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There is investigated the numerical solvability question of the Cauchy problem for the system
of ordinary differential equations

X = Pty +a(0), 1)

z(to) = co, (2)

where P and ¢ are, respectively, real matrix- and vector-functions with the Lebesque integrable
components defined on a closed interval [a, b], ty € [a,b], cp € R™ is a real vector.

Let the absolutely continuous vector function z° : [a,b] — R™ be the unique solution of the
problem (1), (2).

Along with the problem (1), (2) we consider the difference scheme

1
Ay(k—1) = — (Gun(k) y(k) + Grm(k) y(k — 1) + g (K)) (k=1,...,m), (Lm)
Y(km) = Vm (2m)
(m = 2,3,...), where Gj,, (j = 1,2) and ¢, are, respectively, discrete real matrix- and vector-
functions acting from the set {1,...,m} into R"*" k,, € {0,...,m} and v, € R" for every
me {2,3,...}.

In the work, the necessary and sufficient and effective sufficient conditions are given for the
convergence of the difference scheme (1,,), (2,,) (m = 2,3,...) to the solution x° of the Cauchy
problem (1), (2).

The following notations and definitions will be used.

N, Z and R are, respectively, the sets of all natural, integer and real numbers. R} = [0, +00].
[a,b] is a closed interval.

R™™ is the space of all real n x m-matrices X = (z;;);5"; with the norm

n
IX] = max > |al.
j=1,....m =1

R® = Rnxl.

Opnxm 18 the zero n x m-matrix. I, is an identity n X n matrix.
O,, is the zero n-vector.

det(X) is the determinant of the n x n-matrix X.

b

V(X) is the sum of total variations of the components z;; (i =1,...,m; j = 1,...,m) of the
a

matrix-function X : [a, b] — R™*™.
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BV ([a, b]; R™*™) is the set of all bounded variation matrix-functions X : [a,b] — R™*™ i.e.
b
such that \/(X) < +o0.

a
L([a,b]; R™ ™) is the set of all matrix-functions X : [a,b] — R™™ whose components are
Lebesgue integrable. B
If m € N, then N, = {1,...,m} and N,;, = {0,1,...,m}.
If J C Z, then E(J; R™ ™) is the space of all matrix-functions Y : J — R™*™ with the norm

Wi,= max{HY(k)H ke J}.
A is the first order difference operator, i.e.
AY(i—1)=Y (i)=Y (i—1) for Y € E(N,,;R™™), i€ N,,.

Set

T—m,b[, (k=1,...,m—1),

[’ i = [b_ 2

T T T
IlOm: [a,a_‘_?m[? Ilk:m: |:Tkm_7ma7-km+?m

I20m:[aaa+7—7m}a Ilkm:]Tkm_TﬂaTkm+Tﬂ}a Ilmm::|b_7—7m7b:|7 (kzla---am_l)a
2 2 2 2
where
b—a
Tem = @+ kT, (K=0,...,m), T, =
m

We introduce the operators p,, : BV ([a, b]; R")— E(N,n, R™) and Gim - E(N,, R")— BV([a, b]; R")
(j = 1,2) defined by i
Pm(x)(k) = 2(Tgy,) for k€ Ny,

and

4im(y)(t) = y(k) for t € Ljpym, k€ Ny (1 =1,2)
for every m € {2,3,...}.

Definition. We say that a sequence (G1im, Gom, gm; km) (m=2,3,...) belongs to the set CS(P, g, to)
if for every ¢y € R™ and the sequence 7,, € R" (m = 2,3,...), satisfying the condition

mlﬂfoo Ym = Co,
the difference problem (1,,), (2mm) has a unique solution y, € E(Ny,;R") for any sufficiently large

m and the condition

([ =P ()5, =0

holds.

We assume that P € L([a,b];R™*"), ¢ € L([a,b;R"), Gjm € E(Npy;R™™) (5 = 1,2) and
gm € E(Nyp; R™) (m =2,3,...). In addition, we define G, (j = 1,2) and g,, at the point zero by

Gjm(0) = Onxn, 9m(0) =0, (j=1,2; m=2,3,...).

Theorem 1. Let

ml_l)I_Ii_loo Thkym — to. (3)

Then
((Gims Gams gmi k) 225, € CS(P, ¢, t0) (4)
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if and only if there exist matriz-functions P; € L([a,b]; R™*™) (j = 1,2) and a sequence of matriz-

functions H,, € E(Np,; R"*"™) (m =2,3,...) such that

P()+P2()= P(t) for t € [a,b],
mhrgoosup( ZHH m()]) < +oo (j=1,2)
lim max{HH —Iy||: k€ Np} =0,
k——+o0
Tkm
lim max{H m(D)Gjm(l) — / Pi(r)dr||: 0 <k; o,k € Nm} =0 (j=1,2)
k—+o00 it 2
and

lim max { H;l %Hmmgmm - 7mq<f> dr

k——+o0

o<k a,kzeﬁm}zo.

