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We consider the differential equation

y" = aop(t)e1(y)w2(y), (1)

where g € {—1,1}, p : [a,w[—]0, +00] is a continuous function, ¢; : A(Y}?) —]0,+oo[ (i = 1,2)
are twice continuously differentiable functions, where A(Yio) is some one-sided neighborhood of the
point YZ-O, YZ-0 equals either zero or +o00. For these functions the following conditions are satisfied:

. 2p1(2)

lim =X (A€ER), 2
lim ( ) (2)
zEA(Ylo)

/ 0 : 0 &0 . ©3(2)p2(2)
w(2) #0 for z € A(Yy), lim  a(z) = @y, @5 € {0,400}, lim 7= =1. (3)
z~>Y20 Z‘)YQO [SOQ(Z)]
z€A(YD) zeA(Y)

Conditions (2), (3) define that the function ¢;(z) is regularly or slowly varying as z — Y, and
©2(2) is rapidly varying as z — Y3 (see, E. Seneta [1]).

For power-functions and regularly varying nonlinearities ¢; (i = 1,2), the asymptotics of solu-
tions for (1) are investigated in [2-10].

For equations of the type (1), in [11] the following class of monotonous solutions was introduced.

A solution y of the equation (1) is called P, (Ag)-solution, where —oco < Ag < +o0, if it is
defined on some interval [tg, w[C [a,w] and satisfies the conditions

- 0 / 0 . 9@ (®) ¥ (B)y(t)
ngrLly(t) =Y, lim e2(y' (1)) = 03, lim D) T Ao.
Earlier, in case Ag € R\ {0}, the asymptotics of P,(Ag)-solutions of (1) were established in [11].

Present work is devoted to the establishment of asymptotics, as well as sufficient and necessary
conditions for the existence of P, (Ag)-solutions of (1), when Ag = 0. In order to formulate the
main result, we introduce auxiliary definitions and notations.

We determine that slowly varying function 6 : A(U%) —]0,4+o00[, U° € {0, +occ} satisfies the
condition S if for any continuously differentialble function [ : A(U?) — ]0, 4+-oc[ such that

!/
lim 1) =0,
2—U0 Z(Z)
2€A(UY)

the following asymptotic representation is valid
0(z1(2)) = 0(2)[1 + o(1)] when z — U® (2 € A(U)).
We introduce numbers

o )1, if Y0 =400, or Y?=0 and A(Y}) is right neighborhood of 0,
B = —1, if Y2 =—00, or Y =0 and A(Y?) is left neighborhood of 0
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These numbers define the signs of P, (0)-solutions of (1) and their derivatives in some left
neighborhood of w.
We also define the functions

t

), if w =400, _ 0

Tw(t) = {tw’ if W< oo J (1) _/p(T)Spl(:ul‘ﬂ'w(T)‘)dT’
A

where A € {w,a} and it is chosen so that the integral J tends either to zero or to oo as t 1 w.
In addition, we introduce the numbers

1 if w=o0 1 if A=a
A*: b} b A*: ) b
! {1, if w< oo, 2 {1, if A=uw.

Since the function 1 (2) is regularly varying of the A-order as z — Y, the following represen-
tation is valid: R
p1(2) = |2[701(2),
where the function 6;(2) is slowly varying as z — Y.

Theorem 1. Let the function 61(z) satisfy the condition S. Then for the existence of P,(0)-
solutions of (1) it is necessary and sufficient that

lim 7w (t)J' (t)

e T R @

and the following conditions to be satisfied

Af >0 when YL = 400, A} <0 when Y =0, 5)
A5 >0 when ®) =0, A3 <0 when ®) = +o0,
PSS AT >0 and agudAl > 0. (6)

Moreover, each solution of that kind admits the following asymptotic representation ast 1 w:

= mu(t)[1 + o(1)],
WP @) ~ o/ O+ o)

and there exists a one-parametric family of these solutions if there is only one positive number
among A3, A5, and a two-parametric family of these solutions if both numbers A}, A5 are positive.

Theorem 2. Let the functions 01(z), | ~1(z)| satisfy the condition S. Then each P,,(0)-solution of
the differential equation (1) (in case of its existence) admits the following asymptotic representations
ast T w:

y(t) = 1 [ma (O (3l T B])] [+ o(1)],

= T (YT + o)

@5y (t))
These results could be illustrated for the equation
ol _
y" = aop(t)|y*|In [y|Pe Ty |2, (7)

where o € {1,—1}, 6,0 € R\ {0}, \,7 € R, p: [a,w]—]0,400[ is a continuous function.



168 International Workshop QUALITDE — 2015, December 27 — 29, 2015, Tbilisi, Georgia

—ol|z

For this equation ¢1(2) = |z|*In7|z|, @a(z) = e ‘5]2\1_5. The function ¢1(z) is regularly
varying of the A-order as z — Yy. For 6 > 0, the function (ps(2) is rapidly varying as z — oo,
and for § < 0, the function s(z) is rapidly varying as z — 0.

For (7), the P, (0)-solution is

yy'(t)
im ————— =
tw [y (B>

For the existence of P, (0)-solution for the equation (7), it is necessary and sufficient the condi-
tions (4)—(6) to be satisfied. Moreover, each solution of that kind admits the following asymptotic
representation as ¢ 1 w
3

[

y(t) = plms o)l los 10| 11+ o(1)

lnfod ()] + 2 | L nfos o) + ok
~lnjo —5 |- Info 0 ,

y'(t) = p9

and there exists a one-parametric family of such solutions if there is only one positive number
among A7, A5, and there exists a two-parametric family of such solutions if both numbers A7, A3
are positive.
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