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Let I C R be an interval non-degenerate in the point, tg € R and

I, = I\ {to}.
Consider the linear system of generalized ordinary differential equations
de = dA(t) -x + df(t) for te Iy, (1)

where A = (aik)}' 3=y € BVioc(lte, R™"), f = (fr)i=1 € BVioc(lty, R").
Let H = diag(hi,...,hy) : I, — R™*™ be a diagonal matrix-function with continuous diagonal
elements hy, : Iy, —10,+oo] (k=1,...,n).
We consider the problem of finding a solution z € BV,.(I,, R") of the system (1), satisfying
the condition
lim (H '(t)z(t)) =0 and lim (H'(¢)z(t)) = 0. (2)

t—=to— t—to+

The analogous problem for systems of ordinary differential equations with singularities

‘% — P(t)z+q(t) for tel, (3)
where P € Lioe(Ity, R"*™), q € Lipe(Iy,, R™), are investigated in [5-7].

The singularity of system (3) is considered in the sense that the matrix P and vector g functions,
in general, are not integrable at the point #y. In general, the solution of the problem (3),(2) is
not continuous at the point tg and, therefore, it is not a solution in the classical sense. But its
restriction to every interval from Iy, is a solution of the system (3). In connection with this we give
the example from [7].

Let o > 0 and € €]0, a[. Then the problem

‘C% = AT e T o) = 0
has the unique solution z(¢) = [¢t|°~® sgnt¢. This function is not a solution of the equation on the
set I =R, but its restrictions to | — 0o, 0[ and |0, +o00[ are solutions of that one.

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see, [1-4,8,9].

We give sufficient conditions for the unique solvability of the problem (1), (2). The analogous
results for the Cauchy problem for systems of ordinary differential equations with singularities
belong to I. Kiguradze ([6,7]).

In the paper, the use will be made of the following notation and definitions.
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R =] — o0, +o0[, Ry = [0,400[, [a,b] and ]a,b] (a,b € R) are, respectively, closed and open
intervals.

R™™ is the space of all real nx m matrices X = (x;;); 1~ =1 with the norm || X[| = jmax E |z
ERRRE) 1=1
Onxm (or O) is the zero n X m matrix.
1
IfX (ng) 1€Rn><m then ’X’ ’%‘ 1] 1 [X] :E(‘X|:FX)
n,m

Rixm:{($1])z] 1 ZO(Z_]' <5 T j_l )}

R™ = R™*! is the space of all real column n-vectors & = ()7 ;.

If X € R™" then X!, det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its com-

ponent is such.
b

If X : R — R™™ is a matrix-function, then \/(X) is the sum of total variations on [a, b]
a

of its components z;; (i = 1,...,n; j = 1,...,m); V(X)(t) = (v(zi;)(t)):2", for t € I, where

7,7=1
v(zij)(a) = 0, v(zi;)(t) = \/(zij), and a € R is some fixed point; [X ()4 = L(V(X)(t) + X (1)),

a

[(X(8)]” = 2(V(X)(t) — X(t)); X(t—) and X (t+) are, respectively, the left and the right limits of

the matrix-function X : [a,b] — R™ ™ at the point ¢ (X (a—) = X(a), X (b+) = X (D)).
BV([a, b],R™*™) is the set of all bounded variation matrix-functions X : [a,b] — R™™ (i.e.,
b
such that \/(X) < c0).

BVioe(J; D), where J C R is an interval and D C R™ ™ is the set of all X : J — D for which
the restriction to [a, b] belong to BV([a, b]; D) for every closed interval [a, b] from J;
BVioe(Ity; D) is the set of all X : I — D for which the restriction to [a, b] belong to BV([a, b]; D)

for every closed interval [a, b] from I;
s1, s2 and s. : BV, (J;R) — BVj,.(J; R) are the operators defined by

81( )(a) = sa(x)(a) =0, so(x) = w(a)'
s1(z)(t) = Z dyz(1), so(x)(t) = sa(x Z dox(T
s<T<t s<t<t
2
so(z)(t) = so(z)(s) + z(t) — z( Z (sj(x)(t) — s;(z)(s)) for s <t,
7j=1

where a € J is an arbitrarily fixed point.
If g : [a,b] — R is a nondecreasing function, z : [a,b] — R and a < s <t < b, then

