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1 Introduction

In this paper, a problem is considered whose origin was the Lagrange problem. It is a problem on
finding the form of the firmest column of given volume. The Lagrange problem was the source for
different extremal eigenvalue problems. One of them is the eigenvalue problem for second-order
differential equations with an integral condition on the potential.
The Dirichlet problem for the equation y” + AQ(x)y = 0 with non-negative summable on [0, 1]
1

function Q(z) satisfying [Q"(z)dx = 1, as v € R, v # 0, was considered in [1]. The Dirichlet
0

problem for the equation y” — Q(x)y + Ay = 0 with a real integrable on (0, 1) by Lebesgue function
@ was considered in [8] for v > 1.

In this paper, the problems of that kind are considered under different integral conditions, in
particular, if the integral condition contains a weight function. The purpose of research is to give
methods of finding the sharp estimates for the first eigenvalue of Sturm-Liouville problems with
Dirichlet boundary conditions for those values of the integral condition parameters for which the
estimates are finite, and to prove attainability of those estimates.

Consider the Sturm—Liouville problem

' +0Q(x)y+ Iy =0, x€(0,1), (1)
y(0) = y(1) =0, (2)

where o0 = £1, and @ belongs to the set T, g, of all real-valued locally integrable functions on
(0,1) with non—negative values such that the following integral condition holds

1

/x 1—:1;5Q7( yde =1, a,B,7€R, v#0. (3)

0

A function y is a solution to problem (1), (2) if it is absolutely continuous on the segment [0, 1],
satisfies (2), its derivative ' is absolutely continuous on any segment [p,1 — p], where 0 < p < % )
and equality (1) holds almost everywhere in the interval (0,1).

A function y € H{(0,1) is called a weak solution to equation (1) if for any function ¢ € C§°(0, 1)
the following equality

/1 (' + o Q(x)yy) d:z:—)\/ywd:z:
0
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holds.

We give estimates for

Magy = inf A(Q), Mapg,= sup A(Q).
QETo 8,y QeTy 8,4

For any function Q € T, g, by Hg we denote the closure of the set C§°(0,1) in the norm

1 1 1
il = </y/2d:€+/Q )y dw)
0 0

For any function Q € T, g it is proved (see, for example, [5,6]) that

1
[ = 0Q(2)y?) d
0

)\1(@) = inf R[Q)y]’ where R[va]

ycHQ\{0} !

[ y?dx
0

Previous results are published in [2-7]. Results of this type can be useful to give methods of
finding the sharp estimates for eigenvalues in cases of non-differentiable functionals.

2 Main results
2.1 Estimates for 0 = —1
By Friedrichs’ inequality for any function Q € T,, g, we obtain

1 1 1 1

fy’2 dx + fQ(x)gﬂ dx fy’2 dx fy'2 dx
hi(nf . 0 : 0 > hirnf . 01 > 1inf 01 = 72,
y€HQ\{0} [ da yeHo\{0} [ da y€HG(0,1)\{0} [y?da
0 0 0

Consequently, for any o, 5,7 € R, v # 0, we have

m = inf inf > 7.
51 = o, ety 1O 2

2

If v > 0, then it is proved that mq g, = 7 (see, for example, [5,6]).

Put v < 0. For any positive function @ € T,, 3~ by the Holder inequality we have
1 1 =1
_a B 2y v
[a@ae= ( [a% -0 ) ()
0 0
Consider the subspace B, g, of functions in the space H{(0,1) such that

y—1

1
Hy||2Ba,ﬁﬁ—/y d$+(/$1 ¥ 1_$ 1— w|y|w 1d$> ¥ < 1o
0
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By inequality (4) we have Hy C By C H}(0,1). Put m = inf  Gl[y], where
yeBa,B,W\{O}

1 1 _
fy’2dzn—|—(f:r:1 (1 —x)T= "/|y|“f ld:U) =
_ 0 0
Glyl =

ny dx
0

Since

inf R|Q,y]> inf Glyl> inf Gly] = m,
yernl i H@vl > i Gl > il o O

it follows that

— it M) > inf Gyl > £ Gyl =
Mapy = o dpf M(@) > If Gll> il g Cll=m

The following two theorems prove that mq g, = m.

