).
Then there exists o, > 0 such that the equation (10) has at least two T-periodic solutions for every

0 < 0 < 0« and at least one T-periodic solution for o = o.. Moreover, there exists * > o, such
that the equation (10) has no T-periodic solution for every o > o*.

The proofs of the above-presented results can be found in the papers [1,2].
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