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We consider the differential equation

y" = aop(t)yL(y), (1)

where ag € {—1,1}, p: [a,w]—]0, +00[ is a continuous function, —co < a < w < 400, L : Ay, —
10, +00[ is a continuous function slowly varying as y — Yp, Y{ is equal to either 0 or +00, and Ay,
is a one-sided neighborhood of Yj.

In the case where L(y) = 1, Eq. (1) is a linear third-order differential equation. The asymptotic
behavior of its solutions as t — 400 (the case w = +00) is investigated in details (see, for example,
the monograph [2, Ch. I, § 6, pp. 175-194]).

In the paper [1], the conditions for the existence and asymptotic representations as t T w of
all possible types of P, (Yp, Ag)-solutions were established for the second-order differential equation
with the same kind of right-hand side.

Definition. We say that a solution y of Eq. (1) is a P,,(Yp, \o)-solution, where —oco < Ag < 400,
if it is defined on the interval [ty,w[ C [a,w[ and satisfies the conditions

y: [to,w[— Ay,, limy(t) = Yo,
ttw

. ither 0 i [y (t)]
limy® () = { & T (k=1,2), lim— A =
tlTw y ( ) or =+ oo ( ) tlTw y”’(t)y,(t)

Further, without loss of generality, we assume that

[0, Yo[, if Ay, — left neighborhood Yy,
1Y0,0], if Ay, — right neighborhood Yy,

Ayy (b) = {
where a number b € Ay is chosen such that the inequalities
|b| <1 when Y5=0, b>1 (b<—1) when Yy =400 (Yo = —00),

are fulfilled and introduce numbers by setting

1, if Ay, — left neighborhood Yy,

= sign b, =
. ° M {_L if Ay, — right neighborhood Yy,

respectively, defining the signs of the P, (Yp, Ag)-solution and its first derivative at some left neigh-
borhood w.
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Besides, we introduce the following auxiliary functions

i ds ’ ds
Dy(y) = ;o Da(y) = —,
1 sL(s) 3/2 sL3(s)

/ aho— 1?2 [, a2 —1F [ 1
L(t) = [ p(r)dr, D(t)= =" [ w2(np(r)dr,  I3(t) = —~4——— [ p3(7) dr,

where each of the limits of integration B; € {Yp;b} (i = 1,2) (A; € {w;a} (i =1,2,3)) is chosen so
that the corresponding integral tends either to zero or to +o0o at y — Yy (respectively, at t T w), as

well as the numbers
1 if B;=25
=47 DEEY 1 9),
-1, if B; =Y

Since the functions ®; (i = 1,2) are strictly monotone on the interval Ay, and the area of their
values are intervals

'7Z’LA 9 f > 07 1 )
— {][CZZ ) ][ ; ZO “0 where ¢; = ®;(b), Z; = ylig} ®i(y) (i=1,2),
ERZAR) 0 ’ 0

so there exist continuously differentiable and strictly monotone inverse functions for them <I>i_1 :
Az, = Ay, for which lim P 2) =Y (i =1,2).
Z— 4

By the properties of slowly varying functions (see [3]), there exists a continuously differentiable
function L; : Ay, — 0, +o00[ slowly varying as y — Yp such that

L(y) yLi(y)

lim =1 and lim =0. (2)
s Li(w) e Ily)

We also say that a function L slowly varying as y — Y| satisfies the S} if the function L(ugexp z)
is a regularly varying function when z — Zj of any index ~, where Zy = +o0o in the case when
Yy = £00, and Zy = —oo in the case when Yy = 0, so it can be represented in the form

L(po exp z) = [2]"Lo(2),
where Lg is continuous in the neighborhood of Zjy and slowly varying function as z — Z.

