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Let R™ be the n-dimensional vector space; suppose that O C R™ and U C R" are open sets. Let
0 <71 <7 and a <ty <tz < t1 < b be given numbers with tgps + 72 < t1; let the n-dimensional
function f(¢,,y,u) be continuous on I x O? x U and continuously differentiable with respect to
(z,y,u), where I = [a,b]. Furthermore, ® is the set of continuous initial functions ¢ : Iy — O,
where Iy = [7,b],7 = a — 72 and 2 is the set of measurable control functions u : I — U with clu(I)
is compact set and clu(l) C U.

To each initial data p = (to, 7, o, @(t),u(t)) € A = (to1,t02) X (71,72) X O x ® x Q we assign
the delay functional differential equation

@(t) = f(t, (), z(t —7),u(t)) (1)
with the discontinuous initial condition
x(t) = (t), te€[T,ty), x(to) = xo. (2)

Definition 1. Let u = (to, 7, o, ¢(t),u(t)) € A. A function z(t) = z(t; u) € O, t € [T, 1] is called
a solution of equation (1) with the initial condition (2) or a solution corresponding to p and defined
on the interval [T, ¢;] if it satisfies condition (2) and is absolutely continuous on the interval [tg, 1]
and satisfies equation (1) almost everywhere on [to, t1].

Let po = (too, 70, 00, o (t), uo(t)) € A be a fixed initial data. Introduce the following notations:
dp = (0tg, 07,00, 0p(t),du(t)) € A — g = {0 = p— po = p € A}, du is called variation of the
initial data pg and A — pg is called the set of variations. Next,

[opll = [8to| + [07] + [zo| + |50l + [|6ull,
where
o] = sup{|6cp(t)| i te Il}, ||ou|| = sup{]éu(t)| cte I}.

Let the solution z(¢; 1) is defined on [7, t1]. Then there exists number £; > 0 such that for any
dp € Aey ={0p € A— o : ||op]| < e1} there exists solution x(t; po + op) defined on the interval
[’/7—\7 t1]7 [1]

Theorem 1. Let the solution x(t; po) be defined on [T,t1] and let the function @o(t) be absolutely
continuous. Moreover, let there exist the finite limits

limo f(’w,U(](t)) = f()_’ w = (t,x,y) S (t(]l,t(]o] X 02

W—>W



158 International Workshop QUALITDE — 2015, December 27 — 29, 2015, Tbilisi, Georgia

and
lim [f(wl,uo(t)) — f(wg,uo(t))] = f1_7 w1, Wy € (too,too —i—T()] X 02,

(w1,w2)—(w11,w12)

where
wo = (too, o (too), vo(too — 70)),
w11 = (too + 70, z0(too + 70), Zoo), wiz = (too + To, To(too + 70), ¢o(too))-

Then there exist numbers €3 € (0,e1) and 6 > 0 such that on the interval [t; — 0,t1] C (too + 70, 1]
for arbitrary p € AZ, = {6p € Ac, : to <0, 67 <0} we have

(b po + 0p) = x(t; po) + 6~ (5 0p) + o(t; 1),
where
6z (t;0p) =Y (too; t)dzo — [Y (too; t) fy + Y (too + 705 t) f1 |0t — Y (too + 705 t) f1 07 + v(t;61)
and

v(t;6pm) =Y (too; t)oxo — [/Y(s; t) foylslZo(s — 10) ds] 0T+

too o t
+ / Y (s + 705 t) foy[s + 10]dp(s) ds + /Y(s; t) fouls]ou(s) ds. (3)
too—T70 too

Here
@o(t) = ¢o(t), t€ (too —10.t00), foyls] = fy(s,z0(s),zo(s — 70), uo(s));

Y (&;t) is the n x n-matriz function satisfying the linear functional differential equation with ad-
vanced argument

Yi(s;t) = =Y (s;t) fox[s] — Y (s + 70;t) foy[s + 7o), s € [too, 1]

and the condition

E for s=t
Y(sit) = ’
(s:%) {@ for s >t,

E is the identity matriz and © is the zero matriz.

