120 International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia

On Some Sufficient Conditions for the
¢-Exponential Asymptotical Stability in the Lyapunov Sense of
Systems of Linear Impulsive Equations

Nestan Kekelia

Sokhumi State University, Tbilisi, Georgia
E-mail: nest.kek@mail.ru

Consider the linear system of impulsive equations

d
di; = Q(t)z + q(t) for t € Ry, (1)
w(tj+) —x(tj=) = Gyae(tj=) + g5 G=1,2,...), (2)
where Q € Lipe(R4;R™™ ™), g € Lige(R;R™), G € R™" (5 =1,2,...), 9, € R" (j = 1,2,...),
t; € Ry (j=1,2,...),0<t; <ty <---, lim t; = 4o00.
J—+oo
We use the following notation and definitions.
R =] — 00, 4o00[, Ry = [0, +00[, [a,b] and ]a,b] (a,b € R) are, respectively, closed and open
intervals. n
R™™ is the space of all real nxm matrices X = (;;); 2, with the norm || X|| = ;Mmax 21 |z
= =

Rixm = {(xZ])Z’JZI x> 006=1,...,n j=1,...,m)}.

R™ = R™ ! is the space of all real column n-vectors z = (z;)™;.

If X € R™", then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-
ponent is such.

C([a,b], D), where D C R™ ™ is the set of all absolutely continuous matrix-functions X :
la,b] = D.

Cioc(I \ T, D), where T' = {t1,t2,...}, is the set of all matrix-functions X : I — D whose
restrictions to an arbitrary closed interval [a, b] from I\ {7};", belong to C([a,b], D).

L([a,b]; D) is the set of all integrable matrix-functions X : [a,b] — D.

Lioe(I; D) is the set of all matrix-functions X : I — D whose restrictions to an arbitrary closed
interval [a, b] from I, belong to L([a,b], D).

By a solution of the impulsive system (1), (2) we understand a continuous from the left vector
function z : Ry — R”, & € Cjpe(Ry \ T;R"), satisfying the system (1) a.e on ]t;,t;41[, and the
equality (2) at the point ¢; for every j € {1,2,...}.

Let £ : Ry = Ry, €€ 5’100(R+; R, ), be a continuous from the left nondecreasing function such
that

t—lgl-noog(t) = too.
Definition 1. The solution zg of the system (1), (2) is said to be &-exponentially asymptotically
stable if there is 7 > 0 such that for every ¢ > 0 there exists 6 = (¢) > 0 such that for every
solution z of the system (1), (2) satisfying the condition

[[z(to) — wo(to)|| <0
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for some tp € R, the estimate

() — o(t)|| < eexp (n(&(t) — &(to))) for t > to
holds.

Definition 2. The system (1), (2) is said to be {-exponentially asymptotically stable if every its
solution is £-exponentially asymptotically stable.

Definition 3. The pair (Q,{G;};2,), where Q € Ljo(Ry;R™ ™) and G € R™" (j = 1,2,...),
is &-exponentially asymptotically stable if the corresponding to this pair homogeneous impulsive
system

d
d—j; =Q(t)x for t € Ry,

z(tj+) —z(t;—) = Gjz(t;—) (G=1,2,...)
is stable in the same sense.

Theorem. Let Q = (¢ir);'s=1 € Lioc(R+;R™™) and G = (gjir); =y € R™™ (j =1,2,...) be such
that the conditions

1+gji'i7é0 (izl,...,n; j:1,2,...),
r(H) < 1, (3)

sup{(g< (]q Yds+ > ln\l—i-gﬂz\)

T<t;<t
t>7 >t &) #E(T); t,T€R+\T}<—’y (it=1,....,n) (4)

and

/texp <’y(§(t) —&(7)) + /th'i(s) d8>!qik(7)\ IT 11+ gjiildr

T T<t;<t

t
£ Y e (w60 )+ [ asas ol T 1+ g5l < o
t* <t <t t t<t;<t
for te[t*,+oo[\T (i#k; i,k=1,...,n)
hold, where v > 0, t* and hy, € Ry (i # k; i,k=1,...,n), H= (hik)?,k::l matriz, where h;; = 0
(i =1,...,n). Then the pair (Q, {G]}jzof) is &-exponentially asymptotically stable.

Corollary. Let Q = (qik);x=1 € Lioc(R4;R™") and G; = (gjir)ip=1 € R™" (j = 1,2,...) be
such that the conditions (3), (4),

-1<gji <0 (i=1,...,n; j=1,2,...),
qi(t) <0 (i=1,...,n),
ik (V)] < —hikgii(t) (1 #k; i,k=1,...,n),
|gjik| < —hirgjii(1 + gjis) (0 #k; z,k‘ =1,...,n; 7=1,2,...)
hold a.e on the interval [t*,+o0], where v > 0, t* and hy, € Ry (i # k; i,k =1,...,n), hijj =0

(i=1,....n), and H = (hy)j}_,- Then the pair (Q,{Gj +o<>) is &-exponentially asymptotzcally
stable.
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The questions on the Lyapunov stability in this and other sense are investigated in [1, 3] (see,
also the references therein) for linear impulsive systems, and analogous questions in [2] (see, also
the references therein) for ordinary differential systems.
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