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Let O ¢ R™ and Uy C R" be open sets. Let ;o > 6;; > 0, i = 1,s be given numbers
and n-dimensional function f(t,z,z1,...,2zs,u) satisfy the following conditions: for almost all
fixed t € I = [a,b] the function f(¢,-) : O x Uy — R" is continuously differentiable; for
each fixed (z,71,...,75,u) € O x Uy the functions f(t,z,x1,...,zs,u), fo(t, -) and fq,(t, -),
i = 1,8, fu(t, ) are measurable on I; for compact sets K C O, U C Uy there exist a function
mg,u(t) € Li(1,[0,00)) such that

‘f(tvxaxlv R :x&u)‘ + ‘fl’(tv )’ + Z ‘fIi(t7 )| + ‘fu<t7 )‘ < mK7U(t)
i=1

for all (z,21,...,2s,u) € K5 x U and for almost all ¢ € I. Furthermore, ® is the set of continuous
initial functions ¢ : I = [7,b] — O, T = a — max{b12,...,0s2}, and Q is the set of measurable
control functions u : I — U with clu(l) is a compact set and clu(l) C U.

To each element

w=(to,m1,...,7s, 0,u) € A =a,b) x [011,012] X -+ [0s1,0s2] X ® x Q
we assign the delay controlled functional differential equation
i(t) = f(t,z(t),z(t —71),..., 2t — 75),u(t)) (1)
with the continuous initial condition
z(t) = o(t), te7,to]. (2)
Condition (2) is said to be the continuous initial condition since always x(to) = ¢(to).

Definition. Let u = (to,71,...,7s, 0, u) € A. A function z(t) = x(t; u) € O, t € [T,t1], t1 € (Lo, ]
is called a solution of equation (1) with the initial condition (2) or a solution corresponding to
and defined on the interval [7,t;] if it satisfies condition (2) and is absolutely continuous on the
interval [tg,t1] and satisfies equation (1) almost everywhere on [to, ¢1].

Let us introduce the set of variation:

V= {5/1’ = ((%0767—17- . 7(57-875()07 5”) : ’&0‘ S Q, ’57-1‘ S a, L= 1757

k k
dp = Z)\iégoi, ou = Z)\iéui, il < a, i= 1,]{:},

i=1 =1
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where §p; € ® — g, du; € Q —ug, i = 1, k. Here ¢ € ®,uy € Q are fixed functions and a > 0 is a
fixed number.

Let po = (t()(), T10y - -« 5 Ts0, gD()(t),’u,o(t)) € A be a fixed element, where g, t19 € (CL, b), too < T10
and 79 € (0;1,0:2), i = 1, 5. Let zo(t) be the solution corresponding to uq.

There exist numbers ; > 0 and £; > 0 such that for arbitrary (,0u) € (0,e1) x V, we have
o +€dp € A, and the solution x(t; uo + edp) defined on the interval [T,¢19 + 01] C I corresponds
to it (see [2, Theorem 1.3]).

By the uniqueness, the solution x(¢; o) is a continuation of the solution xy(t) on the interval
[T,t10 + 01]. Therefore, we can assume that the solution z((t) is defined on the whole interval
[T, t10 + 61].

Now we introduce the increment of the solution xo(t) = x(t; uo) :

Ax(t;edp) = x(t; o + e6p) — xo(t), (t,e,0p) € [T,t10 + 01] x (0,e1) x V.
Theorem 1. Let the following conditions hold:
1) the function po(t) is absolutely continuous and ¢o(t), t € I, is bounded;
2) function f(w,u), w= (t,z,r1,...,25) € I x O'T is bounded on I x Ot x Uy
3) there exist the finite limits

lim  o(t) = ¢y lim f(w,uo(t)) = f~, w € (a,to] x OHS,

t—too— w—rwo

where wy = (too, vo(too), vo(too — T10), - - -, o(too — Ts0). Then there exist numbers €9 € (0,e1)
and 62 € (0,61) such that for arbitrary (t,e,0p) € [too,ti0 + d2] X (0,e2) X V', where V— =
{6p eV : 6ty <0}, we have

Ax(t;edp) = edx(t; op) + o(t;edp). (3)
Here

dx(t; 0p) = Y (toos t) [@g — f_]5t0 + B(t;0p), (4)

B(t;6p) =Y (toos t)dp(too) — [/Y &:t) fo; (€] 20(€ — Tio) df} 07
too

iy / Y (€ + Tios ) fu [€ + Tao]0(€) d + / Y (&) ful€)du(€) de,

i=1
too—Tio

where Y (§;t) is the n X n-matriz function satisfying the equation

Ye(&t) = =Y (&) fo[€] ZY§+%0, t) fusl€ + Tio), € € [toos 1]

=1

Y(E:t) = {H for & =t,

and the condition

O for £ >1t,

H is the identity matriz and © is the zero matriz;

fﬂﬁz[ﬂ = fIz (f,xo(f),l‘o(f - 7—10)7 s ’330(5 - 7—50)’u0(£))'
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The expression (4) is called the variation formula of solution. The addend

_Zi; {/ty(f;t)fom[ﬂio(f - TiO)d§:| 57;

too

in the formula (4) is the effects of perturbations of the delays 70, i = 1, s.
The expression

S
Y (too; ){ S (too) + [5 — F7J0to ) + Y / V(& + mio; 1) f2, € + Tiol 0 (€) dE
z‘:11‘/00*‘1'1'0
is the effect of the continuous initial condition and perturbation of the initial moment tpy and the
initial function ¢o(t).
The expression

[ vieonsue ae

too

is the effect of perturbation of the control function ug(t).
In [4] variation formulas of solution were proved for the equation

i(t) = f(t,z(t),z(t — 1), u(t))

with the condition (2) in the case when the initial moment and delay variations have the same
signs.

In the present paper, the equation with several delays is considered and variation formulas of
solution are obtained with respect to wide classes of variations (see V~ and V).

Variation formulas of solution for various classes of controlled delay functional differential equa-
tions, without perturbations of delays, are proved in [1,3].

Theorem 2. Let the conditions 1) and 2) of the Theorem 1 hold. Moreover, there exist the finite
limits
lim ¢o(t) =g, lim f(w,ue(t)) = fF, w € [too,b).

t—too+ w—wo

Then for any te (too, t10) there exist numbers eo € (0,e1) and 69 € (0,01) such that for arbitrary
(t,e,0u) € [t,t10+ 03] x (0,62) x VT, where VT = {6p € V : §tg > 0} the formula (3) holds, where

dx(t;0p) =Y (toost) [2g — fT]dto + B(t: op).
Theorem 3. Let the conditions 1) and 2) of the Theorem 1 and the condition 6) hold. Moreover,
bo — I =¢ — 1t =1

Then for any t € (too,t10) there exist numbers ey € (0,e1) and 62 € (0,81) such that for arbitrary
(t,e,0p) € [t,t10 + 02] x (0,€2) x V the formula (3) holds, where

dx(t;6p) = Y (oo t) fto + B(t; Opa).
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