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In the rectangle © = [0, a] x [0,b] consider the nonlinear hyperbolic equation

u(mm) = f(a:, g, ™0 men=1) g Om) oy metin) g (m=tn=1) u), (1)
lj(u('vy))(y) :(Pj<y) (j:17~--7m)7 hk(u(mﬂ)(x? ))(.%'): l(cm)(x) (k: 17"'?”)7 (2>

oItk
OxiOyk’
[ QxRN R s a continuous function, ¢; € C™([0,b]), ¥ € C™([0,4]), I; : C™1([0,a]) —
C™([0,b]) and hy, : C™~1[0,b] — C(]0,a]) are bounded linear operators.

Initial-boundary value problems for linear hyperbolic equations and systems were studied in [1]
and [2]. Initial-periodic problems for nonlinear hyperbolic systems were studied in [3].

C™™(Q) is the Banach space of functions u :  — R, having continuous partial derivatives ul9k)
(j=0,...,m; k=0,...,n), with the norm

|ullcmn (o) = Z Z 1499 (@)

=0 k=0

Wk

ém”(Q) is the Banach space of functions u : Q — R, having continuous partial derivatives u ()
(j=0,...,m; k=0,...,n; j+k <m+n), with the norm

m—1 n

n—1
lall gy = S 1™ ey + 323 1P 0.
k=0 7=0 k=0

If z € C™"(Q) and 7 > 0, then
B (1) = {C € C™™Q) 1 ¢~ 2l gma <7}

Let v .= (vo,...,Un-1), W = (Wo,...,Wp—1) and z = (Zm—1n-1,.-.,200). For a function
f(x,y,v,w,z) that is is continuously differentiable with respect to v, w and z, set:
af x7y7v7w7z
fmk($ay7vaw’z): ( ) ) (k:(),...,n—]_),
Vg
of(z,y,v,w,z)
fjn(zay7vawyz): (]:O,,m—l),
8wj
of(x,y,v,w,z .
fik(x,y,v,w,z) = f@y ) (j=0,....m—1; k=0,...,n—1),
8ij;

piklu)(z,y) = fK (9: y, ™0z, y), . ™D (), w0 (2, y), T (2 ),

U(m_lm_l)(xvy)a"'>u($>y)> (]IO,,m7 k:()’""n; ]—I—]{<’I7’L+7’L)
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Definition 1. Let the function f(z,y,v,w,z) be continuously differentiable with respect to the
phase variables v, w and z. We say that problem (1), (2) to is strongly (ug,r)-well-posed, if:

(1) it has a solution wug(x,y);
(1) in the neighborhood gm’”(uo; ) uo is the unique solution;
(1) there exists &g > 0, dp > 0 and My > 0 such that for any § € (0,00), ¢; € C™([0,b]),
Y € C™([0,al), and f(x,y, v, w,z) satisfying the inequalities
lej = @illenopy <6 (G=1,....m), |vx —vrllempoa) <0 (k=1,...,n),
va(xvyav’waz) - fv(xvyav’WaZ)H + wa(xay>vaw7z) - fw(xa%VaW,Z)H < €o,

}f(.ﬁ,y,V,W,Z) _f(x,y,V,W,Z” <9

in the neighborhood B™™(ug;r) the problem
u(mm) = f(m, v, u(m’o), e u(m’”_l), u(o’"), e ,u(m_l’"),u(m_l’”_l), e u), (T)
Lu(- )W) = Fw) (G=1..om). @™ @) =" @) (k=1..n @

has a unique solution u and
HU — ﬁHCm,n(Q) < M0(5

Following [4] introduce the definition.

Definition 2. Problem (1), (2) is called strongly well-posed if it is strongly (ug,r)-well-posed for
every r > 0.

First consider the linear case, i.e., the equation

n—1 m—1 m—1n—1
ul™™ =N " pr(@, )u™ £ i@, ) uB 3N pi(@, )l 4 g(zy). (3)
k=0 j=0 j=0 k=0

Theorem 1. The linear problem (3), (2) is strongly well-posed if and only if:
(i) the problem

¢ — Tipmi(x,y)&); hie(Q)(x) =0 (k=1,...,n) (4)
has only the trivial sozum‘o;;or every x € [0,al;
(ii)
£ = Tijpmm,y)g@‘); @) =0 (j=1,...,m) (5)

has only the trivial solution for every y € [0,b];

(iii) the homogeneous problem
n—1 m—1 ' ‘
ulmm) = mek(way)u(m’k) + Z pjn(x, y)uli™ + pjk(a, y)ul?), (30)
k=0 j=0 j

Glu(-y) ) =0 (j=1,....m), hp(u"™ (@, -))(2) =0 (k=1,....n) (20

has only the trivial solution.