Corollary 1. Let the conditions (3), (5)—(7) hold and let

1
li Hp(l P;(
{5 32 - [

l=0+1

o<k a,keﬁm}:o
Tom

(i:_lvl; ]:172)

and

co < k; a,k‘eﬁm}:0 (1=-1,1),

k Tkm
1
1. - m . m -
kiTmmaX{Hm 2 Hm(i+i)gn() / alr)dr

l=0+1

Tom

where P; € L([a,b];R™™) (j =1,2), Hp, € E(N,,; R™™) (m =2,3,...). Let, moreover, either

k—+

1 m
i _sup (25 (G ()] + G (0] + g (R ) < +oc
k=1
or m
k:EI—Poosup (Z: | AHy (k — 1)H> < +00.

Then the inclusion (4) holds.
Theorem 2. Let the conditions (3), (5)—(7) hold and let

i Thin
kgrfwmax{";lg_l Gjm(l) —Té Pi(r)dr||: o <k; o,ke ]Vm} =0 (j=1,2), (10)
k Tkm
k:glfoo max{”m l:zg;rl gm(l) —T/ q(r)dr||: o <k; o,k € Nm} =0, (11)
T h Thm B
kgliloosup{HmZZU;LI;AH(i)Gjm(i) — / P(r)dr|: o <k; o,k € Nm} =0

Tom
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and

k 1 Tkm
lim sup< |[|— Z ZAH(i)gm(i)—/q*(T) dr

{ m
koo ‘ ‘ l=0+1 i=1

o<k O',kENm}:O,

Tom

where Pj, Py; € L([a,b];R™™) (j = 1,2), ¢« € L([a,b];R"), Hy, € E(Ny; R™™) (m = 2,3,...).
Then
((Gim, Gom, gmi km)) %, € CS(P — Piyq — gu, to),

where Py (t) = Py (t) + Pia(t).

Corollary 2. Let the conditions (3), (5) hold and let there exist a natural p and matriz-functions
B; € E(N; R™™) (i =0,...,u— 1) such that

lim sup (;L Z(”Glmu(k)” + HGZmu(k)H)) < +OO7

k—+00 1
kETmmaX{‘|HmM 1( )_InH : k eNm} :Oa
k Tkm
lim max iZG ()= | Pi(r)dr|:0 <kiok€Npyp=0 (j=1,2)
k——+o0 ml_ - Jmip j . ) m ( — J=4

and

ro < k; J,keﬁm}zo,

Tkm
li m ;
el § o

Tom
where P; € L([a,b];R™™) (j =1,2),

Hmo(k‘) = In,
1 k
Hni(8) = (1 = Hos(l) = 2 S Hi )G (1) = Brsa(h) ) Hi (1),
=1

Gimi+1(k) = Hmi(k)Gjm(k),  gmit1(k) = Hmi(k)gm (k)
(c=1,2; i=1,....u—1; m=2,3,...).
Then the inclusion (4) holds.
If p =1, then Corollary 2 has the following form.

Corollary 3. Let the conditions (3), (5), (10), (11) and

1 m
im_sup (3 (1G] + [Gan )] ) < o0
k=1

k—+o0

hold, where Pj € L([a,b); R"*™) (j =1,2). Then the inclusion (4) holds.

Corollary 4. Let the conditions (3), (5), (7)—(9) hold and let there exist sequences of matriz-
functions Qjm € E(Np, R™™) (j =1,2; m =2,3,...) such that

m
det (I, + (—1YQjm(k)) #0 for k€N, (j=1,2, m=2,3,...)
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and

where

Then the inclusion (4) holds.

The question considered in the work is classical. There are a lot of papers where the problem
has been investigated (see, for example, [5,6] and the references therein). But we could not find
the necessary and sufficient conditions for the convergence of the difference schemes. Note that
there are obtained the necessary and sufficient conditions for stability of the difference schemes
circumscribed above, as well.

The proofs of the results are based on the following concept. We rewrite the problems (1), (2)
and (1), (2,) (m = 2,3,...) as the Cauchy problem for the systems of so called generalized
ordinary differential equations in the sense of Kurzweil ([5,7]). Therefore, the convergence of the
differential scheme is equivalent to the well-posedness question for the Cauchy problem for the last
systems. So, using the results of the papers [1-3] we established the present results.

The analogous results are valid for general linear boundary value problems, as well.
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