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Consider the differential equation
n—1 '
y™ = ap(t) [T i), (1)
j=0

where n > 2, o € {—1,1}, p : [a,4+00[—]0,+00] is a continuous function, a € R, the ¢; : AY; —
]0; +00[ are continuous functions regularly varying as y9) — Y; of order 0, j =0,n — 1, AYj is a
one-sided neighborhood of the point Yj, Y; € {0, oo}l

The equation (1) is a particular case of the equation, comprehensively studied by V. M. Evtukhov
and A. M. Klopot [3]

m n—1
y™ =" arpr(®) [ ors (),
k=1 j=0

where n > 2, ay, € {—1,1} (k = 1,m), the py, : [a,w[—]0, +00[ (k = 1,m) are continuous functions,
—00 < a < w < 400, the i, : AY; —]0;400[ (k = 1,m, j = 0,n — 1) are continuous functions
regularly varying as y(/) — Y; of order o, AYj is a one-sided neighborhood of the point Y}, Y; is
equal to either 0 or 4oo.

From mentioned results necessary and sufficient existence conditions of the so-called
Pioo(Yo, ..., Yn_1,o)-solutions of equation (1) can be obtained for all Ay (—oco < A9 < 400).
Moreover, asymptotic representations as ¢ — +o0o of such solutions and their derivatives of order
up to n — 1 can be established.

It follows from the definition of these solutions that

lim o) () — T : )
Jm y7(t) =Y; € {0,400} (j=0n—1),  lim YD (™ (@) A0-

However, the set of the monotonous solutions of equation (1), defined in some neighborhood of
+00, also can have the solutions such that for each of them there exists a number k € {1,...,n}
so that

Yy R (1) = c+0(1) (c#0) as t — +oo. (2)

When k = 1,2 or the functions ¢;(y®) (i = n —k+ 1,n — 2) tend to positive constants, as
y) — Y, a question on the existence of the solutions of type (2) of equation (1) can be solved
without any assumption on the limits. Otherwise, we can not get asymptotic formulas of these
solutions and their derivatives of order up to n — 1 directly from equation (1).

Some results concerning existence of solutions of type (2) were obtained in corollary 8.2 of the
monograph by I. T. Kiguradze and T. A. Chanturia [2, Ch. II, § 8, p. 207] for general type equations.
But these results provide for considerably strict restriction on the (n—k+1)-st derivative of solution.

1For Y; = o0 here and in the following all numbers in the neighborhood AY; are assumed to have constant sign.



142  International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

In order to receive new results with less strict restrictions on behaviour of this and following
derivatives of order < n — 1 in case, when k € {3,...,n} and not all p;(y)) (i=n—k+ 1,n — 2)
tend to positive constant as y® — Y;, let us introduce the following definition.

Definition. The solution y of the differential equation (1) is referred (for k € {3,...,n}) to as a
P* o (Ao)-solution, where —oo < Ag < +o0, if it is defined on the interval [to, +oo[ C [a, 400 and
satisfies the conditions

(n—1) 2
Ry N i ()
Am vy =e (A0 I e s e

(3)

It is obvious that by virtue of the first relative (3) for these solutions the following representations

hold
ctn—l—k+1

(n—=1l—k+1)!

y =) = [14+01)] (I=1,n—k) as t — 400 (4)

and ¢ € AY,, k.

It readily follows from the form of equation (1) that y(™(t) has constant sign in some neighbor-
hood of +00. Then y™ 9 (t) (I = 1,k — 1) are strictly monotone functions in neighborhood of 400
and by virtue of (2) can tend only to zero as t — +oo. Therefore it is necessary that

Yj-1=0 for j=n—Fk+2,n. (5)

Let us introduce the numbers p; (j = 0,n — 1)

1 it Y; = +oo,
or Y; =0, and AYj is a right neighborhood of the point 0,

S T
or Y; =0 and AYj is a left neighborhood of the point 0,
such that
pipj+1 >0 for j=0,n—k—1, pjpj <0 for j=n—k+1,n-—2. (6)

Besides, note that in some neighborhood of +oo
signy) () = p; (j =0,n—1), signy™(t) = (7)
In this case along with (6) the following inequality hold
apin—1 < 0. (8)

Moreover, it follows from (4) that
if pp—p >0, —_—
Yy = 00 ek for j=T,n—F. 9)
—oo if pp_p <0,

These conditions on p; (j = 0,n — 1) and « are necessary for existence of P¥__()g)-solutions
of equation (1).

The aim of the present paper is to obtain necessary and sufficient existence conditions of
Pk o(No)-solutions (k € {3,...,n}) of equation (1) for Ag € R\ {0,3,...,%3 1}, and estab-
lish asymptotic as t — +o0o formulas of their derivatives of order < n — 1. Moreover, the question
on the quantity of studied solutions will be solved.