Consider the set
1
_a B2y
r— {y € By | /aw(l )T |y da = 1}.
0

Theorem 2.1. If v < 0, then there exists a non-negative function u € T' such that Glu] = m,
moreover, for v < —1 w is a weak solution to the equation

B a1
w4+ mu = 2T "/(1—30)1 Tu

Theorem 2.2. Suppose that v < 0 and the function u satisfies the conditions of Theorem 2.1.
Then there exists a sequence Qn(x) € Ty such that R[Qn,u] — Glu] = m as n — oo and
Ma,p,y = M-

Remark 2.1. In the case of v < 0, inequalities for mq g = m can be found, for example, in [5,6].
Theorem 2.3 (see [2,6,7]). For M, g the following estimates hold:
1. If vy <0 or 0 <y <1, then we have M, g = 00

2. If v > 1, then we have M, g < 00, moreover:

1) If v > 1, then there is a function Q. € Ty g~ and a positive on (0,1) function u € Hg,
such that R[Q.,u] = Glu] = m and My~ = m > w2. The function u satisfies the

equation
B y+1

U +mu—x17(1—x) Tyt

and the condition )
_a B 27
/xIW(l —x)ur-tde =
0

In the case of v > 1, a« = =0, m is the solution of the system of the equations

(H

/ du 1
\/mHQ—mUQ—%Hp—i-%up 2

0
H

uP 1
- - du——i,
2 2 _ 2 2
0 \/mH mu pHP+puP
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where H = max u(z), p = % s

z€[0,1]
a 8
2) Ify>1 and o, B >, then we have My g < R[y—lf,yl], where yi(x) =27 (1 —z)27.

3) If <y <aand ya(z) = z3 sinm(1 — ), then we have

—

2 —1 =2
(j;yg dx+7r2(37’y,ﬁ,1) K

Ma,ﬁ,v <

5
If a <y < f and y3(z) = (1 — x)* sinwx, then we have

4) If v > 1, then
(a) fora >, <0 and y2(x) = 227 sin (1 —x) we have My, < R[y%,yg];
2

s
b) for B>, a <0 and y3(z) = (1 — 2)27 sinmz we have M, 53 < R[5, y3].
By Y3

5) Ify=12a>0=Bory=1>8>02>a, then My, < 27°

6) Ify=1>a, >0, thenMag7 < 32,

7) Ify=1, a,8 <0, then Maﬁw . Ifvy=1, a= =0, then there exist functions
Q«(x) € Too1 and u € HE(0,1) suchthat

2
Moor = RiQuul = &+ 1+ 2 /a2 1 4.

2

Remark 2.2. In the case of v > 1, inequalities for M, g, = m can be found, for example, in [6,7].
In the case of v = 1, attainability of sharp estimates for M, g1 were proved in [10].

2.2 Estimates for 0 =1

Theorem 2.4. 1. For any o, B,y € R, v # 0, we have My g~ < 2.



International Workshop QUALITDE — 2016, December 24 — 26, 2016, Tbilisi, Georgia 85

2. If v > 1, then Moo~ = 7 and there exist functions Q.(z) € Too~ and u € HE(0,1) such
that moo, = R[Qx,u] > 5.

3. If vy =1, then Moo = 7%, moo1 = A, where A € (0,7%) is the solution to the equation
2\ = tg(@). Here mo g is attained at Q(x) = 0(z — %)

5. If% < v < 1/2, then for any o, 8,7 € R, v # 0, we have mq g~ = —00, Moo, < 2.
6. IfO<y< %, then for any o, 8,7 € R, v # 0, we have my g, = —00, Mo, < 2.

7. If v <0, then for any o, 8,7 € R, v # 0, we have mq g, = —00, Mo < 72, and there exist
functions Q.(z) € Too and u € HE(0,1) such that My = R[Qx, ul.

Remark 2.3. The result My, < 72 for 0 < v < 1/2 was obtained in [9].
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