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The aim of the work is to find necessary and sufficient conditions of existence of sufficiently wide
special class of solutions of second order differential equations with regularly and rapidly varying
nonlinearities and to obtain asymptotic representations for such solutions and their derivatives of
the first order.

Second order differential equations with power and exponential nonlinearities play an important
role in development of the qualitative theory of differential equations. Such equations also have a lot
of applications in practice. It happens, for example, when we study the distribution of electrostatic
potential in a cylindrical volume of plasma of products of burning.

The corresponding equation may be reduced to the following one:

y" = aop(t)e™|y|*.

In the work of V. M. Evtuhov and N. G. Drik [3], some results on asymptotic behavior of solutions
of such equations have been obtained.

Exponential nonlinearities form a special class of rapidly varying nonlinearities. The consid-
eration of the last ones is necessary for some models. All this makes the topic of our research
actual.

Our investigations need establishment of the next class of functions.

We call the measurable function ¢ : Ay —]0,+oo[ a regularly varying as y — Y, z € Ay of
index o [1] if for every A > 0 we have

Here Y € {0,400}, Ay is some one-sided neighbourhood of Y. If 0 = 0, such function is called
slowly varying.

The function ¢ : [s,+00[—]0,+00] (s > 0) is called a rapidly varying function [1] of the 400
order on infinity if this function is measurable and

(\w) 0 at 0 < A <1,
lim %@y) ={1 i A=1,
y—00
+oo at A> 1.

It is called a rapidly varying function of the —oo order on infinity if
4+oo if 0 <A <1,
p(Ay)

. (A

ll)mmz 1 at )\:1,
Y—>00
0 if A>1.
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The function ¢(y) is called a rapidly varying function of zero order if go(%) is a rapidly varying
function of 400 order. An exponential function is a special case of the last ones.

The differential equation

y" = aop(t)e(y),

with a rapidly varying function ¢, was investigated in the work of V. M. Evtuhov and V. M. Khar-
kov [4]. But in the mentioned work the introduced class of solutions of the equation depends on the
function ¢. This is not convenient for practice.

The more general class of equations of such type is established in this work.

Let us consider the differential equation

y" = aop(t)eo(y)e1(y), (1)

where ag € {=1;1}, p : [a,w[—=]0,+00[ (-0 < a < w < 400), ¢; : Ay, —]0,+00] (i € {0,1}) -
are continuous functions, Y; € {0, oo}, Ay, — is one-sided neighborhood of ;.

Furthermore, we assume that function ¢; is a regularly varying function as y — Y7 (y € Ay;)
of the order o1, and function ¢ is twice continuously differentiable and satisfies the following limit
relations

1!
lim o(y) € {0, +00},  lim Wzl (2)
yyem?o yyeAi% volY

From conditions (2) it can be proved that g and its derivatives of the first order are rapidly
varying function as y — Yy (y € Ayy).

The main aim of our research is the development of methods of establishing asymptotic repre-
sentations of solutions of such differential equations in order to receive a new class of mentioned
equations.

We use a lot of methods of mathematical analysis, linear algebra, analytic geometry, theory of
homogeneous differential equations in our work. Some special methods of investigation of equations
of the mentioned type, being developed by the superiors, are also used.

We call solution y of the equation (1) defined on [to,w[C [a,w[, the P,(Yy, Y1, Ao)-solution,
where —oo < A\g < 400, if the following conditions take place

W®* _

0 . s D (P — V(5 — i
yUelbel= Ave lmyt (O =Y (=0.1), lm o 5

In this work we consider P, (Yp, Y1, Ag)-solutions of the equation (1) in case A\g = 0. Because
of the properties of these solutions (see, eg., [2]) all of them are slowly varying functions as ¢ T w.
Therefore the case A\g = 0 is one of the most difficult for research. The problem of investigation
P, (Yy, Y1,0)-solutions for equations with rapidly varying functions is difficult by the fact that com-
position of rapidly and regularly varying functions may be as rapidly, as regularly, as slowly varying
function as the argument tents to the singular point.

We have obtained the necessary and sufficient conditions for the existence of B, (Yp, Y1,0)-

solutions of equation (1) and find asymptotic representations of these solutions and their derivatives
of the first order.
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Now we need the following notations

m(t) = 01(y) = w1(y)|y| ™",

t if w= 400,
t—w if w<4o0,

m(r)p(r)0: ()

1(t) = sign(?) x /
B

( w 1
. 0 1—0‘1
b if / 7w (T)p(7)01 < ‘ﬂ_y(lT)|> dr = 400,
BY = ’
y yo 1710'1
w if / 7w (T)p(7)01 ( = (17_)’> dr < +o00,
\ b

Yo
_1
yo if /!wo(y)l”l‘1 dy = +o0,
Yo

Yy
_ 1
Bo(y) = / lpo(s)|7iT ds,  A? =
AO

Yo
1
Yo if / 0o(y)| 7T dy < +oo,

\ 318
signpo(y) = f1 as y € Ay, Z1 = yll,nyl D(y).
yEA)%

The inferior limits of the integrals are chosen in such forms that the corresponding integrals
tend either to 0 or to oo as t T w and y — Yy, y € Ay, correspondingly.
Note some necessary definitions.

Definition 1. Let Y € {0,400}, Ay — is some one-sided neighborhood of Y. The continuously

differentiable function L : Ay —]0,4o00[ is called normaliyed slowly varying function [5] as y — Y
(y S Ay) if

L/
lim yL W _ o
sear L)

Definition 2. We say that a slowly varying as y — Y (y € Ay) function 6§ : Ay —]0,4o00]
satisfies the condition S if for any normaliyed slowly varying function L : Ay, —]0,4o00[ the
following condition takes place

O(yL(y)) =0(y)(1 +o(1)) as y =Y (y € Ay).

Remark 1. The following statement is true

(o _ 906’?1(@/)

1+0(1)] as y = Yy (v € Ayy).

From this as y € Ay,, we have
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Remark 2. Because of conditions (2) on the function g, we have that z; € {0, +00} and

i 2 - 2()
vy (Pf(y))?

yGAYO

=1

The following conclusions take place for equation (1).

Theorem 1. Let o1 # 1. Then for the existence of P, (Yo, Y1,0)-solutions of the equation (1) such
that the following finite or infinite limit exists

i T80

o y'(t)
it’s mecessary the following conditions
fil(t) (o1 —1) >0, apm,(t)y) <0 as t € [a,w], (3)
0 !
" - . I'()ma(t)
lim =Y, lmlI(t)=2%;, lim =0 4
tho [1o(B)] 7 thw (t) =21, i o (®-1(I(1)) @1 (I(t)) 4

to be fulfilled.
w(OI'(t)

If the function 01 satisfies the condition S, the following finite or infinite limit exists ltle ﬂT ,
w

the function %tg,(t) 1s a normalized slowly varying function as t T w, the function (%) s a

regularly varying function of the order vo as y — Yo (y € Ayy), (o +1) < 0 as Yo = 0, and
(70 + 1) > 0 in another case, and
!/
NLECTCII
ttw I t)
or

7o(t) - I(t) - I'(t)(1 — o1) >0, when t € [a,w|,

then (3), (4) are sufficient conditions for the existence of such solutions for the equation (1). For
every P, (Yo, Y1,0)-solution the following asymptotic representations take place as t T w
y () (y() _ I'(t)

Py(1) = I0)[1+o(1)], e = T L+ o)
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