It is significant that by virtue of the obtained results by V. M. Evtukhov [1] studied solutions

of equation (1) hold the following a priori asymptotic conditions.
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Lemma 1. Let k € {3,...,n} and \g € R\ {0, 3,..., %3 1}. Then for each P% (Ao)-solution of
equation (1) the followmg asymptotic as t — +oo relations hold

y(l—l)(t) N M)_—W y(n—l)(t) (l=n—-k+2,n-1), (10)

n—1

H Qg

1=l

where y : [to, +0o[ — R is an arbitrary P¥ (Ao)-solution of equation (1), ag; = (n—i)X\o—(n—i—1)
(i=1,n-1).

We say that a continuous function L : AYy —]0, 400 slowly varying as y — Y| satisfies
condition Sy if
Lpel oIl — ()1 +0(1)] as y = Yo (y € AYp),

where p = signy.
Condition Sy is necessarily satisfied for functions L that have a nonzero finite limit as y — Yj,
for functions of the form

L(y) = |In|yl|™, L(y) = |In|y||"*|In|In|y]||,

where 1,2 # 0, and for many other functions.
We need the following auxiliary notations:

n—1 n—2
y=1- Z oj, V= Z ogjln—j—1),
Jj=n—k+1 j=n—k+1
n—2 A fo
. . S (Ao — 1)n=9=1|%
ay=(—ho—(n—j—-1) G=Ta-T), c= [ [QeD
j=n—k+1 H ao;
i=j+1
¢
I(t) = pn_i(c /p 000" ) - op—k—1 (ftn—k—17) dT,
A
where
—+o00
ap if /p(T)TVQOO(NOTnk)"'@n—k—l(ﬂn—k—ﬂ') dr = Fo0,
A= @
+oo if /p(T)TVSOO(NoTn_k)""Pn—kz—l(ﬂn—k—lT) dr < +o0,
\ al

a1 > a such that ,uj_ltn_k_j+1 cAY; 1 (j=1,n—k)fort>a,

M(C):U’(n—j—kﬂ)! i

Theorem 1. Let v # 0, k € {3,...,n} and Ny € R\ {0, 1 27"'7k 2,1} Then for existence of
P o (Ao)-solutions of equation (1), it is necessary that ¢ € AY,_y, along with (5), (6), (8), (9)
inequalities

Ao < 1, a0j+1>0 (j:n—k‘—l—l,n—Q) (11)
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hold and the following condition be satisfied:

. tI'(Y) ¥
lim = .
t—+o00 I(t) A —1

(12)

Moreover, each solution of that kind admits along with (2) and (4) the asymptotic representations
(10) as t — 400 and

PRI

n—2 n—j—
Localyr D) TT Ly (1B =yinone))

n—

I1 aoi

i=j+1

= apn—17CI(t)[1 + o(1)].

Theorem 2. Let v # 0, k € {3,...,n}, Ao € R\ {0,3,...,53,1} and functions L; (j =
n—k+1,n—1) slowly varying as yU ) — Y; satisfy condition So. In addition, let c € AY,_; and
conditions (5), (6), (8), (9), (11) and (12) hold. Then, in case of existence of P% .. (Ao)-solutions
of equation (1),

+oo

/Tk_Q‘I(T)Ln (17T H Lj(uyr e A dT<+°O (13)

as j=n—k+1

205 1
where ap > ay such that pj_1t*-1 € AY;_1 (j=n—k+2,n—1), g1t € AY,,_; fort > as,
and each solution of that kind admits along with (4) the following asymptotic representations as
t — 400

. A — 1 k—2
YR () = e Lot R0 DT g (1)),
ao;
i=n—k-+2
. -1 n—lyn—Il—k+2
y(l—l)(t) _ H 1()\0 nil) t W,(t)[l + 0(1)} (l =n—-k+2,n— 1), (14)
IT ao:
i=l
. W' (t
S8 = oy tk—(z) [+ 0(1)],
where
t a0j+1 1
W(t) = / TkiZ"}/CI(T et (i 17—)\0 ) H Li(py7 v |7 dr.
o j=n—k+1

If the inequality o,—1 # 1 holds along with mentioned conditions, then equation (1) has at least
one 73+OO()\0) -solution that admits such representations. Moreover, for each ¢ € AY,_j in case
Xo €] — 00, 2221\ {0,3,.... E=21 (N € [£=2:1]) there exists an (n — k + 1)-parameter ((n — k)-
parameter, respectively) family of solutions with such representations if op—1 > 1, and (n — k)-
parameter ((n — k — 1)-parameter) if op—1 < 1.
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