Theorem 1. Let the function L(@fl(z)) be reqularly varying as z — Z1 of index v and Xy €
R\ {0,1}. Then for the existence of P, (Yy, \o)-solutions of the equation (1) it is necessary and, if

(205 + 200 — D) [(2AF + 200 — 1)(y + 1) + Xo] # 0,

it 1s sufficient that following conditions

Oé())\()(Q)\o — 1)

lim T (t)p(t)
(o —1)3 7

=2
tTw Il (t) ’

2
S ) = 21, IO (1(0)

and inequalities
apAopopr >0, popipila(t) >0 as t € la,w|
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are satisfied. Moreover, each of these solutions admit the following asymptotic representations

01 (y(t)) = L)L+ o(1)] as ¢ T w,

Y _1\2
((;) o()\o/\o 1) 72 (Opt) L(®T (La(1))[1 + o(1)] as ¢ 1w,
y'(t) Ao

O Go—Dmn T T

Theorem 2. Let the function L(®;(2)) be regularly varying as z — Zo of index v and \g €
R\ {0;1 5;1}. Then for the existence of P.,(Yo, Xo)-solutions of the equation (1) it is necessary
and, if

(2)2 +2)9 — 1) [mg TN — 14 %(mg “x-1)] #£0,

it 1s sufficient that following conditions

1 1
. 1 1, 040[)\0(2)\0 — 1)]5 ’)\0‘3 .
lim 7, (£)p3 (£) L3 (D51 (I3(t))) = , lim I3(t) = Z
m}w()p() (2(3())) X — 1 (2>\0_1)% o 3(t) 2

and inequalities
agiopopr > 0, pop1psIs(t) >0 as t €la,w|

are satisfied. Moreover, each of these solutions admit the following asymptotic representations

By(y(1)) = Io()1 +o(1)] as t 1w,
yM(t) Bk +k—2
y(k_l) (t) ()\0 — 1)7Tw(t)
Theorem 3. Let the function L((I)Q_l(z)) be regqularly varying as z — Zs of index v. Then for

the existence of P, (Yo, 1)-solutions of the equation (1) it is necessary and, if function p : [a,w[—
10, +00[ — is continuously differentiable and there is the finite or equal +00

[1+0(1)] as tTw (k=1,2),

lim
tTw

where Ly @ Ay, —]0,400[ is continuously differentiable and slowly varying function asy — Yy with
properties (2), it is sufficient, that

1
3

o )glg(t)>> — 0, ()\OQIimfg(t) — 7

ttw 2X — 1 20y — 1)§ tfw

lim m,, (¢)p3 (£) L3 (q»;l((
and the following inequalities
appopr >0,  agopsls(t) >0 as t €la,w|

are satisfied. Moreover, each of these solutions admit the following asymptotic representations

= L 0 as tTw
Dy(y(t)) = 20— 1) ([ +0(1)] as tTw,
yW@) A 3
S0 aops (t)L <<1>2 1<(2)\031)§ I3(t)>> [14+0(1)] as tTw (k=1,2).
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Theorem 4. Let L satisfy the S1. Then for the existence of P, (Y, £00)-solutions of the equation
(1) it is necessary and sufficient that

pop Ty, (t) >0 when t €la,w[, o 11€1T13)1\7rw(t)| =Y, (3)
i (OO L (o3 (0) = 0, [ pr)m2(0)Lor () dr = o ()

al

where a1 € [a,w| such that pom2(t) € Ay, when t € [a1,w[. Moreover, each of solutions admits the
following asymptotic representations

Inly(0) = 2 ()] + 5 [ (Lo ) drlr + o1 as 1 )
y® @) 3k
SN0~ D)

Theorem 5. Let L satisfies the S1. Then for the existence of P,(Yp,0)-solutions of the equation

1) for which there is the finite or equal to oo, lim %ym(t) , it is necessary and sufficient that
0 Y’ (1)
ttw

[14+0(1)] as tTw (k=1,2). (6)

o ma(t) > 0 when t€lawl,  polim fraft)] = Yo, 1#3% o, (7)
lim p(O)r (L (rolmal0)) = 0. [ O (ol (7)) dr =+, (®)

ai
where a1 € [a,w[ such that po|m,(t)] € Ay, when t € [a1,w[. Moreover, each of solutions admits

the following asymptotic representations

In [y(6) = (8] ~ o [ p(r)AE (L (uolma(r)) dr L+ o(D)] as t1 (9)

ai

v _1tol) -0 pmm Lol [+ 0(U)] as ttw.  (10)

y(t)  m(t) T y(t)
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