134 International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

Theorem 2. Let the function f be continuously differentiable with respect to the phase variables
v, w and z, and let problem (1), (2) be strongly (ug,r)-well-posed for some r > 0. Then problem
(30), (20) is strongly well-posed, where

Pik(x,y) = pjrluol(x,y) (7=0,...,m; k=0,...,n).

Theorem 3. Let the function f be continuously differentiable with respect to the phase variables
v, w and z, and let there exist functions Py, € C(2) such that:

(Ao)

Pljk(xay) S fjk(xvyav7waz) S ngk(l',y) fOT (SU,y,V,W,Z) € Qx Rn+m+mn

(j=0,....m; k=0,....,n; j+k<m+n),

(A1) for every x € [0,a] and arbitrary measurable functions pmy = @ — R satisfying the inequalities

lek(may) < pmk(x7y) < Pka(xay) fOT ('Zay) € (k =0,...,n— 1)3 (6)
problem (4) has only the trivial solution;

(A2) for every y € [0,b] and arbitrary measurable functions pj, : @ — R satisfying the inequalities

Prjn(2,y) < pjn(z,y) < Poju(2,y) for (z,y) €Q (j=0,...,m 1), (7)
problem (5) has only the trivial solution;
(A3) for arbitrary measurable functions pji, : 2 — R satisfying the inequalities
Puji(,y) Spjr(e, y) < Pojr(x,y) for (z,y)€Q (j=0,...,m, k=0,...,n; j+k <m+n), (8)
problem (30), (20) has only the trivial solution.
Then problem (1), (2) is strongly well-posed.
Consider the “perturbed” equation
u(mm) = f(z,y, w0 =) O g meLin) y (meLin=1) ,u)
+q(z,y,ulm Y ). (14)

Theorem 4. Let the function f satisfy all of the conditions of Theorem 3, and q(z,y,z) be an
arbitrary continuous function such that

o @y 9)
2l —+oo ||z

uniformly on Q). Then problem (1), (2) has at least one solution.

Corollary 1. Let problem (3p), (20) be well-posed, and q(x,y,z) be an arbitrary continuous function
satisfying condition (9) uniformly on Q2. Then the equation

n—1 m—1 m—1n—1
ul™ =" prg (2, e £ pin (@, ) uB + N " pg (@, y)ulP)
k=0 j=0 j=0 k=0
+ gz, y,u™ D)

has at least one solution satisfying conditions (2).
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The initial-boundary conditions

u(j—l,O)(O’ y) = (,O](ZU) (j = 17 AR m)v hk<u(m70)(‘r7 ' ))(CL‘) = wl(em)(x) (k = 17 e ’n) (10>

are the particular case of (2).

Theorem 5. Let the function f be continuously differentiable with respect to the phase variables
v and w, and let there exist a constant M and functions Py, Pomi € C(Q) satisfying conditions
(A1) of Theorem 3, such that

lek:(%y) S fmk(x)y7vaw7z) S Pka(I',y)
for (z,y,v,w,z) € Q x R"™MHm (b —0 . n—1),
| f(x,y,0,w,2)| < M(1+ |w] + ||z]).

Then problem (1), (10) is solvable. Moreover, if f is locally Lipschitz continuous with respect to z,
then problem is uniquely solvable.

Remark 1. In Theorems 3-5 continuous differentiability of the function f(z,y, v, w,z) with respect
to v and w can be replaced by Lipschitz continuity, although that will make the formulation of the
theorems more cumbersome. However, without Lipschitz continuity problem (1), (2) may not have
a classical solution at all.

Indeed, in the rectangle [0, 1] x [0, 2] consider the characteristic value problem

N o

1
Ugy = = Uy,

1
u(0,y) = B (y —1)% for y €[0,2], ug(x,0)=0 for z € [0,1].

It has a unique absolutely continuous solution

N |

Y
u(z,y) = +/sgn(t1)(x+\t1|)§dt,
0

3
2

which is not a classical solution because uy(z,y) = sgn(y — 1)(z + |y — 1])2 is discontinuous along

the line y = 1.

Remark 2. In Theorem 5 condition (A1) cannot be weakened. Indeed, in the rectangle [0, 27] %[0, 1]
consider the initial-periodic problem

Uy = 3p(u?)uy — cosz, (11)
u(0,y) =0 for y € [0,1], wux(z,0)=wuy(z,1) for z € |0,2n7], (12)

where p € C*°(R), p(z)z > 0 for z # 0 and

z if |z] <2,
p(Z)Z{ 5

3sgnz if |z] > 3.

Although the righthand side of the equation is smooth, problem (11), (12) has a unique absolutely
continuous but not continuously differentiable solution u(z) = sin3 x.
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