[a@dsr) = [ srydsalo))+ 3 alrarglr) + 3 alr)dag(r),

1.t s<t<t s<t<t
b

where [ x(7)dso(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, ¢[ with respect
Jsit]

¢
to the measure o(so(g)). So [ z(7) dg(r) is the Kurzweil integral [8,9]; We put

t

/x(T) dg(r) = liI(I)l x(7)dg(T).
T

6—0+
SFO
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If X € BV (J; R™™), det([n—i-(—l)jde(t)) #0fortel(j=1,2),andY € BV, (J;R™™),
then

AX,Y)(a) = Onxm,

A(X,Y)(t) — AX,Y)(s) = + ) X (1) (In— X (7)) diY(7)
s<t<t
— Y X (1) (In + d2 X (1)) oY (7) for s <t.

A vector-function x : I;; — R is said to be a solution of the system (1) if x € BV([a, b],R")
for every closed interval [a, b] from I, and

/dA + f(t)— f(s) for a <s<t<b.

We assume that ‘
det(l, + (—1)/d;jA(t)) #0 for te I, (j =1,2).

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding
nonsingular systems, i.e. for the case when A € BV,.(I,R"*") and f € BV,.(I,R").

Let Ay € BVioe(1t,, R"*™). Then a matrix-function Cy : I, x I;, — R™*" is said to be the
Cauchy matrix of the generalized differential system

dx = dAo(t) - z, (4)

if, for every interval and J C I and 7 € J, the restriction of the matrix-function Co(-,7) : Iy, —
R™™ to J is the fundamental matrix of the system (4), satisfying the condition Cy(7,7) = I,.
Therefore, Cj is the Cauchy matrix of (4) if and only if the restriction of Cy to the every interval
J x J is the Cauchy matrix of the system in the sense of definition given in [9].

We assume I;; =] — oo, to[NI, I}; =]to, +oo[NI and I (0) = [to — &, to[ NIy, I (8) =]to, to +
8] N Iyy, Ity (6) = Iy (8) U I (0) for every 6 > 0.
Theorem 1. Let there exist a matriz-function Ay € BViee(lty, R™*™) and constant matrices
By, B € RY*™ such that

det (I, + (—1)d;jAo(t)) #0 for t € I, (j=1,2),
r(B) <1, (5)

and the estimates

|Co(t,7)| < H(t) By H (1) for t € Ii)(8), (t—to)(T —to) >0, |7 —to| <|t—tol;

¢
’ / |Co(t, 7)| dV (A(Ao, A — Ag) (7)) - H(7)| < H(t)B fort € I, (8) and t € I, (5), respectively,

toF

hold for some § > 0, where Cy is the Cauchy matriz of the system (4). Let, moreover, respectively,

lim
t—=toF

/H ) Colt, 7) dA(Ao, F)()| = 0.

toF

Then the problem (1), (2) has a unique solution.
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Theorem 2. Let there exist a matriz B = (bi)jy—; € RI™™ such that the condition (5) and
[(—1)Ydjau(t)] _ <1 for (1) (t—to) >0 (j=1,2i=1,...,n),

hold, and the estimates

< b (t)hi(t)

Jor t € I, () and t € I,"(5), respectively (i =1,...,n);

' [ it m () v (Ao ) ()] < b0

toF

Jort € I_(8) and t € I,"(0), respectively (i # k; i,k =1,...,n)

hold for some by > 0 and § > 0. Let, moreover, respectively,

t

~ ci(t,7) VY — 0 (f—
tlg(r)ljF / ) dV (A(agi, fi))(1) =0 (i=1,...,n),

toF

where ap;(t) = —[ai;(t) sgn(t — to)]V sgn(t —to) (i =1,...,n), and ¢; is the Cauchy function of the
equation dr = x dag;(t) fori € {1,...,n}. Then the problem (1), (2) has a unique solution.

Remark. The Cauchy functions ¢;(¢,7) (i = 1,...,n), mentioned in the theorem, for ¢, 7 € I, and
t, T € Itt, have the form

exp (So(a()ii>(t) — S()(a()ii)(T)) H (1 — dlaoﬁ(s))_l H (1 + dga()ii(s)) fOI" t> T,

C'(t 7_) B T<s<t T<s<t
’ exp (80(@0@‘)(15) — S()(CLOZ'Z')(T)) H (1 — dlaOii(s)) H (1 + dgaoz‘i(s))_l for t < 7.
t<s<t t<s<tT
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