International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia 215

On Fractional Boundary Value Problems
with Positive and Increasing Solutions

Svatoslav Stanék

Department of Mathematical Analysis, Faculty of Science, Palackij University,
Olomouc, Czech Republic
E-mail: svatoslav.stanek@upol.cz

Let J =[0,1] and Ry = [0, 00).
We consider the fractional boundary value problem

Du(t) = q(t,u(t),w' () D u(t) + f(t u(t), v (t)), (1)
u(0) = k' (0), (1) =k(1), k>~ L o) )
where 1 < g < o <2, °D denotes the Caputo fractional derivative and
(Hy) f,q€ C(J x R%) and
0< flt,x,y), 0<q(t,z,y) <W < oo for (t,z,y) €.J x R3. (3)

The further conditions on f will be specified later.
We recall that the Riemann—Liouville fractional integral I"x of order v > 0 of a function

x:J — R is defined as [1,2]
t
(t—s)7~t
IMx(t / 2) x(s)ds
0

I'(v)

and the Caputo fractional derivative “DYx of order v > 0, v € N, of a function x : J — R is given as

t
dr n y— 1 n [E(k) (O)
ey - _
DYVx(t =3 / F ;U(s)
0

k!

ML

sk) ds,
k=0

provided that the right-hand sides exist. Here, I is the Euler gamma function and n = [y] + 1, [v]
means the integral part of the fractional number . A° is the identical operator and if n € N, then
Dra(t) =z (¢).

In particular,

C d2
D,Y.I( ) E

(t—s)'7

r'(2-~) (z(s) — x(0) — 2/(0)s) ds, v € (1,2).

o .

Definition. We say that u is a solution of equation (1) if u € C*(J), D% € C(J) and (1) holds
for t € J. A solution u of (1) satisfying the boundary condition (2) is called a solution of problem
(1), (2). We say that u is a positive and increasing solution of problem (1),(2) if u > 0 and v’ > 0
on J.



216 International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

The special case of problem (1), (2) is the problem

= q(t,u(t), o/ (t)) Dult) + f(t,u(t), o' (1)), (4)
( ) = (0), u(l) =ku'(1), k=1 (5)

Equation (4) is called the generalized Bagley—Torvik fractional differential equation (see [2-6]).
We are interested in the existence of positive and increasing solutions to problem (1), (2). To
this end for a € C(J) introduce an operator A, : C(J) — C(J) as

Agz(t) = a(t) I Pa(t).

Forn e N,let A = A, oAy 0---0A, be nth iteration of A, and B, be an operator acting on C(J)

defined by the formula

= Aja(t)
n=0
For v > 0, let E, be the classical Mittag-Leffler functions [1,2]
Ew(z):ii, z e R.
~ T'(ny+1)

In the following result, solutions of the auxiliary linear fractional differential equation
Du(t) = a(t)DPul(t) + r(t), (6)
satisfying (2), are given by the operator B,.

Lemma 1. Let a,r € C(J). Then the function
u(t) = I*Bar(t) + (t + k) <kIa’1Bar(t)‘t:1 — IaBar(t)}t:1>, teJ,

is the unique solution to problem (6),(2).

Let
SZ{xEC’l(J): z(t) >0, 2/(t) >0 for t€ J}

and, under condition (Hy), introduce the Nemytskii operators Q, F : S — C(J),
Qu(t) = g(t.x(t). (1), Falt) = f(t.2(t).2/(1)).
where ¢ and f are from (1). It is clear that S is a cone in C''(J). Note that, by the definition,
Rauy(t) = alt. o(t), /(1) I*Py(0).

Keeping in mind, Lemma 1 define an operator K acting on S by the formula
Ka(t) = I°Loua(t) + (¢ + k) (K17 Lgpa(®)],_, — I°Lawa(t)],_, ).

where

Lox(t) = Boy Fx(t)

and k > 1/(a — 1) is from (2).
The properties of K are summarized in the following lemma.



International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia 217

Lemma 2. Let (Hy) hold. Then K : S — S, K is a completely continuous operator and if u is a
fized point of K, then u is a solution to problem (1), (2).

In view of Lemma 2, we need to prove that the operator X admits a fixed point. The existene of a
fixed point of K is proved in Theorem 1 by the Schauder fixed point theorem, while in Theorem 2 by
the Guo—Krasnoselskii fixed point theorem on cones. We work with the following growth condition
on the function f.

(Hz) For t € J and z,y € Ry, the estimate
[t z,y) < plz+y)
holds, where ¢ € C(RRy), ¢ is positive, nondecreasing and there exists M > 0 such that

MT(a+1)
(1+k)(ak+a—1)Eyp(W)’

p(M) <

where W is from (H;).

Theorem 1. Let (Hy) and (Hz) hold. Let f(t9,0,0) > 0 for some ty € J. Then there exists at
least one positive and increasing solution to problem (1), (2).

If f(¢,0,0) = 0 on J, we can’t apply Theorem 1 to problem (1),(2). In this case u = 0 is a
solution of this problem.

Example 1. Let p,u € (0,1), a,p € C(J) and p(tp) # 0 for some ¢y € J. Theorem 1 guarantees
that the equation

D% = |a(t) + cos(z — y)‘cDﬁu + |p(t)| + v + (')
has at least one positive and increasing solution satisfying condition (2).
Corollary 1. Let (Hi) and (Hz2) with (7) replaced by

2M

p(M) < (L4 k)(2k + 1) Ey (W)

hold. Let f(tp,0,0) > 0 for some ty € J. Then there exists at least one positive and increasing
solution to problem (4), (5).

Theorem 2. Let (Hy) and (Hsz) hold. Let

i zy)  Tlatl
z,yeRy, +y—0 T + Y 2(ka—1)

uniformly on J.

Then problem (1), (2) has at least one positive and increasing solution.

Example 2. Let a,p € C(J) and p > 21“(20;—&11)) . Theorem 2 guarenrees that there exists a positive
and increasing solution of the equation
‘D% = |a(t) + e *sin u"cD’BU +p()(u+u)e Y, (8)

satisfying condition (2). Note that u = 0 is also a solution to problem (8), (2).
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