Theorem 2. Let the solution x(t; po) be defined on [T,t1] and let the function @o(t) be absolutely
continuous. Moreover, let there exist the finite limits

lim f(w,uo(t)) = f, w € [too,too + 70) x O?

w—rwWo
and
lim [f(wl, U()(t)) — f(’wg, U()(t))] = f1+, w1, Wy € [to(] + T(),tl) x O2.
(w1,w2)ﬁ(w11,w12)
Then there exist numbers €2 € (0,e1) and § > 0 such that on the interval [t; — 0,t1] for arbitrary
op e AL, ={dp e A, : dtg >0, 67 > 0} we have
a(t; po + 0p) = 2(t; po) + 6™ (85 0p) + o(t; op),

where

Szt (t;0p) = —[Y(too; t) fi + Y (too + 705 8) f17]0to — Y (too + 703 t) f1 67 + v(t; 6p).
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Theorem 3. Let the assumptions of Theorems 1 and 2 be fulfilled. Moreover, let
fo =1 =fo, fr =/ =N

Then there exist numbers e € (0,€1) and § > 0 such that on the interval [t; — 0,t1] for arbitrary
o € A, we have
x(t; po + 0p) = (t; po) + 6z (t; 6p) + o(t; O p), (4)

where
dx:(t;0p) = — [V (toos ) fo + Y (too + m0:t) f1]6t0 — Y (too + 703 t) fr07 + v (E; 0pe). (5)

Some Comments

Theorems 1 and 2 correspond to cases when the variations at the point gy are performed on the
left and on the right, respectively. Theorem 3 corresponds to the case when at the point o two-
sided variation is performed. The function dx(¢;du) in the formula (4) is called the coefficient of
sensitivity. The expression (5) is called representation of the sensitivity coefficient. The summand

¢
— Y (too + 103 t) f1 + /Y(s 2 t) foylslEo(s — 70) ds| T

too

in formula (5) (see (3)) is the effect of perturbation of the delay 7p.The expression

— [V (too; t) fo + Y (too + 103 ) f1] 6t0

in formula (5) (see again (3)) is the effect of the discontinuous initial condition (2) and perturbation
of the initial moment tpy. The expression

too t
Y (too; t)dxo + / Y (s + 7105 t) foy[s + 10l (s) ds + [ Y (s;t) fouls]ou(s) ds
too—T0 too

in formula (5) (see (3)) is the effect of perturbations of initial vector xg, initial function ¢ (t) and
control function ug(t). It is clear that (5) can be rewrite in the form

0x(t;0p) = o1 (t; 6p) + dxa(t; o),

where

533‘1(t; 5”) = Y(to(); t) [5$0 — f05t0]+

+ / Y (s + 7105 t) foy[s + 10]dp(s) ds + /Y(s; t) [foulsou(s) — foy[sldo(s — 10)07] ds

and
dwa(t;6p) = =Y (too + 703 t) f1[0T + Oto].

On the basis of the Cauchy formula on representation of solutions of the linear delay functional
differential equation we get that the function dx;(¢; 0p) on the interval [too, 1] satisfies the equation

(53:(15) = fox[t]0x(t) + fou[t]dz(t — 10) — foyltlZo(t — 70)0T + foult]ou(t)
with the initial condition

dx(t) = dp(t), te€[T,to), dx(too) = dxo — fodto,



160

International Workshop QUALITDE — 2015, December 27 — 29, 2015, Tbilisi, Georgia

and dz(t; dp) on the interval [tog + 70, ¢1] satisfies the equation

0x(t) = foolt)ow(t) + fou[t]x(t — 70)

with the initial condition

51‘(t) =0,t e [too,too + 7‘0), 5:13(t00 + 7'(]) = —f1(57' + 5t0).

Thus, if 0x1(t;dp) and dxa(t; dp) are solutions of the above considered linear differential equations
with the corresponding initial conditions, then their sum will the coefficient of sensitivity on the
interval [t; — d,t1]. Sensitivity analysis for various classes of functional differential equations are
considered in [2-4].
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